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flow with unsteady velocity. 
inversely with a linear function of time, together with calculated 


Incompressible Stagnation Flow 


The present study deals with unsteady laminar boundary layers in the immediate 
vicinity of the stagnation point of a heated blunt-nosed cylinder in an incompressible 


An exact solution is presented for the special case of a 


Based on the 


results of this exact solution, an approximate method of solutions is proposed for a 


more general problem where the flow velocity changes arbitrarily with time 


7 he res ults 


of five examples are shown and discussed in the light of other avatlable solutions 
Finally, the limitation of this approximate solution is pointed out and a possible 


remed\ indicated. 


I. LAMINAR boundary-layer theory, even though unsteady-flow 
problems have been studied ever since the time shortly after 
Prandtl proposed his monumental boundary-layer concept, the 
results have not been too fruitful, especially when compared to 
Until quite recently, studies were 
One was 


those of steady-flow problems. 
essentially restricted to the following problems (1).! 
to determine the boundary-layer growth on a cylinder starting im- 
pulsively from rest and caleulate approximately the time elapsed 
before laminar separation began. Another problem was almost 
the same, except that the cylinder was accelerated uniformly from 
rest. In the solutions of these two problems only short time was 
considered. There also was the problem dealing with a periodic 
motion of a cylinder oscillating with a smal] amplitude in a stag- 
nant fluid. Recently, since unsteady motion of bodies in fluids 
has become increasingly important in certain applications in the 
fields of aerodynamics and hydrodynamics, unsteady-flow prob- 


! Numbers in parentheses refer to Bibliography at end of paper. 
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lems have received wider attention. For incompressible flow 
Lighthill (2) has considered the case of an arbitrary cylinder os- 
cillating with a small amplitude in the direction of an oncoming 
steady flow and studied the phase relations of certain laminar 
boundary-layer characteristics; while Cheng and Elliott (3) and 
Cheng (4) have dealt with arbitrary and specific time-dependent 
motions of a semi-infinite plate. For compressible flow, Moore 
5), in a rather inspiring study, has developed first-order devia- 
tions of some boundary-layer characteristics from their respective 
quasi-steady values for an insulated semi-infinite plate moving 
with a time-dependent velocity, and also has discussed some 
physical parameters governing unsteady motions of bodies in 
general. Later, Ostrach (6) extended Moore’s solution to include 
effect of heat transfer to or from an isothermal plate surface. 

In the present investigation, the unsteady momentum and 
thermal boundary layers in the immediate neighborhood of the 
forward stagnation point of a blunt-nosed cylinder moving with 
an unsteady velocity in an incompressible fluid is studied. The 
purpose of this paper is to present the results of such an investiga- 
tion. In the following sections, first an exact solution to the 
boundary-layer equations is developed for the case where the 
velocity of the undisturbed flow relative to the cylinder varies in- 
versely as a linear function of time. Then on the basis of this 
exact solution an approximate method is proposed to calculate 
laminar boundary-layer behaviors for the more general case with 
the velocity of the cylinder varying arbitrarily with time. Finally, 
examples are shown and discussed in the light of other solutions. 





Nomenclature 


A, B = functions of ¢* introduced in Equation [15] 
thermal diffusivity of fluid 
local skin-friction coefficient 
local skin-friction coefficient of steady flow 
arbitrary function in Lagrange’s solution 
dimensionless stream function 
A, ‘As = A;*/A:* 
arbitrary dimensionless function of ¢* 
= 6, /d2 = 6,°/6,* 
surface coefficient of heat transfer 
thermal conductivity of fluid 
a characteristic length of cylinder 
constants of integration 
hL/k = Nusselt number 
rate of heat transfer per unit area 
ugL /v = Reynolds number 
temperature 
time 
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ug/L = a dimensionless time 
velocity components in the z and y-directions, respec- 
tively 
u. /Ue 
a constant reference velocity 
= A;2uo/vL 
distance on cylinder surface measured from stagnation 
point 
z/L 
distance normal to cylinder surface measured from sur- 
face 
= 6;2ue/vL 
dimensionless parameter of flow 
thermal boundary-layer thickness 


* ed 
fi, say 


(Continued on next page 
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Exact Solutions? 


When a heated and blunt-nosed two-dimensioual body moves 
with an unsteady velocity in an incompressible flow at rest, un- 
steady momentum and thermal boundary layers are developed on 
the surface of the body. This may be analyzed best by fixing 
space co-ordinates on the body, thus resulting in an equivalent 
problem of a fluid flowing over a stationary body with the same 
unsteady velocity, but in an opposite direction. By assuming 
that Prandtl’s boundary-layer assumptions are valid in the pres- 
ent case and that the property values are constant, the following 
well-known equations are considered: 

Momentum equation 


ou Ou 
ot oy 


Continuity equation 


. ‘ »T oT oT 
Energy equation +u +p = aq - 
ol or OV oy" 
The pertinent initial and boundary conditions are 
u(z, y, 0) = u,(z, y), v(x, y, 0) = v,(z, y), T(z, y, 0) = 7;(z, y) 


u(z, 0, t) = v(z, 0,4) = O, T(z, 0,2) = T(z, t) 


u(z, ~,t) = u,(z,t), Ti, ~,t) = T. 

If this problem is restricted to a stagnation flow and in addition 
the velocity of the undisturbed flow is inversely proportional to a 
linear function of time (a “hyperbolic” time variation);* i.e. 


(x/L) =* 


i = ~ — —- 
ue 1 — a(ut/L) 1 — at* 


u 

© [4] 
where @ is a constant parameter, Equations [1], [2], and [3] 
may be reduced to two ordinary differential equations by intro- 
ducing a modified Blasius variable 9 as follows 


n=v( *) 
vx 


Note that 9 is only a function of y and t. Now the continuity 
equation is eliminated by using a stream function ¥, which in 
turn may be replaced by a dimensionless stream function f de- 
fined as 


? The solutions described also may be considered as exact solutions 
to the Navier-Stokes equations and the energy equation. 
3 Hereafter this will be known as the hyperbolic time-variation flow. 


_ vad 
(vru,)'/2 


f 


Further based on an isothermal heated surface, the following 
Pohlhausen variable @ may be used conveniently to describe the 
temperature field 
b= T-T, 

is = Fe“ 


where both 7’, and 7’, are constant. Now if it is assumed that 
both f and @ are functions of 7 alone, Equations {1} and [3) 


be reduced to two ordinary differential equations 


may 


The boundary conditions then become 
f(0) = f'(0) = 0, 
6(0) = 1, O(o) = 0 


Physically the constant parameter @ in Equation [4] indicates 
the unsteadiness in the velocity of the undisturbed flow. When 
@ is identically zero, the problem reduces to the steady-flow case 
known as the Hiemenz flow problem. The function f has been 
tabulated by Schlichting (1) and @ by Brown and Donoughe (7) 
When a is positive, we have an accelerating flow,‘ provided that 
the product at* is less than unity. This, however, by no means 
restricts the validity of the result because of the arbitrary scale 
factor included in the definition of t*. When a is negative, a de- 
celerating flow is realized. Even though no mathematical limit 
exists as to how high the negative value of @ can be, there is 
however, a physical limit, as will be pointed out later. 

The method of solving Equation [5] is now briefly described. 
The front portion of the velocity profile f’(n) for every @ is calcu- 
lated by a power-series expansion up to 7 = 1.4 The remainder 
of the profile is then continued by means of a method of successive 
approximation in utilizing the solution to a third-order linear 
total differential equation. Solutions of Equation [5] have been 
calculated for the range of a from +1.0 down to —3.0 at an inter- 
val of 0.2. Itis found that the value of f’’(0) may be extrapolated 
to zero at a = —3.175, indicating that laminar separation occurs 


4To render the present exact solutions possible, the velocity of 
the undisturbed flow has only to vary inversely with a linear function 
of time. That indicated in Equation [4] represents only one of the 
forms, and is chosen for the simple reason that a positive value of the 
parameter a indicates acceleration. 





Nomenclature 


Un 
A,* =S f, 6dn 
?* = f, f'bdn 


6 = momentum boundary-layer thickness 
3 
5 u ' . 
= f (: - +) dy = displacement thickness 
t 
{ 


Ss 
A: = f — Ody = convection thickness 
0 


) he 


ou u 

6, = f - (: - +) dy = momentum thickness 
0 eo Ux 
a 

6,* => f, (1 — f')dn 


5* = f, rl — fan 


€ = dimensionless amplitude of velocity oscillation 
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= y(u,/vr)'/* = a modified Blasius variable 
= (T — T,)/(T.. — T..) = Pohlhausen variable 
dynamic viscosity of fluid 
kinematic viscosity of fluid 
density of fluid 
Prandtl number of fluid 
shear stress 
stream function 
a dimensionless frequency of oscillation 


. 


*G rx Qqrvret os 


€ 


Subscripts 
| = conditions att = 0 
wall conditions 
conditions in free stream or at outer edge of boundary layer 
Superscript 


’ = derivatives with respect to the independent variable 
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at this value of a. The solution to the linear Equation [6] is rela- 
tively simple and may be expressed in closed form 


cial 2 a 
a 0 


[. of. (s- aa 
0 


For the same range of a, Equation [7] has been evaluated for two 
values of ¢; namely, 0.7 and 1.0. In view of the foregoing method 
of solution, it is believed that the error in any calculated profile 
value is of the order of 0.1 per cent. 

The great pumber of calculated cases prevents the author from 
presenting all the velocity and temperature profiles in tabulated 
form. However, velocity and temperature profiles at several 
distinct values of @ are shown in Figs. 1 and 2, illustrating the 
effect of a@ on the profiles. It is rather interesting to note that 
velocity profile s at any two values of @ cross each other toward 
the edge of the boundary layer, a feature which does not exist in 
any steady-flow problem. This, however, becomes evident in 
considering the variable 7, which also may be written as 

am (st) 

1—at*) *\vL, 

For the same 7, 2*, and ¢*, a larger value of @ indicates a smaller 
value of y, which physically would correspond to a smaller value 
of u/u.. 
laminar boundary-layer 
They are shown in 


Some rather important unsteady 
characteristics also have been calculated. 


Table 1, where 


Fig. 1 Velocity profiles for hyperbolic time-variation flow 


Fig. 2 Temperature profiles for hyperbolic time-variation flow with 
o = 0.7 
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Fig. 3 


Table 1 Unsteady boundary-layer characteristics for hyper- 
bolic time-variation flow 


—é'(0 
I’'(0) «=0.7 $,° 

.499 292 0.610 
.448 339 0.617 
382 0.624 

423 0.632 

160 0.640 

496 0.648 

530 0.656 

562 0.665 

592 0.674 

622 0.684 

650 0.694 

677 0.704 

703. (0.715 

728 0.727 

753 0.739 

776 «=6.0..752 

709 0.765 

822 0.779 

843 0.705 

S64 0.812 

830 


2 ” A.* 
A * bdn. A ° = ’'Adn,. G = 
1 f in | ” A.* 


All these characteristics are to be utilized later in the approximate 
method of solution to problems of a more general nature. Further, 
at the 
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velocity gradients f’’(0) and temperature gradients 0’ (0 
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Velocity gradients at wall for hyperbolic time-variation flow 


0 08 


Fig. 4 Temperature gradients at wall for hyperbolic time-variation 
flow 
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cylinder surfaces are shown in Figs. 3 and 4, respectively. Fig. 4 
also demonstrates the effect of the Prandtl number on the tem- 
perature gradient. 

Now, both the skin friction and rate of heat transfer at the wall 
may be calculated as follows: The shear stress at the wall may be 
written as 


Ou uo \'/2 
T =U = Mea a, a 


On introducing the local skin-friction coefficient c,, we then have 


Te (2 Va 2f'’(0)u.* 
1 sh ~ (lL = at*)' 
> Pus? 


"0 


*\'/: 
— al 


eR? = 


Similarly, the rate of heat transfer per unit area at the wall is 


(sr) 
—k 
oy 


which may easily be transformed into 


NR-": ” (‘2) (at) . ” 
k v 


When a flow has a small acceleration or deceleration, it is gen- 
erally known that quasi-steady solutions are fairly accurate. How- 
ever, when the acceleration or deceleration becomes large, th« 
quasi-steady solutions fail to yield satisfactory results. In the 
present problem, a direct comparison between the exact solution 
and the quasi-steady solution may be made readily. 
Equations [8] and [9], it is rather obvious that the ratios of (c R‘/*)- 
values and (NR ~'*)-values of these two solutions are respectively 
identical to the ratios of f’’(0) and 6’(0). Thus with f’’(0) = 1.233 
and 6’(0) = —0.496 for the quasi-steady solution, this comparison 
reveals that for a = 1.0 the quasi-steady solution is off by 18 per 
cent in skin friction and by 41 per cent in heat transfer with 
o = 0.7. Close to the other extreme for a = —3.0, the quasi- 
steady solution is off by 1285 per cent in skin friction and by 44 
per cent in heat transfer. Comparisons for other values of a can 
be made in a similar manner by taking appropriate values from 
Table 1. 


Ww = KT, — Te) = 


w 


—6’'(0 
1 — at*)”? 


In view of 


An Approximate Method of Solution 

It is the purpose of this section to propose a method for calculat- 
ing approximately the unsteady laminar boundary-layer charac- 
teristics in the immediate vicinity of the forward stagnation point 
of a blunt-nosed cylinder, when the velocity of the upstream un- 
disturbed flow varies arbitrarily with time. As indicated previ- 
ously, some results from the exact solution are utilized. This ap- 
proximate procedure is similar to that used by Levy (8) and others 
to calculate steady laminar boundary layers over arbitrary cylin- 
ders based on exact wedge-flow solutions. 

In this more genera! problem, the free-stream velocity distribu- 
tion may be written as 


U.* = x*g(t*). [10] 


where g must have a continuous first derivative for {* > 0, but is 
otherwise arbitrary. Now the momentum field is first con- 
sidered. If we assume that the velocity profile belongs to a one- 
parameter family of curves, i.e. 


“= s'(n, @) [11] 
Uc 


then the following momentum integral equation may be con- 
veniently utilized to describe the development of boundary-layer 
thicknesses in this problem 


424 / December 1958 


re) re) 
— (u.d) + - 
Wow oz 


‘-- Ou, Ou i 
rv (up 62) + du,  * v ( ). {12} 


OY 


which can be obtained easily by integrating Equations [1] and 
[2] with respect to y from y = Otoy = 6. In Equation [12], 6; 
and 6: are, respectively, the usual displacement thickness and 
momentum thickness. 

If now Equations [10] and [11] are substituted into Equation 
{12] together with the following identities 


Or. 


u /2 
&* = 3, (- 2)” 
va 


Equation [12] reduces to 


g 


= 6*f''(0 
Mus 


oZ Up* OZ 
ot* H ox* 


where 
6;? u 


Z= =, 
vy L 


and the prime indicates differentiation with respect tot*. The 
quantities H, 6,*, and f’’(0) are all functions of a@ alone, and @ at 
any ¢*, asa result of Equations [10] and [4], may be calculated by 


[14] 


which depends only on t*. Consequently, the quantity involving 
0H/dzr* drops out of Equation [13]. 
shown that Z is actually independent of z*. 
function of ¢*, Equation [13] may be written as 


Furthermore, it is now 
Since @ is only a 


02 z*g(t*) oZ 5 = 

— + ————~ —— = B(t*) — ZA(t* [15 
ot* H(t*) oz* 
which is a linear first-order partial differential equation, and there- 
fore may be solved by Lagrange’s method. The corresponding 
auxiliary equations are as follows 

dt* dz* dZ 
= — = 
1 z*g(t*) B(t*) — ZA(t*) 
H(t*) 


Now two pairs of ordinary differential equations may be easily 
p y 1 
formed 
(;* 
(t*) 
9 ~ dt* = 
H(t*) 


dZ 


— + ZA(t*) = Bit*) 
dt* i ' 


which have the following solutions, respectively 
_ ft* 2 a 
of So pe =m 


‘* t* i au 
2 Adt* = ped Al? in oo 
0 


where m and n are constants of integration. If we form a func- 
tional relation between m and n, the general solution to Equation 
[15] is then obtained 


t* t* t* - t* o ase 
ze airs | peso A ae op (ee Sa) 7) 
0 
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where F must be evaluated from an initial condition. If we in- 
troduce the condition that at ¢* <0 the flow is steady,’ then Equa- 


tion [17] reduces to 
Z; = F(z*) 


where Z; is the value of Z of the steady-flow problem and is 
known to be a constant for stagnation flow. Therefore the func- 
tion F must be a constant and Equation [17] indicates that Z is 


independent of z*. Thus Equation [13] may be written as 


dZ - P - of 2 
= 26,*7(0) -2z| © + (1 4 ) | 
1i* . g H 


The corre sponding initial condition is then simply 


5; 2p | 6,°") «= 0.420 
s. = (' ") _ z=0 9 
vL Ja=0 g(0) g(0) 


18] may be solved exactly in terms of exponential 
However, for practical calculations, the method of 
isoclines is much easier to use. Now a calculation procedure may 
be described briefly as follows: For a given g(t*), first a(t*) is 
calculated according to Equation [14]. Then 6,*, f’’(0), and H 
are known from the exact solution as functions of t*. Att* = 0, 
Equation [19] gives Z; and Equation [18] the slope (dZ/dt*);+ = 0. 
Then the method of isoclines is followed through a desired rang¢ 
of t*, yielding Z = Z(t*) 

The analysis of the thermal boundary layer is almost identical. 


Equation 
functions. 


nergy equation 


OA, 0( te As ) ( od ) . . 
+ —a : 20) 
vt Or OY J» 


The integrated « 


under the assumption that the temperature profile also belongs 
to a one-parameter family of curves, i.e., @ = 6(n, a), may be re- 
duced to 

ow z*g OW W 2 


+2 ¢= 


, A, *6'(0 [21] 
or* G tia 


t* G 


o) 


In Equation [20] A, is the usual convection thickness and A, is 


i 


another thermal-layer thickness defined as 


A 
in Pa Ody 


where A is an arbitrary thickness of the thermal boundary layer; 
and in Equation [21] 
Ai? uo A, A;* 


W = = = 
v L A: A:* 


Again based on the Lagrange solution, W is found also to be in- 
dependent of z*. Hence we have 
dw 
di* 


, 


2 W 
-= AO) - 2— 
1°0’(0) G ? 


which, together with the initial condition 


» A;*u (Ai**)a=0 
atone 2 23) 
y= (48) = OO (23) 


may again be solved by the method of isoclines, resulting in W = 
W (t*). 

Now both the skin friction and heat transfer at the wall can be 
determined from the following equations, respectively 

5 This may include the case where at t* < 0 there is no flow and the 
corresponding value of Z is zero. 
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to A,*0’(0) 
:) i ) . Ww'/s 


For purpose of comparison, the corresponding equations in quasi- 


NR~'/ = ( 


steady solutions may be written as 


tr 


0) la=0 = 2.465 +/ (g)u.*. . . [26] 


[6'(0) Ja=0 [27] 


VY 


Examples 
l t* < 0 J i* 0, i* oO g (*) = | 
This corresponds obviously to the classical problem of a cylin- 
der moving from rest with a stepwise increase in velocity, the dif- 
ference being that only stagnation flow is considered here. The 
parameter a is identically zero for i* > 0. Then Equation [18] 
reduces to 


3.804 Z 


1.597 - 


according to valuesin Table 1. Since there is no motion at é* = 0, 


Z; must be zero. Solution to Equation [28] is elementary and 
assumes the form 


3.804¢% 


Z = 0.420(1 — « 

which may then be substituted into Equation [24] to yield 
2 165 . 
. ; [29] 

(1 —e73-maety'/s 
which may be compared with the following equation 
1.128 + 1.607¢* . 

eR ! [30 


t*)'/2 


which is obtained from the second approximation of the classical 
solution (1). Table 2 shows such a comparison. It is interesting 
to note that these two solutions agree well at small values of ¢*. 


Table 2 Comparison of skin friction for example 1 between 
present method and classical solution 


cR +-1__ —— 
Classical 
solution 
382 077 
376 242 
O87 941 
788 800 
672 732 
492 735 
465 « 


Present 
method 


tM hobo ho We 


As ¢* increases, the present solution becomes much more accurate 
and approaches the steady-flow solution asymptotically, since 
the classical solution is known to be accurate for smal! times only. 


2 ¢<C0 gft*)=1, t*>0 gf*) =1+8, o = 0.7 


Initially, the cylinder moves with a constant velocity and then 
at a certain instant (¢* = 0) it starts to move with a constant 
acceleration. All the characteristic quantities for this example 
relative to the present method are shown in Fig. 5. Hence in an 
accelerating flow, it is seen that both the momentum and thermal 
boundary-layer thicknesses decrease with time. On the other 


December 1958 / 425 











08 ye 12 16 


Fig. 5 Results of calculations for Example 2 


hand, skin friction and heat. transfer all increase with time. Also 
shown in Fig. 5 are skin-friction and heat-transfer curves cor- 
responding to the quasi-steady solutions. For unsteady incom- 
pressible flow with pressure gradient, Moore (5), based on 
physical arguments, has established a condition under which 
quasi-steady solutions would be sufficiently accurate. This con- 
dition states that several quantities relating to the boundary- 
laver thickness must be of very small order of magnitude. Two 
of them together with their relation to this example will be indi- 
cated so that a direct comparison may be made 

bi? du. Z a 6, 06; dZ 


y a dt* 


’ 
Vile g 


In view of the Z-curve in Fig 5, it is not difficult to realize that 
the two foregoing quantities decrease with increasing time, indi- 
cating that quasi-steady solution would become increasingly more 
accurate as ¢* increases. This, of course, is very well substantiated 
in this example if the two skin-friction curves are compared. 
Furthermore, Ostrach (6), in his heat-transfer study on unsteady 
laminar boundary layers on a semi-infinite plate in compressible 
flow, has concluded that, in positive acceleration, the skin friction 
is larger than that predicted by quasi-steady solutions and if the 
wall temperature is higher than that in the free stream, the heat- 
transfer rate is smaller. It is interesting to note that this conclu- 
sion also applies to the stagnation flow as shown in Fig. 5. There- 
fore quite probably this is also true for unsteady flow over arbi- 
trary cylinders, at least in incompressible-flow cases. 

Further, it is seen in Fig. 5 that, throughout the range of ¢*, cal- 
culated skin-friction and heat-transfer values are rather close to 
those predicted by the quasi-steady solution indicating that the 
constant acceleration used in this example is still relatively low. 
This situation can only be remedied by extending exact solutions 
to higher values of a. Numerical calculations already are being 
carried out for such an extension of the exact solution 

3 t* £0 g(t*)=1, t*>0 g(ft*)=1-t*, o =0.7 

This problem is similar to that in Example 2 except that now 
the flow has a constant deceleration for ‘* > 0. Fig. 6 shows the 
results of this problem calculated by the present approximate 
method. It is evident that as ¢* increases the deviation between 
the skin-friction values in the present solution and that calculated 
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Quasi - steady 
solution 


008 016 .024 O03 
Fig. 6 Results of calculations for Example 3 


35 


present method 
30F 


25> quasi - steady 


solution 


quasi-steady 
solution 





Fig. 7 Results of calculations for Example 4 


from the quasi-steady solution also increases. According to 
Moore’s condition indicated in Equation [31], this, of course, is 
what should be the case. It also may be concluded that, in a de- 
celerating flow, skin friction decreases and heat transfer increases 
relative to the quasi-steady solution for the case of unsteady in- 
compressible boundary layers in stagnation low. Laminar sepa- 
ration is seen to occur at (* = 0.438. 


4 t* £0 g(t*) =1, t* > 0 g(@t*) = 14+ t* —t*, ¢ = 0.7 


This example illustrates an arbitrary velocity change of the un- 
Results are indicated in Fig. 7. Also 
shown are curves corresponding to the quasi-steady solution. 
Laminar separation in this example occurs at {* = 1.250. 


disturbed upstream flow. 


5 g(t*) = 1+ €sinw*t* 


This example deals with a cylinder oscillating in the direction 
of an oncoming steady flow and is partly identical with the 
problem studied by Lighthill (2). Since the relationships between 
a@ and other quantities such as 6,*, f’’(0), and so on, are rather 
complicated, general solutions by the present method are difficult 
to obtain in terms of unspecified dimensionless amplitude € and 
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dimensionless frequency w*. Hence a direct comparison be- 
tween the results of the present method and that of Lighthill can- 
not be made for all values of € and w*. However, in this ex- 
ample, the present method of solution is applied to the momentum 
a 0.10 
5.6, and the resulting skin friction is then compared 
The reason for choosing 0.10 for 


field for a specific set of values of € and w*, namely, € = 
and w* 
with that in Lighthill’s analysis 
€ is simply that in Lighthill’s analysis second and higher-order 
quantities of € are neglected and his results are only valid for small 
The value of 5.6 for w* corresponds to a critical fre- 
quency for stagnation flow in Lighthill’s analysis. The result of 
this example shows that the maximum value of skin friction leads 
the velocity maximum by 39 deg, as compared with 45 deg ob- 
tained by Lighthill. In addition, the amplitude of oscillation of 
skin friction from the present solution is 0.197 cy, as compared 


values of €. 


with Lighthill’s value of 3¢cs/+/2 or 0.212 cyo, where cy is the 
coefficient of skin friction corresponding to the steady flow. 
This comparison should be considered as rather good in view of 
the simplifying assumptions and approximate calculation proce- 
dures employed in these two methods of solution 


Concluding Remarks 


There is a definite limitation to the foregoing approximate 
method of solution. When a flow starts from rest with an arbi- 
trary acceleration, the value of @, according to Equation [14], 
does not have a limit at /* = +0 and therefore this method 
breaks down. There is, however, an exception in a group of prob- 
lems, in which stepwise velocity changes of the flow occur at (* 
= 0, and only then values of @ are defined at t* = +0 and the 
corresponding initial conditions are that Z(0) and W(0) are both 
identically zero. Obviously, the first example demonstrated pre- 
viously belongs to this group. In the present approximate solu- 
tion, Equations [18] and [22] may in fact be applied to any 
particular period of time during unsteady variation of the flow 
velocity in a specific problem, provided only that the values of Z 
and W are known at the instant corresponding to the beginning 
This immediately suggests a possilfle 
During a short 


of this period of time. 
remedy to the limitation of the present me thod. 
starting period of flow, the quasi-steady solution may be used to 
calculate unsteady laminar boundary-layer characteristics, in- 
cluding the values of Z and W at the end of this period, which may 
be calculated from Equations [24], [26], [25], and [27]. From 
that time on, the present solution can then be used to carry on 
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the calculations up to any desirable time limit. This procedure 
is not likely to introduce appreciable errors if the acceleration of 
the flow in that short starting period is relatively small. Also 
this procedure is expected to yield satisfactory results if only 
solutions relating to long time elapses are of importance, since the 
effect of initial conditions always diminishes as time increases. 

The present study represents only a small portion of the general 
problem of studying unsteady boundary-layer characteristics on 
the entire surface of an arbitrary cylinder in incompressible as 
well as compressible-flow cases. However, it is hoped that both 
the exact solutions and the approximate method presented in this 
paper will serve as a basis of comparison for other more refined 
solutions and solutions of more general nature. 
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Analysis of the Thermoelectric Effects by 
Methods of Irreversible Thermodynamics 


By means of the thermodynamics of irreversible processes, three thermoelectric quantities, 
namely, the Thomson coefficient, the Peltier coefficient, and the electromotive force of a 
thermocouple, are each expressed in terms of a pure temperature function h which 1s 
the difference between the tsothermal energy flux in a conductor per unit electrical current 
and the electrochemical potential of the unit electrical charge. 


The Kelvin relations 


for the thermocouple follow directly. 


A THERMODYNAMIC analysis of one-dimensional electrical con- 
duction in metals was first given by Lord Kelvin (1)! in 1854. 
The well-known Kelvin relations were the results of this analysis. 
It was based on an intuitive and arbitrary separation of the re- 
versible and irreversible parts of the conduction process. The 
rigor of the proof was questioned at the time by Kelvin himself. 
Subsequently, similar analyses were given by Bridgman (2) for 
the thermomagnetic and galvanomagnetic effects. The results 
obtained in each of these cases were correct but the method 
used was of dubious generality. 

Onsager (3) in 1931, and Casimir (4) in 1945, showed that the 
problem of complex irreversible processes can be treated rigor- 
ously by means of a general axiom, called the Onsager reciprocal 
relation, which results from the principle of microscopic reversi- 
bility. Based on this new axiom, Callen (5) derived the re- 
lations originally obtained by Kelvin and Bridgman. 

Callen showed that the basic problem to be studied was the 
simple homogeneous conductor. The present treatment follows 
Callen in this respect. It differs from Callen’s treatment in that 
it is entirely phenomenological, i.e., that the viewpoint is macro- 
scopic, and that the methods of classical thermodynamics are 
used wherever possible. In particular, fluxes and forces are de- 
fined in terms of the thermodynamic properties of equilibrium 
regions. 


The Onsager Reciprocal Relation 


Consider two equilibrium regions, R and #, of such size that 
the variation of their intensive properties for the processes 
that will be considered can be neglected. If regions R and R; 
are brought into communication through a system M, Fig. 1, of 
length dz, interactions between the two regions will take place 
by virtue of existing inequalities of certain intensive properties in 
the two regions. Let the values of these intensive properties, 
hereafter called potentials, be 
Ga + dg, 2000 GQ, + dy, 


Ce+-+-G, and 


at regions R and R,, respectively. Let also P,,.... P,, be the 
extensive properties of region R which are affected by the poten- 
tial differences. 
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Experimental evidence indicates that when the quantities 
dg/dz are not too large the rate of change of any extensive prop- 
erty P with time may be considered to be a linear function of the 
potential gradients dg/dz.? This function takes the form 


dP, . dy, 
J,=—= Lis — 
. dt du dr 


where L,, are coefficients depending only on the state of system M 
as determined by the local values of the potential ¢ and not by 
the values of the derivatives dg/dz. The quantities J, are called 
fluxes and the gradients dg,/dz forces. 

According to the Onsager reciprocal relation, if the ‘‘conjugate”’ 
fluxes and forces J, and dg,/dz are selected in such a way that 
the sum of rates of entropy changes of all systems involved in a 
given process is expressed in the form 


iS - dg, 
g8=— =) s,—. 
dt > * dz 


then the matrix of the coefficients of the fluxes as defined by 
Equation [1] is symmetrical, i.e. 


Ly; = Liz- 


One-Dimensional Electrical Flow 


Consider a length dz of a metallic conductor M through which 
we have one-dimensional flow of energy and electricity. By one- 
dimensional flow we mean that the intensive properties of the 
conductor such as electrical potential, temperature, and so on, 
are uniform at each normal cross section of the conductor. At 
either end of the length dz large equilibrium regions RF and R, 
are substituted for adjacent pieces of conductor as shown in Fig 
1. The region R is in equilibrium with the left-hand face of the 
conductor and the region F; with the right-hand face. 

We shall define energy flux J, (6) and electrical flux J, through 
the two faces of the conductor by the relations 


2 The implications of this linearity are discussed in reference 6. 























ax 


Fig. 1 
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dl f dn, . 
Ju, = ’ J as = _ 4) 


dU j dn 
dt dt 


dt’ , dt 


and 


where U’ and U, denote the energies of regions R and R,, respec- 
tively, and n and n,; the number of unit positive electrical charges 
in R and R;. Let r~! denote the temperature of region R and 
(r + dr)~! the temperature of region R,, respectively. We let 
conductor M exchange heat dQ, with reservoir H at a tempera- 
ture (Tt 1/2dr)~'. Considering conductor M to be in a 
steady state and applying the first law of thermodynamics to the 


closed system R + R, + M, we have 


dQ x dU dU, 
dqy T = 


dt ~ dt dt 


The continuity equation yields 


dJ, = 0 
For the rate of entropy generation dS, we may write 


; J rr ’ ; 
iS = dSz + dSg + dSy. 


omitting dS, since for a steady-state condition it is zero 
For an equilibrium region of constant volume the Gibbs equa- 


tion (7) gives 


dS = tdU — urdn 
where dn denotes the increment in positive charge on the region 


and yu the electrochemical potential for unit electrical particles. 
Applying Equation [8] to regions R and R, we have 


tJ, + urd, 


u 


l Bi 
3 ar) day = -{1 +> ir) dJ,, 


we get, for the rate of entropy generation 


Substituting these in [7] 

dS = J.dr — J,d(r 9) 
to first-order small quantities. The rate of entropy generation per 
unit length of M is given by 


dS j d( ur) ree) 


w 


J, MT) 


Ja 


dz * dx dz 
where primes denote differentiation with respect to z. 


Onsager Relations for a Homogeneous Conductor 


Equation [10] defines conjugate fluxes and forces. According 


to the Casimir-Onsager method, we may define coefficients L by 


J, = Int’ — L(t)’ fll) 


J, = Lat’ — Le(pr)’ [12] 


where the coefficients are functions only of temperature r~' and 
Eliminating the potential from [11] and [12] we 


_ Lule), 
Lz 


Let us define the quantities \ and J, such that 


potential y. 
may write 


os 
J,.=—J,+ (1, [13] 


“La 
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f(t, wt’ = (J ysn=0 [15] 


} and [15] into [11], we get 


+ J [16] 


e 


Differentiating [16] and using the first law [5] along with the 


continuity equation, we have 


dqu 
dz 


In view of Definition [14], we may write 


oA, oA, 
Tv + rm 
OT Ou 


so that [17] becomes 


de oA oA 
wo J. J.r’ 4 J alt 
dz OT Ou 


For J,, = 0 we 


Special Case 1, Pure Heat Conduction, J, = 0 
To Lis 


have the case of pure heat conduction through the metal 
we may apply the Fourier equation for heat conduction 


; aT 


where k denotes the thermal conductivity of the conductor M 


From Equations [16], [15], and [20] we have 


21 


It is reasonable to assume that the thermal conductivity of the 
metal M depends only on temperature and not on the potential 
u of the electrical charges. This assumption may be based upon 
macroscopic experience, or it may be justified by noting that the 
minute amount of charge necessary to make a finite change in 
electrical potential is insufficient to alter the nonelectrical proper- 
ties of the metal. (In the diffusion of one gas through another, 
on the other hand, the thermal conductivity could depend upon 
the chemical potential of the diffusing constituent as well as 
upon the temperature.) 
On this basis we have for the thermal conductivity 


Lehn 
Lu - — 2 = k(r). 
9 


Moreover, we find from Equations [15], [21], and [22] that J, is 
determined solely by the temperature distribution and is inde- 
pendent of the values of u. Thus [21] becomes 
k(r) 
J, =—T' [23] 
7? 
Restatement of Rate of Entropy Production. Let us restate the 
rate of entropy production in terms of the flux J, by substituting 


[16] into [10]. Thus 
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= J,Ar’ + Jr’ — J,(ur)’ 


Jt’ + J,[Ar’ — (ur) 
= J yr’ + J in’ 


where ¢,’ =Ar’ — (pr)’ 


‘The corresponding L’s are defined by 


Jy = Lut! + Line,’ 
Jn = Dyat! + LanGn’ 


We know, however, from Equation [23] that J, is proportional 


to 7’ and independent of other gradients like ¢g,,’. It follows that 


Lu = 0 
By the Onsager reciprocal relation we have also that 
Ly. = 0 
so that 
Jn = Lan@n'- [24] 


and is independent of 7’ as such. It appears, therefore that by 
selecting fluxes J, and J, we have changed from coupled to un- 
coupled fluxes. 

We may now express the electrical flux in the form 


J, = L,,{Ar’ — (ur)’] 
= L,,[((A — w)r’ — ty’) 


Shortly, we shall express Z,,,, in terms of more familiar properties. 

Special Case 2,7’ = 0. In the isothermal case, r’ = 0, only the 
potential 4 changes along the length of the conductor. We shall 
make the following assumption: For an isothermal homogeneous 
conductor the change in the electrochemical potential yu from 
point to point is identical with the change in the electrical poten- 
tial e. 

The justification of this assumption is the concept that all the 
forces on unit electrical charge are the same in magnitude at all 
points in the isothermal conductor, except the forces resulting 
from the electrostatic field set up by other charges (8). This as- 
sumption will not be extended to cover an isothermal junction of 
dissimilar metals. 

(a) Ohm’s Law. 
sistance, and potential known as Ohm’s law must now be con- 
sidered to apply strictly to an isothermal homogeneous conduc- 
tor only. We may write it in the form 


de 
= —rJ 
| dx 7 r’=0 


where r denotes the resistance of the conductor per unit length 
For an isothermal homogeneous conductor we have by our as- 


(“ — 
dz} a0 ” 


and from Equation [25] that 


The relation between electrical current, re- 


[26] 


sumption 


(J,)e=0 = —L,,Tp’ 


Upon substituting these into Ohm’s law, we get 


’ 


[me = —rJ Jr’ =0 


T 
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(b) The Isothermal Joule Effect. The heat required to maintain 
an electrical conductor at constant and uniform temperature 
(the Joulean heat) may be expressed in terms of our symbols by 


ee fi 


(Qn')r’=0 = (Jy')=0 = [29] 


the minus sign indicating that heat flows away from the conduc- 
tor regardless of the direction of electrical flow. 
From [23] we have that 


(J,)2’ 
and 
(J,’ 


so that Equation [19] reduees to 


(J, )e (2) 
Ou 


By means of Ohm's law, [27], we may eliminate uw’ from [31 


express J,’ in terms of r and J 
or : 
rd,” 
Ou 
Upon comparing [32] with Joule’s law [29], 
ov 
Ou 


A=ut+h(r 
where h(7) is a function of temperature only. 


The Electrical Conduction Equation 


Upon substituting [28] and [34] into the electrical conducticn 


Equation [25], we get 


[36] 


The electrical current flowing through a conductor is given by 
[35] in terms of the gradients of the electrochemical potential and 
the temperature. 
is given by [36] in terms of the temperature gradient and the 


The gradient in the electrochemical potential 


electrical current. By virtue of our assumption, the change 


in electrical potential between two points in a circuit at which the 
material and the temperature are identical can be found by inte- 
grating the changes in electrochemical potential between those 
two points. 


The Thomson Effect 


Upon substituting from [36] and [34] into [19 


, d dh h : 
du = J, = Fi r’J. _ rJ ,? 
aT T 


In the absence of electrical current [16] reduces to 
(J )Jn 0 J, 


It follows that 
(J..")s, = J, 38 


For an adiabatic conductor with no electrical current we have 


dq n = () 
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and from | quation 17] that 


>») 
{ov} 


Now let us fix the temperature distribution along the conductor 


by means of a continuous series of reservoirs each of which 
matches in temperature an elementary length of conductor when 
it is transversely adiabatic with no electrical current. Under these 
circumstances the temperature distribution will be fixed regard- 
less of the magnitude of the current J,. According to [23], how- 
is fixed at each section when the tem- 


It follows from [23 and 39 > 


ever, the magnitude of J, 


perature distribution is fixed. 
therefore, that for all values of J,, 


FF," 


now becomes 


ah h 
J,’ = ) t'J. rJ 2 
dt T 


interaction with the environment, which now is 


Equation 37 


qn’ = 140) 


and the heat 

solely the result of the current J,, is seen to be made up of two 

one proportional to J, and one to J,?. The latter is ob- 

viously the Joulean heat. The former is the Thomson heat which 

is proportional to the temperature gradient as well as to /,,. 
The Thomson coefficient ¢ is defined by the relation 


parts 


oJ,,T"’ 


Thomson heat rate to conductor = 
[41] 


Using the first term of the right-hand member of [40] along with 
41}, we have 

dh 

dT 

d(h/T) 

din 7 


The Peltier Effect 


Let us consider a nonhomogeneous conductor consisting of two 
conductors of different metals A and B placed end to end as 
1 and B communicate with 
large equilibrium regions R, and R,. The junction of A and B is 
maintained at constant temperature by the environment H. 


shown in Fig. 2. At their outer ends 


Applying the first law of thermodynamics to the system R, + 


B + R., we get 


dQ 4 


= ( = Jip 3 43] 
dt 1H ul , 


[23] we find that in each conductor J, is zero for the iso- 


It follows from Equations [23], [16], and [34] that 


From 
thermal case. 


GH ‘ = \4 J, 


h BK h A J. T 




















Fig. 2 
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As J,, approaches zero the whole system approaches equilibrium 
for which 


45 


For reversible transfer of charges between PR, and R, we have a 
heat effect per unit charge 4,4, which is called the Peltier co- 
[44] and [45] we get 


- mS ( qu a 
- J BA = 4B 


The Seebeck Effect 


efficient. From 


he = hy 


Let us consider a loop consisting of conductors of metals A and 
B connected to a voltmeter V, Fig. 3. Junctions 1 and 2 of metal 
A to metal B are ke} t at temperatures 7, and 7, respectively, 
while junctions a and 6 of metal B with the voltmeter are kept at 
a temperature 7’) by means of reservoir H. The only function of 
reservoir H is to conduct heat from a to ) without appreciable 


temperature drop. 


The electrical potential difference between a and b will be, as 
pointed out previously, identical with the electrochemical poten- 
tial difference, because a and 6 are identical metals at identical 


temperatures. We get, therefore 


Upon substituting [36] into [47] and noting that when inte- 


grating between 7, and 72 


Sb . @ —Bin 


" dr = me: ue 
% —-e@, = (hs — hp) = _ J. (r4 + Tp _* [48 
‘1 ri 


The potential difference at the voltmeter for zero current is, from 


(48) 
” dr 

: (hg — hg) —. 

Tl T 


149] 


or, in view of Equation [46] 
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, si drt 
(€, — €4)Jn=0 = = Tap 
o T 
f- dT 
- Tap >, . [50] 
T; 1 


If we fix 7; and differentiate [50] with respect to 72, we get 


d Tap 


€AB ar ** — €)Jn=0 = T° 51) 


Expressing the second derivative of [49] in terms of hy and hz, 


we have 
déag ad he ad (% ) 
aT fi @ y aT \ T 


1 | dh,/T) d(h,/T) 

T LdinT din T 
or, in view of Equation [42] 

déap _ Ce — Cy 

dT T 

Equations [51] and [52] are called the Kelvin relations. Lord 

Kelvin derived them by the method referred to in the introduc- 
tory paragraph. 


Thermoelectric Quantities 


The Thomson coefficient ¢, the Peltier coefficient 7, and the 
electromotive force of a thermocouple (e, — e,) may each be ex- 
pressed as a simple function of h. Thus from [42], [46], and 
[49] 

d(h/T) 
din T 


Tan = hep = hs 
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Tr: at 
(4 —telneno f (hg — ha) r 
TM 


From [14] and [34] it will be recalled that hk (which in Callen’'s 
symbols is S,7'/e) is a pure temperature function which is the dif- 
ference between the isothermal energy flux in a conductor per 
unit electrical current and the electrochemical potential of the unit 


n= (7) 
vies, a Me 


The linear relations of the thermodynamics of irreversible 
processes may be expressed in terms of quantities derived from 
classical thermodynamics. These relations, along with the 
Onsager reciprocal relation, when applied to one-dimensional, 
nonisothermal electrical flow through a conductor, yield the 
Kelvin relations for the thermocouple. 


electrical charge 


Conclusion 
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(subsonic case). (b) 
(c) The load speed is greater than either wave speed 


by Moving Loads 


A study is made of stresses and displacements induced in an elastic half plane (plane 
strain) by a concentrated line load moving at a constant speed along its surface. 
stress field for an arbitrary load distribution can be built up by superposition of these 
concentrated-load solutions. 
slowly than either the longitudinal or transversal wave speeds of the elastic medium 


The 
Three cases are considered: (a) The load is moving more 


The load speed is between the two wave speeds (transonic case) 
supersonic case). In each of 


these cases the nature of the singularity caused by the load ts examined and the com- 


plete solution ts given. 


A PROBLEM of some technical interest is posed by the uniform 
motion of a concentrated line load along the surface of an elastic 
half plane The resulting stresses and displacements can be used 


In the fol- 
will be formulated 


in estimating the effects of a surface pressure wave. 
lowing sections, the problem (plane strain 
mathematically and solved for all speeds. The same problem has 
a somewhat different 
However, Sneddon! treats only the subsonic case. 


been considered previously! by method 
Formulation 


Let (2%, 2 
occupies the half space 2 > 0, Fig. 1. 


denote space co-ordinates fixed in the medium which 
Consider a concentrated 
vertical line load P measured positive downward moving in the 
negative %-direction with a speed U. The location of the load 


may be given by 
z+ Ui=0 (1) 
The equation of motion of the elastic medium can be written? for 
the displacement u = (u, w) as 
X + 2y) grad div u — m curl curl u = pug (2) 


where A and 4 are Lamé’s constants, and p the mass density. 
Writing u as the gradient of a scalar plus the cur! of a vector allows 
its representation in longitudinal @ and tranversal W parts as 


=¢:— vn w= erty 
A solution of Equation (2) is found if 


l 
ez + G2 = oy Cy, 


CY 2 


“<" 


Pulse of Pressure Moving 
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Fig. 1 Graphical representation of boundary conditions 

The assumption is now made that the load has been moving 
steadily for a long time so that a steady stress pattern appears 
with respect to an observer fixed in the moving load. Thus the 
Galilean transformation 


Ui (6) 


can be made such that Equations (4) and (5) become 


$.: a %., - M,*¢., M, - 


Vez s Wes - MV... M, = Ce 
M,, Mr represent the Mach number of the moving load with 
respect to longitudinal and transversal elastic waves, respec- 
tively. The character of the solution evidently will change in the 
cases (i) M;, My < 1 subsonic, (ii) Mz, < 1, My > 1 transonic, 
(iii) My, My > 1 supersonic. 

The boundary conditions at the free surface (z = ©) prescribe 
the normal stress to be a delta function and the tangential stress 
to be zero (the more general case also can be treated). The 
boundary conditions at infinity are special and need to be discussed 
for each case. The stresses can be found from the general stress 
tensor 

S = Adivul + u[(Vu) + (Vu)*) (9) 


where J is the unit tensor, and * indicates a transpose. By using 
Equations (3), (7), and (8), the boundary conditions on the surface 
can be written: at z = 0 
S 6(x) 
a = (M;,* = 2)Os2 Tr 2y.. oe P (10) 
m rm 
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a 
a = 2¢,, aa (M;,? «2 2)¥.2 = % 


(11) 


The boundary conditions [(10) and (11)] can be simplified further 
by integration with respect to z. The constants of integration 
can be put equal to zero (they at most introduce constant dis- 
placements). Thus at z = 0 
H(x) 
im 


2¢, = (M,? _ 2)¥, = @ 


(M,? — 2)¢, + P (12) 


y, = 


(13) 


where 


as . 1 z>0 
Heaviside function = 


A(z) = 0 «<0 


The problem to be solved is specified by Equations (7) and (8), 
and boundary conditions (12) and (13) (with conditions at @— ). 
Once yw, @ are found, u is known, and the stress field follows from 
Equation (9). 

Analysis 


Subsonic Case M,; < 1, My < 1. In this case the basic equa- 
tions can be written in a form equivalent to Laplace’s equation 


81%... i Pi: = 0 By, = (i — M,2)' 
Br'W. + Vis = 0 Br ad (1 ae M,*)? 


The solution can be expressed in terms of analytie functions of 


(14 


(15) 


the two complex variables 
C, = 2 + iB,2 (16) 
Cy, =z + iBzz (17) 


These variables are equal on the surface (z = 0) so that the sur- 
face boundary condition also can be expressed in terms of these 
variables. The solution of Equations (14) and (15) is 

(18) 


7) = RID(¢,) or 
yy = RN(Cr) or 


H(°,) = ¢ + ig* 
Wor) = ¥ + ip* 
(Here * denotes a harmonic conjugate. ) 

The boundary conditions [(12) and (13)] are 

H(x 
(2 — M,z*)RIP’ + 287m VW’ = 

m 
—28,Im®’ + (2 — M;,*)RIW’ = 0 (21) 


These boundary conditions can be used to characterize the singu- 
larity of the analytic functions of the load and thus determine the 
solution. Equation (21) can be satisfied by 


’ (22 
(2 = M,’) 


and then Equation (20) shows that /®’ has a jump across the 
load as arg (, goes from 7 to0. This implies a log singularity in 
®’ and WV’, and the solution can be found to be 


K 
p— ( : log (, + i) 
utr 


K2f 1 
Vcr) =P ( log (7 — ') 
u\r 


’'(¢,) 


Ww here 
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2 — M;’? 23, 


(2 — Mz*)? — 4878, 


s= 


Ki 


= K 
(2 — M;7*)? — 4878, j 


From the solution just given the displacements and stresses are 


found to be 
6 ce 4 
) — p BK? (1 - “) (25) 
T mM T 


1 ; 
(Kz log ry — BK, log rz) 
ur 


(26) 


where 


fp = rypey, Sn = ree “r, O< 4, 0, <7 


It should be noted that the horizontal displacement as given by 
Equation (25) is not antisymmetric with respect to z = 0. This 
serves to emphasize that the displacements are not uniquely de- 
termined in this problem and that a constant displacement could 
be added to Equation (25) to adjust the symmetry. The stresses, 
however, are uniquely determined and these are found to be 

sin 6, sin 0, 


K,\(2 — M;*) — 2KBr 


> . . 
I TL rr 


A cos 6, cos 6, 
2K8, - - 
rh 'r 


sin 6, 


rl 


TS,. 


+ 2KB, Un 
rs 

The boundary condition at infinity for this case, which has not 
been discussed, actually states that the integrated stresses should 
balance the load and this is automatically satisfied. Also it easily 
can be shown that the solution given here reduces to the classical 
static solution as LU’ + 0. 

Transonic Case M; < 1, My > 1. 
Equation (7) for @ is still Laplace’s equation but that for W is a 
wave equation which expresses the fact that the load is running 


Thus 


In this case the basic 


supersonically with respect to the transverse waves. 
B,*o,, + o.. = 0 
mr¥,, — Va = 0 mr = (M,* — 1 31) 


The solution for @ can be represented as in Equation (18). The 
solution for Y can be expressed in terms of one arbitrary function 


(30 


because only backward running waves with respect to the load 
are permitted. 
@ = RIP(¢,) or O(F,) = @ 4+ 


Y = V(r — mz 


ip* 


» 


The boundary conditions at the surface [(12 (13)] are now 


H(z) 
(2 —M,?)RI®P’ + 2m,V"(z) = - Pr 
re 


—28,Im®’ + (2 — M,?)¥(z) = 0 (35) 


The elimination of V’ from the boundary conditions shows that 
there is a jump in both RI®’ and Jm®’ on crossing the load at the 
The 


surface so that there is again a log singularity. solution is 


(K; + 1K;) 
Th 


’'(¢,) (36 


jlog ¢, — im}P 


Transactions of the ASME 





- | K, log |x — mye 


P 
- Ky H(x — m;z2)} 
Tu 


where 


im7B8,(2 — M,? 
(2 — M,*)* + 16m,7°8,? 


(2 — M,?)® 
(2 — M,?)* 


Ky, = re" 
+ l6m776 ,? 


and vertical bars indicate absolute values. 


The corr 


spor ding displacements and stresses are 


wK;H(x — mrp — 


7 


2K Bo, sin 6, 


2K, cos 6 


= 2K.3, 
s= 


imrB; 


aie cos 0, ) 


Im; s 
- (x — mye 


(2 — M;?)? 


) «a 


Here 6 represents a delta function. 
Supersonic Case M,; > 1,My> 1. In this last case both ¢, 


satisfied wave equations and, allowing only backward running 


waves, the solution is 


o = Bz (43) 


- m,2 


Y = V(x — m;zz (44 


The boundary conditions [(12) and (13)] become 
H(z) 
M,?)?(r) t 2m7V'(x = P 

mM 


‘ 2m, P(x) (2 — M,? V(r) =0 


(M,? — 1 The solution is thus 


where m, = 


K 
* H(z — m,2z)P 
mn 
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WwW here 


The displ iwcements and stresses are 


> 


re 
|A;H(2 
jm 


KH 


S 


P 


Discussion 


Figs. 2 to 6 show variations in the three stress components as M 
approaches 1. The curves for My = 0 were, of course, computed 
from the well-known static solution as given in Timoshenko.’ It 
is interesting to note how the stresses build up and produce ten- 
sion in S,, as the speed increases. Of course, as My — 1, the 
stresses will approach the transonic solution with its singulari- 
ties. From Equation (40) it is clear that a tension singularity in 
S,, will develop at 2/z = 1, as well as a compression singularity in 
“"se° 
Also shown are accelerations in the half plane for My 
These were computed from the expressions: 


2S. Timoshenko, ‘‘The Theory of Elasticity,"” McGraw-Hill Book 
Company, Inc., New York, N. Y., 1934, pp. 82-84. 
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Fig. 2 S..2/P as a function of x/z and Mr 
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Poissons ratio® /3 


M,/M, = 2 
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Poissons ratio 
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Fig. 3 S..z/P as a function of x 
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Poissons ratio= /y 


M.~/M. = 2 








Fig. 4 S.,z/P as a function of x/z and Mr 


K,{(2 — M,’) cos? 6, cos 26, — cos? 4, cos 26,3 


T 


— K, cos? 6, sin 20, + 87K» cos* 6, sin 26,} 


where K, and A; have the meanings assigned previously. 
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Orthotropic Plates 


A refined theory of elastic, orthotropic plates is presented. 
effect of transverse shear deformation and normal stress and may be considered a gen- 
eralization of the classical theory of von Karman modified by the refinements of the 


The theory includes the 


Levy-Reissner-Mindlin theories. A nonlinear system of equations is derived directly 
from the corresponding equations of the three-dimensional theory of elasticity in which 
body-force terms have been retained. Next, the system of equations is linearized and re- 
duced to a single sixth-order partial differential equation in a stress function. A Levy- 
type solution of this equation is discussed. 


= plate theories, due principally to Lévy [1],? Reissner 
(2, 3], and Mindlin [4], improve fundamentally the results of the 
classical thin-plate theory, extended to nonlinear behavior by von 
Karman. This is due mainly to the fact that by including the 
effect of transverse shear deformation the Lévy-Reissner-Mindlin 
theory permits satisfaction of three prescribed boundary condi- 
tions associated with the flexural and shear deformation of the 
plate. In addition, the theory permits consideration of a new 
class of problems; namely, those of plane bending [5], which 
cannot be treated in the classical theory. 

The influence of the transverse shear deformation on large de- 
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the Society. 


Division, February 2, 1957. 


flection of elastic, laterally isotropic plates was considered by a 
number of investigators, notably Reissner [6, 7] and Wang [8]; 
the theory was generalized to the case of large oscillations of visco- 
elastic plates by Eringen [9]. 

Equations governing small static deflection of a class of ortho- 
tropic plates (seven independent elastic constants) were first 
derived by Libove and Batdorf {10}. The problem is formulated 
in terms of three functions which are coupled not only through 
boundary conditions, as in the problem of laterally isotropic 
plates, but also through the differential equations of the basic 
system. Libove and Batdorf sought to simplify the problem of 
integration by transforming the basic system of differential equa- 
tions, under certain restrictive assumptions, into one consisting 
of three sixth-order partial differential equations, each containing 
one dependent variable only. No attempt was made by the 
authors to integrate these equations and no examples of applica- 
tion were given. Equations of the Libove-Batdorf theory in non- 
transformed form were integrated in several cases of boundary- 
value problems [11-14]. Procedures used in obtaining solutions 
were either approximate, as the Rayleigh-Ritz method of reference 
[13], or limited in their applicability, as the Navier-type solution 
of references [11] and [14], or the Seide solution of an elastic sta- 
bility problem of reference [12]. Numerical results obtained deal 
with particular cases of orthotropy such that the number of inde- 
pendent elastic constants is less than seven. 





Nomenclature 


r, y¥, 2 = rectangular Cartesian co-ordinate sys- 


tem 

time variable 

plate thickness 

transverse normal loads acting on faces 
of plate 

body-force components 

part of body-force components inde- 
pendent of inertia forces 


resultant body forces 
strain-tensor components 
constants characterizing elastic proper- 
ties of plate material 
stress-tensor components 
displacement vector components 
weighted displacements—displace- 
ments of middle surface 
rotations of middle surface 
stress resultants 
quantity defined in Equation (6) 
quantity defined in Equation (9) 
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constants defined in Appendix 2 
resultant body-force potential 
Airy stress function 
density of plate material 
constant cnaracterizing elastic proper- 
ties of foundation 
homogeneous solutions 
particular integrals 
stress function defined in Equations 
(19) 
function expressing time dependence of 
stress function F 
B,, B;’ constants defined in Appendix 2 
Gn'(Y), Gn"(2) functions satisfying Equations (24) 
n index of Fourier series 
a,, B, constants which depend on plate di- 
mensions 
a, b plate dimensions 
X,, = angular frequency 


Additional symbols are defined in Appendix 1. Throughout 
the paper differentiation is denoted by a comma in subscript. 
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A brief historical review of the Lévy-Reissner-Mindlin theory, 
including a bibliography, is given in reference [15]. 

In the first part of this paper equations of a refined theory of 
elastic, orthotropic plates are derived directly from equations of 
the nonlinear theory of elasticity in the manner of Schiifer [16], 
but retaining body-force terms throughout the derivation. Non- 
linear terms are considered in the sense of the classical von Kar- 
man theory only. Nine independent elastic constants are as- 
sumed to characterize elastic properties of the plate material; 
this means that both the effect of transverse shear deformation 
and transverse normal stress are included. A particular form of 
the basic system of equations is given, permitting consideration 
of problems of nonlinear oscillations and allowing for the effect of 
an elastic foundation. 

In the second part of this paper a linearized system of equa- 
tions is considered. A suitably defined stress function is intro- 
duced, subject to certain restrictive assumptions, from which all 
the remaining unknowns of the problem of bending can be ob- 
tained by differentiation. It is shown that the stress function 
satisfies a sixth-order partial differential equation. This equation 
is integrated using the Lévy-type solution, applicable to a wide 
class of boundary-value problems. 


Equations of Nonlinear Theory 


Consider a thin elastic plate bounded by planes z = +h/2 and 
a right cylindrical surface intersecting the middle plane z = 0 
of the plate at s = s(z, y). Let the transverse normal load at the 
face z = —h/2 be p,; and at the face z = +h/2 be po. Let 
body-foree components in the direction of z, y, and z-axes be X, 
Y, and Z, respectively. 
stress-tensor components, body-force components, and loads are 
consistent with the usual assumptions of the theory of elasticity. 

The material of the plate will be assumed orthotropic with 
principal axes or orthotropy parallel to the co-ordinate axes. 
Then, using matrix notation, the strain-stress relations are 


Positive directions of co-ordinate axes, 














om | rey J 


where the quantities S;; characterize elastic properties of the 
plate material. 

The equations of equilibrium of a plate element in terms of 
stress-tensor components are those of reference [18], assuming 
that elongations and shears of a plate element are small compared 
to its rotations, that the first derivatives @,,, ,,, and W,, are small 
compared to unity and that the stress components ¢@,, a,, and 
T,, are large compared to @,, T,,, and T,,. 

The terms nonlinear in @ which occur in the strain tensor are 
retained in the strain-displacement relations (reference [17]). 

The stress-strain relations (1), equations of equilibrium, and 
strain-displacement relations constitute a system of 16 equations 
containing 16 unknowns (components of strain tensor, stress ten- 
sor, and displacement vector). 

In order to reduce the problem to a two-dimensional one in zx 
and y stress resultants, body-force resultants and weighted dis- 
placements are introduced. The stress resultants and the body- 
force resultants are defined in the usual manner by integrating 
appropriate quantities over the plate thickness, while the weighted 
displacements are defined in reference [16]. 

The components @ and 6 of the displacement vector are as- 
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sumed to be linear functions of z while @ = W(x, y); then 


wj=utoz; t=v+,2z; w= wv; (2 


Thus u, v, and w are seen to be the components of the displace- 

ment vector of the middle surface of the plate while w, and w, give 

rotations of normals to middle surface in the direction of z and y 
In the following, we assume that Z = Z(z, y) while the two re- 


maining body-forece components are linear functions of z; then 


\ 12 \ 12 
X’ + a jig Y°z; Z= =; 
th hs h h 


(> 


The original system of 16 equations can now be transformed 
Thess 
are weighted displacements and stress resultants u, v, w, @,, @, 
V es : ee Wes M,, M,, and | 
be obtained by following a procedure first used in the case of smal 
deflection by Schifer [16]. The lowering in the number of equa- 
tions is due to the fact that the problem has been reduced to 


into a system of 13 equations containing 13 unknowns. 


zn The transformed set can 
| 


two-dimensional one. 
the Airy stress function ® defined below, it is possible to reduce 
These are 


With some manipulation and introducing 


the number of equations in the basic system to 4. 


a 


uw 


+N =0 


Av?',, 


=v 


re) 
+ Ass [X’w., 
Oy 


and 


Sob + (2812 + See)P peyy + SuPyyyy 
=wWw.,? — U,,W — (Sx + Sx)Q.. — (S 


ty zz vy 


rrirz 


where 


N = Nw 


z zz T 2N ry ¥ 


ty 


Equations (4) and (5) may be said to constitute the basic system 
of equations of the present theory since, once w, V,, V,, and ® 
have been found by integration of these equations (subject to 
appropriate boundary conditions being satisfied), the remaining 
unknowns can be found by differentiation from the relations: 
hd ‘aie | A = hgQ = hd ia 

N,, = —h® 


ty zy / 


N, = hQ 


6 Su 


ros 


> (Sx2Sss + SieSa)V,.. 
10K 
h? 


- (S280 — Si3Se2 
10K 


+ SiS, (Pi — Pez) 


he 
( 
60K 


+ Baie —~ Babes + 6SnBa)S': 
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Ss 


(cont 


h? 


(Ss 
HOA 


2 
M,, = 25 (S 
10Sée 


where 
K S1,Se2 — S8,2?; 4g 


In addition, the resultant in-plane stresses can be expressed in 
terms of weighted displacements and their derivatives as follows: 


h 
K 


In Equations (7), which define the Airy stress function ®, Q is 
by assumption a known potential from which the body-force 
components X’ and Y’ can be derived; i.e., 


X’ = -hQ,; Y’ = —hQ,; (11) 


Quantities A, which appear in Equations (4) are constants 
which depend only on elastic properties and thickness of the plate 
and are defined in Appendix 2. 

It is of interest to note that in view of the first two of Equations 
8) rotations w, and w, can be chosen as fundamental unknowns 
along with w and ®, instead of the resultant shears V, and V),. 
This approach was used by Bolle [5], while the foregoing proce- 
dure was first used by Reissner [3]. 


Nonlinear Transverse Oscillation; Effect of Elastic Foundation 


Consider next the case when body -force components contain 


inertia terms; then 


PU tes "= ¥i- pi. Z=24,- PBs (12 
where p is the density of the plate material while X, represents the 
part of the X 
forces, and so forth. 


body-forcee component independent of inertia 
Then, in view of assumed relations (3) 
Y’ = Y,’ — ohv,,,; 

Z' = Z,' — phw.; 


phu i; 


In the following, the effect of transverse oscillations only will be 
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considered; i.e., we assume that the X’ and Y’ body-force com- 


ponents can be neglected. 


To allow for the effect of elastic foundation at the face z 
h 2 of the plate, accepting the Winkler hypothesis and since in 


the present theory W(z, y, 0) = W(z, y, h/2), we set 
. 


p: = kw; 4 


where k is a constant which characterizes elastic properties of 
foundation. 


With these assumptions Equations (4) become 


and (5 


— kw + Z,’ phu _+N =0; 


— Aiphw,yy + Vs 


So +. (28,0 + Sas eae + S,@ 


vuuy 


16) 


where the Airy function is again defined by Equations (7) with 


Q = const, and we may write 


N h(® ws 


- 


2 .,W.cy + ee 17 

The system of four partial differential Equations (15) and (16) 
governs large oscillation of elastic orthotropic plates within the 
assumptions made in their derivation. 

It is of interest to note that if the plate material is transversely 
orthotropic or isotropic it is possible to obtain a fourth-order 
partial differential equation in w only by eliminating V, and V, 
between Equations (15). The resulting equation is essentially 
the same as the corresponding equation of the Eringen theory 
9}. 


Boundary and Initial Conditions 


Since the basic system of Equations (15) and (16) is of tenth 
order there are five conditions to be prescribed on the boundary 
of the plate. Three of these are connected with flexural and shear 
deformation of the plate while two are associated with plate ex- 
tension. The five conditions have been given by Reissner [6] and 
will not be stated here. It should be stressed again, perhaps, that 
in the classical theory there are only two boundary conditions 
connected with bending of the plate. 

In the linear theory, satisfaction of boundary conditions is 
necessary for a unique solution of a problem. In the nonlinear 
theory, prescription of boundary conditions insures only that the 
principle of conservation of energy will not be violated. This 
problem was discussed fully by Herrmann [19] 

There are ten initial conditions to be satisfied. 
displacements and rotations as well as initial velocities associ- 


These are initial 


ated with initial displacements and rotations. 


Equations of the Linear Theory; Stress Function 


The basic system of equations governing small transverse de- 
flection of elastic, orthotropic plates and including the effect of 
the transverse shear deformation and normal stress can be ob- 
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tained by linearizing the equations of the nonlinear theory. The 
problem of bending now becomes independent of the problem of 
plate stretching and the in-plane stress resultants V,, V,, and N,, 
can be assumed to be known functions of z, y, and possibly, ¢. 
Equations (4) [or (15)] are seen to constitute the basic system of 
equations governing the problem of bending, while the remaining 
unknowns are again given by Equations (8). A statement of 
boundary and initial conditions is also required, as discussed 
previously. 

In the following we shall consider an approach to the problem 
of integration of the linearized system of equations in the form 
(15), with the quantities X,”, Y,", and Z,’ assumed to vanish. 

In general, Equations (15) contain varying coefficients. The 
following discussion will be restricted to the case, important in 
practical applications, when resultant in-plane stresses V, and Vy 
are constants, and V,, vanishes throughout the region of interest 

We seek to integrate Equations (15) by assuming solutions of 
the form 

w=w'+w"; V,=V,'+V,"; V,= 


y= Vy +," (18 
where primed quantities represent homogeneous parts of solu- 
tions, while double-primed quantities are particular integrals of 
Equations (15). 

Particular integrals w", V,", and V,” can be obtained readily 
for-a given forcing function p by using, for example, the Fourier 
series representation. To simplify the problem of finding the 
homogeneous solutions w’, V,’, and V,’ a stress function F(z, y, ¢ 
is introduced, defined by the relations 


w’ = F 


» + AF + AF yy + pl h?/10)SssF 05 


ary 


UV," = AP ssey + AP oxy — 


: AgkF gp, — AwphF ey 
+ p(h?/12)F ey, — AssN,F 


- . 
-zytt erry A \ . ae. 


om —AsP occg — AaF sayy + AckF 2, + ArphF sce: 
— plh?/12)F n2 + ANF cess + AuN yF coy 
+ kF + AikP ,, + AskF,, + kp(h?/10)SsF 
+ phF 4, + AiphP eer + ArphF yy 
+ p%(h?/10)SssF vite — NP ice — Ar NLP cezz 
— ANF — N,p(h?/10)SuF 22, — NyF yy 
— N,AiF — N,A.F — N,p(h?/10)SsF oy yess | 


-tryy 


ed EI wuvy 


Then the reduced system of Equations (15) is identically satis- 
fied, provided the stress function F satisfies the following equation: 


[=P ce — NF gy + Bi? cscs + Bel coy 
+ yy oe + mae aes + ns? anodes + De? smu 
+ BrP esyyy) + RIF + Bol ce + Bol, + Bul cces 

+ BuP sey, + BiF yyy) + Kph[BisF ep + BuP cots 

+ Bis yyte + Bie eee) + PALF ce + Bri’ P ett 
4. Bis’F yee 9 BioF tees + Bo'F szzztt v Ba’F seyytt 
+ Bea'F yyytt — Bos'F is zctes + Bu ’P syytete 
+ BasP tree) = 05 , 

Equation (20) will be called the fundamental equation. In it 
coefficients B; and B,’ are constants defined in Appendix 2. 

Thus the problem of integration of the homogeneous system 
(15) has been reduced to that of integrating the fundamental 
Equation (20). It is of interest to note that Equations (19) are 
not unique in defining the stress function F(z, y, t). Other defi- 
nitions, also leading to Equation (20), are discussed in reference 
[15]. 

Solution of the fundamental Equation (20) can be assumed 
formally of the form 
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sin ay 
xr) (B,y T(t); (21 
cos 


where @, and 8, are constants which depend on plate dimensions; 
gn'(y) and g,,"(z) are functions to be determined and their possible 
forms are given in Appendix 1. The function 7,,(t) which ex- 
presses time-dependence of the stress function F can be taken in 
case of a problem of free oscillations in the following form: 


T,(t) = exp(iA,t); (2 = -1 


where X,, is the free frequency of oscillations. In case of forced 
vibrations a more general form of the time-dependence function 


T(t) is required; this is 


3 
T(t) = Z [D; sin A,t + E, cos i,t); (23 
j=1 


Here D; and E; are six free constants which can be adjusted to 
satisfy prescribed initial conditions. 


Discussion and Conclusions 


A refined theory of large deflection of elastic, orthotropic plates 
including the effect of transverse shear deformation and normal 
stress has been presented. A particular form of equations of the 
theory permitting consideration of nonlinear transverse oscilla- 
tions and allowing for the effect of a Winkler-type elastic founda- 
tion has been given. Equations of the theory have been discussed 
and it is seen that they reduce on one hand to the classical von 
Karman equations and on the other to Reissner’s equations. 
Hence the present theory may be considered a generalization of 
existing refined plate theories due principally to Lévy, Reissner, 
and Mindlin. 

In the theory presented, nonlinear terms are considered in the 
sense of the classical von Karman theory only. Recently a 
number of investigators, notably Herrmann [19], have considered 
systematically the effect of higher order terms, in the case of iso- 
tropic plates. 

If body-force terms are omitted, if the elastic foundation co- 
efficient is set equal to zero, and if the effect of the transverse 
normal stress is neglected, the linearized equations which 
govern the problem of bending reduce to those of the Libove- 
Batdorf theory [10]. 

A new approach has been made to the problem of integration of 
the equations of the linear theory by introducing a stress function 
which satisfies a single sixth-order partial differential equation. A 
Lévy-type solution of this equation is indicated. 

It is shown in Appendix 1 that there are five possible forms of 
functions g,,‘(y) and g,,"(z) which appear in Equation (21). Thus 
there are 25 possible forms of general solution of the fundamental 
Equation (20) (in contrast to 9 of the classical theory ), depending 
on the nature of the problem, elastic constants, and plate stiffness 
characteristics and dimensions. 

For Equation (21) to be formally valid, the form of functions 
g,,'(y) and g,"(z) must be independent of n; i.e., of the term 
of the series. This introduces the requirement that the sign of 
discriminants A, and the relative magnitude of the product ¢CinCen 
compared to ¢:, be independent of n. 

In the derivation of the fundamental Equation (20) an assump- 
tion was made that V,, = 0. It is possible to redefine the stress 
function F(z, y, t), Equations (19), in such a way that the effect 
of the resultant stresses N,, is included, provided V,, = const. 
This leads to mixed odd derivative terms inEquation (20). 
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APPENDIX 1 


Solution of the Fundamental Equation 


An assumption was made in the foregoing that a sufficiently 
general solution of fundamental Equation (20) can be written 
In the following, possible 
which appear in Equation 


formally in form of Equation (21 
forms of functions g,,’/(y) and g,"(z), 
(21), are derived 
Substitution of Equation (21) into Equation (20) yields the 
following equations to be satisfied by g,'(y) and g,"(z): 
Conn’ yy + Can’ Gn’ = 0; 
(24) 


” ‘ *, @ " 
On .2zezzz In Yn z n Qn .2z T Cin Jn 0; 


where the real coefficients c;,,’ and ¢,,,” (j = 1, 2, 3) are defined by 
the relations 
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(B;' — Be'a,? + Bok — Bu'X,*ph); 
(—B,'a,? 
Bi ka,? 

es 


+ B;'a,! 
B skA,,2ph Bis'X,2 ph 
‘r,,?a,*ph + Bu’r,‘ph — N, 


B,'a,4 — By'a,® + k Bska,? 
— BysXd,2kph Bid, *kpha,? + Bier, *kph 
Biz'X,2pha,? BysA,Aph Bo'X,2pha,,* 


Bu'X,pha,? BoX,5ph — N, 
= (1/B,' By’ 


B;'8,2 + Bik — Bu’d,%ph 


1/B,’ 
+ Bk 


—B,'8,? + B,'8,* 
— BykB,? — Byd,2kph — Byz’d,2ph 
+ Bu'd,2phB,? + Bu'A,,*ph 


a” = (1/B,')(B;'B,4 — Br'B,' + k — BykB,? 
+ ByokB,4 — Byudr,tkph + Bid,*kphB,? + Bid, *kph 
A,,2p/ Bis'A,2phB,? + Bisd,4ph Boo'X,2phB,4 
— Bu'd,*phB,? — Baudr,*ph — N, 
The general solution of either of Equations (24) can be ob- 
If G(x 
solutions of the form 


tained as follows: represents either g,‘(y) or 9,,"(2), 


G.(z exp(r,2); 26 


assumed This, with a. leads to the following 


may be 
auxiliary equation: 


fecall that equation 27 ) has three roots which may be written 


in the form 


9 


h 


: l 
+ ks - q, 
, > l 
8, = —(1/3)ei + = 2 / FE 
| I 
T 2 In 


where with the usual notation 


(1/3 )ein?; 
qn = 


ip,? — 27q,?; 


hb, = 


Whether the roots of Equation (27) are real or imaginary de- 
pends on the sign of the discriminant A,; thus: 

Case I. A, > 0; the roots of Equation (27) are real and dis- 
tinct. 
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Case ll, A, = 0; the roots of Equation (27) are real; in this 
‘ase Equations (28) yield 


Case Il]. A, <0; the roots s,’ and s,” of Equation (27) are 
complex conjugates while the root s,,’’’ is real. 

Whether the roots (or their real parts) of Equation (27) are 
positive or negative depends on the signs of the real coefficients 
¢;,(j = 1, 2, 3) and on whether the product c:,¢2, is greater, equal 
to or less than ¢;,. Assuming that none of the coefficients van- 
ish and that ¢:, < 0, co, > 0, and ¢;, < 0 for all n, which is true 
in the case of static bending with k = V, = N, = 0, we have the 
following three conditions: 

Case (a) CinCon < Cin; all roots of Equation (27) (or their real 
parts) are positive. 

Case (b)  Cin€an = Csnj One root of Equation (27) is positive and 
two are pure imaginary conjugates. 

Case (€) Cin€2 > Csaz one root of Equation (27) is positive 
and two roots (or their real parts) are negative. 

Since r,? = s, and from the assumptions regarding the signs of 
coefficients c;,, it follows that there are five possible forms of 
solution of either of Equations (24): 


I(a) 


G,, = Cy sinh (raz) + Cre cosh (raz) 


+ Cy; sinh (rat) + Crs cosh (1.27) 


+ Cys sinh (rast) + Crs cosh (ra3r); 
I(c) 


G, = Cra sin (rat) + Caz cos (rar) 
+ Crs sin (ryt) + Cag COS (Trot) 


+ Cys sinh (rasx) + Crs cosh (rasx); 
II(a) 


G, = Cn sinh (raz) + Cn2 cosh (rar) 


+ Cysx sinh (rat) + Crt cosh (rar) 
+ Crs sinh (rast) + Crs cosh (rasx); 


II(c) 


G, = Ca sin (rat) + Caz cos (rir) 


+ Crsx sin (rat) + Cast COS (rn) 
+ Cys sinh (razr) + Crug cosh (rasx); 


I1I(a, b, ¢) 
G,, = Cn sinh (Yaz) sin (6,2) 
+ Cy2 cosh (¥,2) sin (6,2) + Cys sinh (7,2) cos (6,2) 


+ Cys cosh (¥,.x) cosh (6,2) 


+ Cys sinh (rast) + Cas cosh (rasz); 


(with j = 1, 2,3, 4, 5, 6) are free constants, r,, (with 7 = 
—l)isa 


where C, ; 
1, 2, 3) are positive real roots and y,, + 1, (with 7? = 
complex root, with both real and imaginary parts greater than 
zero. 

Trigonometric and hyperbolic functions were consistently used 
in representing possible forms of solution. In some problems it 
may be more convenient to use exponential forms instead. 


Appropriate form of functions g,’(y) and g,"(z) are readily 
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obtained from Equations (31) once numerical values of the real 
coefficients c;,’ and c;,,” are given. 


APPENDIX 2 
Definition of Constants A; and B. 


h? es 5.8 K Su 
= — Sf. + its — 
LOK — Ses 


10)( Sa, + Sos); 
= Big N, 10(Sy + 8 
kB, N 10)(A Ss — A 


By — N,(h/10ASss — Ass 
— N(h/10)(ASss 


Bu — N(h/1O(ASs + AS 
Be, — N,p(h3/100)SuSss; 
Bu — N,p(h' LOO) SaSss: 


—A;; 
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Large Deflection of Stiffened Plates 


W. G. SOPER 


Los Alamos Scientific Laboratory, 
Los Alamos, N. Mex. 


isotropic plates. 


solution ts obtained through trigonometric series. 
constraint along the plate boundary. 


The problem of nonlinear deflection of orthogonally stiffened plates subjected to static 
lateral load is treated using the concept of equivalent orthotropic plates. 
are derived which are the appropriate generalizations of von Karman’s equations for 
Rectangular plates are considered in detail, and an approximate 


Equations 


The solution allows for rotational 
All cases from simple support to complete fixity 


of boundary can therefore be treated. 


= 40 years ago, Huber developed a theory of stiffened 
plates in which the plates were imagined to have constant thick- 
ness but were composed of orthotropic material [1].! Since then 
the idea has been considerably developed. A brief history of the 
development is given in a recent paper [2]. By considering 
stretch and shear in the plane of the plate it was observed in that 
paper that the theory might be extended to the case of bending of 
the stiffened shell and also to the case of the stiffened plate sub- 
jected to large deflections. The more generalized theory has been 
applied to the case of the cylindrical shell [3]. In the present 
paper the problem of large deflections of the plate will be con- 
sidered. 


Theory of Equivalent Orthotropic Plates With Large Deflections 


The extension of Huber’s linear theory of stiffened plates to the 
analysis of the large elastic deflections of these plates introduces 
an additional important factor. In his theory involving one ortho- 
tropic plate, stretch and shear of the middle surface are neglected. 
In contrast, the Hoppmann approach allows deformations of the 
middle surface and requires the consideration of two orthotropic 
plates. An element of the stiffened plate is considered equivalent 
in bending and twisting to an element of an orthotropic plate of 
constant thickness h, and elastic constants S;;. In stretching 
and shearing of the middle surface the element is considered 


! Numbers in brackets designate References at end of paper 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Los Angeles, Calif., September 8-9, 1958, of THe Amerr- 
can Society oF MecuHAnIcAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 


until January 10, 1959 for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 2, 1958. Paper No. 58—APM-18. 


equivalent to an element of an orthotropic plate of constant thick- 
ness h, and elastic constants C;;. In the resulting equations for 
the stiffened plate, the thicknesses and constants appear only in 
groups of the form h,/C,; and h,'/S;;._ These stiffnesses may be 
determined by experiment [4]. 

It should be noted that, because of the nature of the theory, all 
equations included in the analysis have the appearance of belong- 
ing to the theory of orthotropic plates of constant thickness. 
While this approach yields a good estimate of the plate deflection, 
care should be observed in applying other results of the analysis. 
For example, stress at a point in the stiffened plate cannot be cal- 
culated from the Airy stress function used in the solution. How- 
ever, the force exerted on a cross section of the plate comparable 
in length to the stiffener spacing may be obtained through inte- 
gration using the stress function. 

The treatment is restricted to plates having orthogonal families 
of uniformly spaced stiffeners. The appropriate orthotropic 
stress-strain relations for bending and twisting of the plate are: 


ae , 
€é = 35,0; 


, 


7 


Siz = S; (t,j sum over 1,2) (1 


M12 
The subscripts 1 and 2 correspond, respectively, to the z and y- 
directions, which coincide with the directions of the stiffeners. 

The stress-strain relations for stretching and shearing in the 
plane of the plate are: 


= Cur" 
"12 = Ca i, 7 sum over 1, 2 


Equations of Equilibrium 
The equations of equilibrium for the stiffened plate are gen- 





Nomenclature 
= strain 
stress 
= elastic constants 
shear strain 
= shear stress 
elastic shear constant | 
strain 
stress 
elastic constants 
= shear strain 
shear stress 
= elastic shear constant } 
thickness of equivalent plate associated with bending 
thickness of equivalent plate associated with stretch- 
ing 


associated with bending 


associated with stretch of 
middle surface 


hy’Sea 


12(SiuSe — Sis?) 
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hy3Su1 


12(Sy,S22 — Si2*) 


hy? 
3See 
length of plate in z-direction 
length of plate in y-direction 
displacement 
rotational constraint modulus, lb per radian 
lateral pressure 
= Airy stress function, defined such that 
oF 


oxrdy 


oF 
oz?’ 


OF 
. FSS © - 
oy? 


= aa 
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eralizations of von Karman’s equations for thin isotropic plates of 
uniform thickness [5]. The derivation of the von Karman equa- 
tions is given by Timoshenko [6]. The modification of this theory 
using the stress-strain equations (1) and (2) leads to the general- 
ized form required for the present problem. It may be noted that 
equations (1) are used in connection with the usual resultant in- 
ternal bending moments at a section and equations (2) are used 
with the resultant forces acting in the plane of the plate. The 
condition of equilibrium for the direction normal to the original 
surface of the plate leads to the following equation: 


Otw Ow | Otw 
— * dr*dy? A oy* 
1, (2 O*w =" o°F Ow 

"\ dy? dz? 


z = p(x, y) 


or 


O*w ) = 
2: . + (3) 
Oxdy OxTdY dz? Oy? 


are constants which are given in terms of the 
4; of equations (1) and the thickness h, which 
has previously been discussed. 

An equation of compatibility may be obtained from the follow- 
ing definition of strain in terms of deflection: 


oa. I ( ow ) 

oz 2 or 

ov. i ( ow y 

oy 2 oy 

Ou . On Ow Ow 
Oy or Or Oy 


D,, D,, and D,, 
elastic constants S 


It may be noted that the subscripts z, y are chosen in anticipation 
of applications to rectangular plates and that the nonlinear por- 
tions involve the displacement w only 

The compatibility equation is 


d%e,"° d%." d*,.” ( d*w )’ 


dy? «a? drdy drdy 


O*%w Ofw 


dz? Oy? (6) 


If we define the stresses in terms of the Airy function F, the two 
equations of equilibrium on the resultant tensile and shearing 
forces in the plane of the plate are satisfied. Furthermore, we 

’ 


9 


may write the stress-strain relations (2) as 


oF oF 


a 
. Oxroy 


Using equations (6) with (5) we have finally 


o'r o'F ‘ o'F 
+ Cr + (Co + 2C2 2>,,2 
Oxr*Oy* 


dyt | Ort 
( O*w y 
us Oxrdy 


The two nonlinear differential equations (3) and (7) define the 
problem, and it is these which we must solve subject to the 
boundary conditions. 


Boundary Conditions 

The theory just discussed can be applied readily to plates with 
curvilinear boundaries. However, because the experiments de- 
scribed in the present paper pertain to stiffened plates which are 
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square in shape,*the boundary condition will be specified ex- 
plicitly for rectangular plates with the stiffeners parallel to a 
boundary. 

The edges of the plates will be assumed to have elastic rota- 
tional constraints for which special cases are the simply supported 
edges and the clamped edges. For the four sides of a rectangular 
plate which is of length a and width b these conditions may be 
written: 


-D, a 
Oy” ym 
where @; are elastic constants. 

The displacements normal to an edge and perpendicular to the 
plane of the plate are assumed to be zero. This condition is 


Wo = 0 Wireg = 0 


Wi yo = 0 Wye, = 0 


The displacements normal to an edge and parallel to the original 
plane of the plate are given by the following equations: 


‘tg o°F °F 1 ow \? 
Cu 2” ester dz 
dy? oz? 2 or 


OF 
Cis 
oy? 


The displacements 6,, 6, are constants. 

A boundary condition on the total resultant force on each side 
of the plate in the direction of the corresponding axis of co-ordi- 
nates is as follows for each edge: 


fa - 24.3 
. oy y= OY y=0 


A oF | oF | ] 
‘ Os lene OF \r=0 
P, and P, are the resultant forces on the corresponding edges of 


the plate. In practice, two of the quantities P,, P,, 6,,6, will be 
known and the other two must be determined. 


Method of Solution 

The analysis is specifically developed for the rectangular plate, 
so rectangular Cartesian co-ordinates will be used. The lateral 
deflection w of the plate is taken in the form of a trigonometric 
series as follows: 


- . mmx , nmy ‘4 
> W,, Sin —— sin , (12 
-~ . a b 
m=1 n=1 

The applied load p(z, y) on the plate is also assumed to be de- 
veloped in a Fourier series. However, in allowing for elastic ro- 
tational constraints in the problem it will be expedient to follow 
an idea used by Levy [7] for the case of clamped edges. He as- 

sumed the total load to be of the form as shown in Fig. 1. 
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p' (x, y) 















































Fig. 1 Load applied to plate 


The plate load is a combination of the actual load p’(z, y) and 
another distribution p”(z, y) as shown. The two systems of 
loads are expanded in double sine series: 


p(z, y) = p’(z, y) + p" (x,y) (13) 


@ . ) 
, . mmr, nTwy 
> > Pn’ sin —— sin ~~ 
m=1 n=1 ° , 


oo « 


p' (2, y) = 


nT 


‘ . mar 
p" (2x, y) Pan On — sin 
l a b 


m=l1 n 
The distribution p"(z, y) enables us to satisfy readily the bound- 
ary condition for the elastic rotational constraints. The details 
are given in Appendix 2. 
Following the approach of Levy, the Airy stress function is 
taken to be 


Py 
2bh, 


> »2 
Piz 4 
2ah, 


MAL nr y 
+ >) DS fun cos ~~ cos —* 
a b 


m=0 n=0 


F(z, y) = 
(15) 


where the f,,,, coefficients are unknowns. This stress function re- 
quires the shear stress 7,,” in the plane of the plate to be zero 
along the boundary. However, experimental results included as 
part of this paper show that the theory accurately predicts the 
behavior of plates where this condition is not satisfied. 

The method of solution of the problem is somewhat tedious, 
and the details are given in Appendix 2. The task reduces 
finally to solving an infinite array of cubic equations. An ap- 
proximate method similar to that used by Levy is employed to 
obtain a solution of satisfactory accuracy. 


Experimental Study of Theory 


In order to investigate the value of the proposed theory in 
predicting large elastic deflections of stiffened plates, experiments 
were performed on an aluminum plate with stiffeners. The plate 
was square in shape and made from a solid sheet of aluminum. 
The stiffener dimensions are shown in Fig. 2. The stiffnesses were 
taken from reference [4]. 

The method of providing the known elastic rotational con- 
straint on the boundary of the plate was described previously in 
the literature [8,9]. Location of the boundary notch was chosen 
so as to minimize forces in the plane of the plate arising from 
asymmetry of the stiffener pattern [10]. For the experiments 
described here the constraint was the same for all four plate edges. 
The details of determining the elastic constant which specifies 
the constraint are given in Appendix 2. 
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Fig. 2 Dimensions of experimental plate 
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Fig. 3 Large elastic deflections of stiffened plates 


The experiments were conducted for a series of rotational con- 
straint constants. The edge displacements of boundary condi- 
tions (9) and (10) were made zero by bolting the edges of the 
plate. 

In the experiments, the deflection of the center of the plate, w,, 
was measured while the plate was subjected to uniform hydro- 
static pressure. Results of the deflection tests are shown in Fig 
3. Agreement of theory and experiment is quite good at the 
lower pressures and becomes worse as pressure increases. It was 
observed during the tests that the discrepancies were the result 
of plastic yielding of the plate. 


Discussion and Conclusions 


The theory developed in this paper as well as the experimental 
results obtained show that the von Karman theory of large de- 
flections of isotropic plates can be extended to the case of stif- 
fened plates. 

An important and interesting feature of the investigation is 
that the analysis is not limited to the case of simple support or 
complete fixity of the boundary. For the isotropic plate of con- 
stant thickness, Levy obtained solutions for the two extremes of 
no rotational constraint and complete rotational constraint. 
The method of this paper makes possible the solution of inter- 
mediate cases as well. 
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APPENDIX 1 
Computation of Coefficients in Series for Deflection 
and equating co- 


Substituting equations (12) and (15) into (7 


efficients of similar trigonometric terms yield 


ine 
fan = 2, 


) ) > .* @ 
1 g=1 


s=1 p 


where 


aon 2.2 
4 , 2y,2 
2C ie) men 


and 4, 
symbol 


b 


Equations (16) give the coefficients of the stress function in terms 
of the coefficients of deflection 
12), (13), (14), 


coefficients of similar terms vield 


Substituting and (15) into (3) and equating 


1* mr? n>? 
er > 
+ Pyu 


a*h 


mn 


wher 


= 2rspq 6... | 
[6, + 6,, + r2q?) [bn =“ 


+ 6, 


@ 
e 


+ Onte-0) — Sn,te- 


Substituting (12) and (15) into (10) and using equations (16), 


one may solve for P,, P, as follows: 
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where 


y) be denoted by m,’, m,”, my’, 


= 0, y = b, respec- 
as follows: 


Let the moments due to p” 
and m,” for the boundaries x 0, 
Furthermore, expand the moments 


r=a,y 
tively. 


’ nTry 
i, sin 


If the moment caused by the p"(z, y) distribution, given in Fig. 
1, is equated at every point on the boundary to the appropriate 
expression in (19), and if ¢ is allowed to approach zero, then the 
following relationship is obtained: 


n[k,,’ 


” 
Pan ™ 


Now set 


oy 


This satisfies equations (8). 
Substituting (19) and (12 
like terms give 


into (21) and equating coefficients of 


MW yas 


a’ 


2T*a 
) 1)"mw,,, 
a 


" 


2r*a, > 
n=1 
l 


, 
ni 


2r’a; 
bs 


> nw, - 
1 


2r°a, . 
= : ) (—1)"nw,,,, 
53 
n=1 


Case I—No Clamped Edges (all a Zero or Finite). 
(16), (18), (20), and (22) may be combined with (17) to yield 
one set of cubic equations in the w,,,, coefficients: 


Equations 
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m4r4 : 
+ Wan > 2. ww, Q,, 
rime - 
16a2b?  S > + ® x 


r=0 8=0 p=1 g=1 


nit co p 
~ , » 2/2 4 
ab3 Winn , 7 Wrs R,, 


r=1s=1 


E>>>>)>> sad eee 


n=1 €=l1 y=1 ¢=1 


Case I1—One or More Clamped Edges. When one or more of 
the @ are infinite, it isn’t possible to reduce the problem to one 
set of equations such as (23). Referring to (22) it is seen that as 

© 
an @, say a, approaches infinity, the quantity > MW, Must 
m=1 
approach zero, since the moment coefficient ¢,,’ remains finite in 
the limit. Thus the first set of (22) is replaced by 


© 


>. MU, = O (24 


m=1 


It is no longer possible to eliminate ¢,,’ from equation (20), and 
therefore when all the equations are combined, the resulting set 
{analogous to (23)] will contain both the ¢,’ and the w,,, co- 
efficients as unknowns. This set must then be solved simul- 
taneously with (24). For every additional @ which is in- 
finite, another set of moment coefficients becomes an explicit set 
of unk 1 .wns, and an additional set of equations like (24) be- 
comes available. For the clamped-all-around plate, all @ are in- 
finite, and the equations which must be solved are as follows: 


1* 
- a%b? 


, 


Pus 


Bann 77 n[ky,’ = (=i "k J —m i 


) 


mart , n2ar4 te 
7 % Winn , , w,,"Q),. aks 3 Winn ) w,.R 
@ r=ls=1 eo r=l1s=1 


ro) 


r* 
16a%? » 


r=0 s«=0 
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re ) ~ 


, MW, = O >> (—1)"mw,,, = 0 


m=1 m=1 


oe NW, = 0 - (—1)"nw,,, = 0 
= n=1 


n=] 


Approximate Solution of Algebraic Equations (23), (25), and (26). 
A good approximate solution of (23) may be obtained by first as- 
suming that only a limited number N of the w,,, are different from 
zero and then solving by successive approximation the first N of 
equations (23) for the nonzero w,,,. By observing the conver- 
gence of the solutions as N is increased, one can estimate the 
exact, or limiting, solution quite accurately. In the calculations 
performed as part of this paper, N was chosen as 1, 3, and 6. 
The accuracy of all plotted curves is estimated to be better than 
4 per cent. 

The set of equations (25), (26) can be simplified by solving (25) 
for the linear w,,,, terms and then substituting their values into 
equations (26). The resulting equations are cubic in the w,,, co- 
efficients and linear in the moment coefficients. The foregoing 
method can then be used to obtain an approximate solution. 


APPENDIX 2 
Method for Determining Elastic Constant a 


One edge of the plate was clamped just outside the boundary 
groove. The material lying between the extremities of this groove 
and the edges of the plate had been sawed through, leaving 
the cantilevered plate supported only by the throat of the notch. 
The free plate edge parallel to the clamp was constrained to re- 
main straight and was loaded by a force at its center. The en- 
suing angular rotation at the notch was measured by means of a 
micrometer probe and a bar attached adjacent to the notch. It 
was found that under the circumstances described the rotation 
was uniform along the notch. 

For a succession of loads on the free edge of the plate, the 
moment, in inch-pounds, was plotted against the angular rota- 
tion, in radians. The slope of the resulting straight line, divided 
by the length of the notch, gave the value of @. 


2 


. . , ; 95 
> > waeeysbe| Waebvene™” (25) 
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6 A: WEMPNER 1 Large Symmetric Deflections of 


Assistant Professor 


of Theoretical and Applied Mechanics, 
University of Illinois, Urbana, Ill. nn ar a es 
Mem. ASME 
R. SCHMIDT This paper presents a series solution of the von Karman equations for axially sym 
metric deflections of annular plates. A numerical procedure is described for evaluating 
Assistant Professor the coefficients in the series. Results obtained by this procedure are given for a plate 


of Theoretical and Applied Mechanics +? . . ; ; 
© eater “tate subjected to axial edge loads. A method is presented for demonstrating convergence 
University of Illinois . 5 d i 
and appraising thre errors 


Tae equations for mode rately large deflections of thin plates The displa rements U, Ww are giv en by the equations 


equations is used in this paper. Numerous authors have pre- 
da 


were formulated by von Karman! in 1910. A version of these 7 
a anv, 
= l yvNi- +a 
l I 


sented methods of treating these nonlinear equations. Among the 
more noteworthy contributions is the paper by S. Way,? which ) 
presents a series solution for uniformly loaded circular plates — 
Way’s solution, however, is not applicable to annular plates - 
In this paper the authors present a series solution for annula: und the tension Ng and moments M., Me by 
plates with axisymmetric edge loads. The applicability of this ; . 
series is not limited to the particular problem discussed. 
4 numerical example is given for the case of free edges 


Differential Equations 


In the absence of surface tractions the differential equations, in 


dimensionless f¢ ee nomenclature), are 


Method of Solution 

Attention is confined to the annular plate and, 

origin is excluded in what follows 
lr. von Karman, ‘stigkeitsprobleme im Maschinenbau,” En- The foregoing equations are transformed by the cl 

cyklopaedie d. nathematischen Wisse nschaften, vol. 4, 4, Teubner 
Le ipzig, pp. 348 352 

?S. Way, “Bending of Circular Plates With Large Deflectior 
Trans. ASME, vol. 56, 1934, pp. 627-636. 

*S. Timoshenko, “Theory of Plates and Shells,””’ McGraw-Hill 
Book Company, Inc., New York, N. Y., 1940, pp. 329-342. 

Presented at the West Coast Conference of the Applied Me- 
chanics Division, Los Angeles, Calif., September 8-9, 1958, of Tur 
AMERICAN Society or MECHANICAL ENGINEERS. 

Discussion of this paper shguld be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted ? 
until January, 10, 1959, for publication at a later date. Discussion ap - £90 a LN Bet» 
received after the closing date will be returned dy? sl y? plete 

Note: Statements and opinions advanced in papers are to be ; 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 27, 1958. Paper No. 58—APM-12. the series: 


variable 


a = elv 


where, for brevity, L = log a Equations (1) become 


- pel 


It is assumed that solutions of Equations (7) exist in the form of 





Nomenclature 


polar co-ordinates of the middle surface by the following dimensionless quantities: 
inner and outer radii, respectively 
= (1 — »*)P 
plate thickness He 
Young’s modulus 2a Ehb 
Poisson's ratio r/o, a =a/b, y = 
total axial edge load 
rotation of a radial line of the middle surface a/b, w= w/b 
N., Ne radial and circumferential tensions per unit length 
M., Me = radial and circumferential moments per unit length : 
u, w radial and axial displacement components, respec- Eh 


tively 12(1 — »v)M, 12(1 — v*)Me 


(1 — v*)N, 7 (1 — v)No 
Eh 


; > 


: . Ts ° 2 
Loads, displacements, tensions, and moments are represented Eh*y Eh*y 
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> 


i, Ae 


= ely By" (8d) 


In effect, we are assuming the functions NV, and 8 to be analytic 

in the annular region. The question of the domain of convergence 

of these series is discussed later. Substituting series (8) in Equa- 

tions (7) and collecting terms of the same degree in y, we obtain, 

for n > 2, the recurrence formulas 
A, 

— (9a) 


A, = BB,» 


b) pak... 


nin — 1) inet... 


where the A are positive constants, defined as follows: 


i. . 
log? ay 


A, = —2 log a, Ae 


12 12 
re log? a 


A; = 


— plogta, i= 
2 
Y y] 


The recurrence formulas (9) determine all the coefficients A,, 
and B,,n > 2, in terms of the leading coefficients Ao, A;, Bo, and 
B,. We wish to determine these four constants so as to satisfy 
the prescribed boundary conditions. In the subsequent discus- 


sion we consider only the case of free edges; that is 
te 
N, = M, = 0 
The method used is equally applicable to other 
The conditions at the outer edge, y = 0, re- 


at both edges. 
edge conditions. 
quire that 


Ay = 0, B, = LO — v)Bo (lla, 5) 


and those at the inner edge, y = 1, require that 


—-L( — vB, + 
a 


Numerical Procedure 

Since two of the four arbitrary constants are eliminated by 
Equations (11), there remain two constants, say A; and Bg, to be 
determined so as to satisfy Equations (12). In view of Equations 
(9) and (11) these two equations may be regarded as simultaneous 
transcendental equations in the two constants A; and By. We 
propose a method of numerical computation which relies on our 
knowledge of the physical problem. If a good approximation to 
the constants A; and By can be found, the series determined by 
(9) may be such that the sums (12) differ but little from zero. 
In other words, the approximation yields a small residual tension 
and moment at the inner edge. Thus for any given approxima- 
tion we consider, instead of (12), 


qa 
A, = R4(Ai, By) 
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[In — L(L — v) JB, 


= Rg(A;, By) (136 


the series being truncated at n = q. If the initial approximations 
to A, and B, are sufficiently close, the linear terms of a Taylor 
expansion provide the means of obtaining suitable corrections 
Thus we obtain the simultaneous linear equations 


oR, 
dA, 


oR, 


AB, = 
OB, 


AA, + —R, 
aR oR 
* AA, + —* AB, = 


—R 14b 
oA, OB, “ 


where AA, and AB, denote the corrections to A; and By. Expres- 
sions for the partial derivatives in Equations (14) are obtained by 
differentiating Equations (13). Accordingly, we obtain four 
equations of the form 


OR. 
OA; 


By Equations (11) 
OB, OA» 


a. aie 


OA —_ OB, 


= 0, = I 
OB, OB, 


By differentiating Equations (9) we obtain, for n > 2, recurrence 


formulas of the form 
Ar OAn-1 
OA, 
d2 4 , ob, ) 
oA; eae * 


oA, 
OA; n 


n(n — 1), 
Hence all of the partial derivatives and, finally, the corrections 
AA, and AB, may be computed. The numerical solution is ac- 
complished by successive corrections until the boundary condi- 
tions are satisfied to a desired degree of accuracy. 

An initial estimate of the constants A; and By may be obtained 
from an approximate solution, which has been found by means of 
energy methods.‘ The approximate solution is based on the 
assumption that the plate deforms into a cone, in which case the 
rotation 8 is a constant 8). We presume that the constant term 
of the series (8b) is dominant and, consequently, set By = Gy as a 
The tension W, of the approximate solution 
We take as a first 
approximation to A, the corresponding coefficient of the approxi- 


first approximation. 
may be expanded in a series of the form (8a). 


mate solution. 

It should be mentioned that the foregoing numerical procedure 
is quite impractical, if not impossible, without the use of a high- 
speed computer. The method has been used quite successfull) 
with the aid of the Illiac, the University of Illinois computer. 


Convergence and Appraisal of Error 
It is supposed that the coefficients A, and B, are computed to 

n = q according to the procedure previously described. It is then 
possible to choose positive numbers A, D, and C < 1 such that 
|A,| < KC" 

|B,| < DC” 


(15a 
(156 
forn <q. The integer q is taken sufficiently large that 

ei ( i. a Wempner, ‘“‘The Conical Disk Spring,”’ to be published in 


Proceedings of the 3rd U.S. National Congress of Applied Mechanics, 
ASME, 1958. 


Transactions of the ASME 





formulas (9) we obtain 
A, KCe ADCs 
q+ 1 q+ 1 
A, DCe A;C% XA DC 
qt I gt I q+ 1 


By means of the recurrence 


B, 


It follows that A,., and B,., are also bounded according to 


CD < (q¢ + CK 


\,D AD < q t ICD 


In fact, if (17 satisfied, it follows that, for n 
KC 


l 
DC* 18h) 
n 


Since ( 1, the series (8) are absolutely convergent for all y in the 
interval (0, 1 Provided that the positive numbers A, D, and 
o < ] satisfy 15), (16), and (17 


and § and their derivatives 


, the calculated coefficients de- 
fine functions By utilizing these 
calculated values we can now appraise the truncational errors 
In particular, we seek to establish bounds on the errors in the 


V., Ne, and Me 
and denote the error by £;. By 


quantities N, 
Consider, for example, .V, 
Equation (8 


By using Equation (18a) we have 


, 19a 
- Cy 


Similarly, we obtain a bound for the error EZ, in the moment M, 


l-—-vp yt 
1 — Cy { 


DCo*! 4 (q+ 1 L 
L (log Cy 

DCe 

a? L 


Jat! 


(19h) 
| log 


In a like manner one may readily obtain bounds for the errors in 
Ve and VW». The right-hand members of the inequalities (19 
represent the greatest bound. Clearly, the errors vanish at the 


outer edge, y = 0 


Numerical Example 


The numerical results shown in Figs. 1 and 2 were obtained for 


the parameters 


a@ = 0.5, y = 0.05 
For comparison, the results given by the approximate solution‘ 
also are shown. We note that the latter does not satisfy the con- 
ditions of zero radial moment at the edges. 

In these computations no effort was made to satisfy the condi- 
tions (12) to a high degree of accuracy. An adequate solution of 
the physical problem requires only that the edge tension and 
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Fig. 2 


moment be much less than the values which are attained in the 
interior of the annular plate. Hence the computations were 
terminated when the values at the edge (y = 1) were less than 
For the 


case shown in Fig. 2, the values of the tension NV, and moment M, 


0.5 per cent of their maximal values within the plate. 


at the inner edge were 


N, = —6.534 x 10-* } 
(20) 
M.« 


r 


—1.135 K 10°* | 
/ 


With the boundary conditions at y = 1 satisfied to this extent, 
only two successive corrections were required for all values of p 
shown in Fig. 1. 
n = 49, 


The coefficients A, and B, were computed to 


December 1958 / 451 





For the particular load, p = 41.3 X 10~, of Fig. 2 the co- 
efficients A, and By are 


A; = +0.8543 X 10-3, By = +0.9560 x 107} 


The coefficients are bounded according to (15) if 
K = 0.007, D = 1.000, C = 0.603 


These values satisfy inequalities (16) and (17) for g = 49. The 


truncational errors FE, and EF, are, therefore, bounded by 
E,<10-"%, E,< 107 


according to (19). The bounds on the errors in Ng and Mg are 
of the same orders of magnitude as EF; and E;, respectively. 
Clearly, the truncational error is negligible in view of (20). 
Certainly the convergence of the series is dependent on the 
magnitudes of the parameters a, y, and the load p. In particu- 
lar, small values of y can result in extremely slow convergence. 
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In fact, there is no assurance that the series (8) converge for all 
values of these parameters. 


Summary 

A method is presented for obtaining a series solution of the 
differential equations governing the moderately large symmetric 
deformations of an annular plate. From the practical viewpoint, 
the most significant result is the agreement with the approxima- 
tions obtained by far simpler means. 

The method of solution is applied to a plate with axial edge 
loads and otherwise free edges. A solution obtained in this 
manner is shown to satisfy the boundary conditions to a desired 
degree of accuracy. 
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The Flexure of a Uniformly Pressurized, 


J. D. WOOD 


Member of the Technical Staff, 
Engineering Mechanics Department, 
The Ramo- Wooldridge Corporation, 

Space Technology Laboratories, 


Los Angeles, Calif. cal shell. 


terminal couples: 


Circular, Cylindrical Shell 


This paper presents the moment-curvature relationship and the components of a 
placement in the cross section of a uniformly pressurized, long, closed, circular, cylindri 
The shell is loaded in one of its principal planes by two equal and opposite 
First, the shell undergoes small initial displacements 


jis 


7 hese are 


formed by superimposing pressurization displacements upon Saint Venant displace 


ments. 


additional small displacements. 
displacements from the theorem of minimum potential energy 


Second, from this deformed position the shell is perturbed into a system of 


A Rayleigh-Ritz technique is used to find the latte: 
The point at which the 


moment-curvature relationship becomes nonlinear is shown by several curves in this 


paper. 


— examines the flexure of a uniformly pressurized, long, 
closed, circular, cylindrical shell.' The moment-curvature rela- 
tionship and the components of displacement in the cross section 
of the shell are presented. The results also show the point at 
which the moment-curvature relationship becomes nonlinear. 

The long, closed, circular, cylindrical shell is loaded by a uni- 
form internal pressure. Equal and opposite couples are then 
applied to the ends of the cylinder and the shell undergoes small 
initial These displacements are formed by 
superimposing the pressurization displacements upon the Saint 
Venant displacements. Superposition is valid, here, since the 
initial displacements are small. From this deformed position, the 
shell is perturbed into an additional system of small displace- 


displacements. 


L. G. Brazier, ‘The Flexure of Thin Cylindrical Shells and Other 
‘Thin’ Sections,"’ Royal Society of Aeronautics, Reports and Memo- 
randa, vol. 213, no. 1081, 1926, p. 187. This is one oi the first pub- 
lished papers on the problem of the flexure of an unpressurized, long, 
circular, cylindrical shell. 

Presented at the West Coast Conference of the Applied Mechan- 
ics Division, Los Angeles, Calif., September 8-9, 1958, of Tue 
AMERICAN SOCIETY OF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, December 9, 1957. Paper No. 58-—-APM-13. 


ments. This system is obtained from the theorem of minimum 
potential energy’ by using a Rayleigh-Ritz technique. 

With the final displacements, an expression is obtained for the 
potential energy of the shell. The moment-curvature relation- 
ship is derived from this expression for the uniformly pressurized, 
long, closed, circular, cylindrical shell. The results of this rela- 
tionship are plotted on several curves. 


Co-ordinate System 
The cylindrical shell is bent into a circular are by two equal and 


2 I. S. Sokolnikoff, ‘Mathematical Theory of Elasticity,"’ McGraw- 
Hill Book Company, New York and London, second edition, 1956, 
pp. 382-386 


Fig. 1 Plan view of the shell 





Nomenclature 


couples applied to ends of the shell 

thickness of shell wall 

mean radius of shell 

Cartesian co-ordinates on middle surface of shell 
radius of curvature of shell 

Young’s modulus for shell material 

Poisson’s ratio for shell material 


displacement components in cross section of shell 


Pa 
Et 
a/p 
uniform, normal, internal wall pressure per unit area 
of shell 
angle measured from vertical axis to z-axis in cross 
section of shell 
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angle measured from plane passing through end 
cross section of shell to radius of curvature p 

coefficients in w,; and »,-displacements 

potential energy per unit length of shell 

contribution to potential energy V by constant uni- 
form internal pressure 

contribution to potential energy V by applied ter- 
minal couples 

final cross-sectional area of cylinder 

cross-sectional area of cylinder after pressurization 

moment of inertia of undeformed shell about a 
diameter, 7a 

, Et® 
flexural rigidity of shell, — 
a 12(1 — v?) 


= components of stress in shell wall which are positive 


in directions of increasing @ and @ 
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opposite terminal couples M as shown in Fig. 1. Therefore a 
unit length of the cylinder will be considered since all cross sec- 
A cross section of the undeformed shell is 


The mean radius is a, and the thickness is ¢. 


tions are identical. 
shown in Fig. 2. 
Cartesian co-ordinates y, 2, 
shown in Fig. 2. The radius of curvature of the center line of the 
shell is p. The angle 6, measured from the plane which passes 
through the end cross section of the cylinder, locates any cross 
section in the shell, Fig. 1. 


and displacements v, w are used, as 


Displacement 

The initial small displacements, in the cross section of the shell, 
are obtained by superimposing the pressurization stresses upon 
the bending stresses. The stresses and strains for this problem 
are 


a6 


| 


Bending 


Pressurization 


— pv) 


The stress across the thickness of the shell wall is assumed to be 
equal to zero, because the shells considered in this paper have thin 
walls. The initial small displacements in the cross section of the 
shell are 


where = 
Et 
and 
€=a/p 
Small perturbation displacements are measured from the posi- 
tions as indicated in Equation (2). These displacements will be 
noted as », and w;. As in Brazier’s work,’ these displacements 
are assumed to be inextensible, which means that 
dv; 
dd 


Fig. 2 
Co-ordinate 
system 
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\ set of displacements »; and w;, which satisfies the symmetry and 
continuity conditions of the shell and also Equation (4), is 


y= > A, sin n@ 


n 


> nA, cos n@ | 
n J 


where n= 23,4,...¢ 


The resulting displacements in the cross section of the shell, from 
Equations (2) and (5), are 


2-y» vea 

_ aa-> cos Q 
» ” 

T > nA, cos 
> 


n=< 


= 2 


tutu, = 


vea . ' 
ata = -— 6 + > A,, sin n@ 
ra n=2 


The coefficients A, in the foregoing displacements are obtained 


by minimizing the potential energy. 


Solution 


The potential energy per unit length of the shell, in this prob- 
lem, takes the following form 
V=U-T-W 
The right-hand side of this equation may now be formulated. 
The deformations of the shell wall are assumed to be inexten- 
sional, therefore the change of lateral curvature at a point on the 


l ( dw dv 
ob. 8) 
a’ \ dd’ dd 
The longitudinal strain is proportional to the resultant distance 
d from the neutral axis, Figs. 1 and 3 


cross section of the shell is 


X,= 


d = (a — w) cos @ — vsing (9) 


The strain energy per unit length of the shell takes the follow- 
ing form 


1 2r l 2r 
= f DX4%ado + > f osegatdd 
“ Jo <“ Jo 


1 2r 1 Qn 1 or 
~ f T,€,atdh + a f Gyzégaldm + = f Geegaidd 
* 0 + 0 - 0 
+ f Geegatdd + I G,€,atd@ (10) 
0 0 


Substituting Equations (1), (8), and (9) into Equation (10), the 


U = 


expression for 1’ becomes 


oa E { 2 3 (= dv \? 
~ 2 UJ, 1201 — v)a* \ dg? © do 
t 


€ 9 ° 4 ‘ 
[(a? — 2aw + w*) cos? @ — va sin 2 


‘ : avat 
+ vw sin 26 + v* sin? }] + ; (5 — 4v 


+ aet(l — 2v)[(a — w) cos d — vsin oiler (11) 
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Deformed shell 


Fig. 3 


The contribution to the potenti il energy by the constant uni- 
form internal pressure per unit length of the shell in Equation (7 


Is 


This equation contains the following terms 


(a — w)* + d*\d@ 
0 


and 
> 


where there is a negligible change in length of the shell. The fore- 
going formulation may be seen from Fig. 3 since 
R? =(a-—- uw 


where R = radius vector toa point on deformed shell 


From Equation (2), the displacements after pressurization are 


and 
Equation (12) takes the following form (see Appendix 
Pr Pr 


a’e’y? — 


The contribution to the potential energy by the applied ter- 
minal couples per unit length of the shell in Equation (7) is 


14 


By substituting Equation (6) into the resultant form of Equa- 


tion (7) and performing the indicated operations, the potential 


energy per unit length of the shell is 


j mt* oe 
: vrate? + 
12(1 — v*)a? 


Journal of Applied Mechanics 


Shell deformation 


2M 4 
Ep | 


The qu idratic terms in the pe rturbation displaceme nts, 
and yw, 


are omitted tn part * of Equation 15 Their contribution to the 
expression [or d? is negligible compared to terms such as a? 
For V to be stationary, 
ol ol ol 
O. OA oA, 
where 


This provides the following values of the coe flicients 


Substituting the 
ments become 


(t/a)? + 4(1 — v*)a 
— p*) cos 3o 


24(1 


ae*y(1 


16(t/a)? 4 — va 


— va 
ae*’y(1 — v*) sin 36 


48(t/a)? + 72(1 


2(t/a)? + 8(1 


— v*)a 


When a = 0, the foregoing displacements are more general than 


those which were obtained by Brazier. He omitted several terms 
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t/a=1/10, q =10-2 


t/a=1/50, a 


t/a=1/100, a= 
| | | 
t/a =1/1000, 1/2000, 1/5000, a=107¢ 
Fig. 4 Moment-curvature relationship for 


a uniformly pressurized circular, cylindrical 
shell 


+ 


t/a=1/l0,a 
t/a=1/l0O,a 
“t/a=1/10,a 


Ma/EI (10°) 


vy = 1/3, a = P,/Et, ¢ = a/p 


a 


a= 1/50, a = 1073 
= 1/100, a = 10-3 
t/a=1/50,a=10-4 = 1/1000, 1/2000, 1/5000, a = 10-3 
t/a=1/50,a=10-5 
t/a=1/50,a=0 
2 3 4 


in the strain-energy expression; for example, the quadratic 
terms of d?. 

Several results for the radial displacement in Equation (17) are 
shown in Table 1 when vy = 1/3, a = 60 in., and t/a = 1/1000, a‘Et 


Fig. 4. and = 20) 
£ anc im oD 


where 


Table 1 Radial-Displacement Results of Equation (17) The maximum value M., of the bending moment in Equation 
Nonlinear Per cent (19) will be given when dM/d('/p) = 0. From Equation (19) it 
part of w, Total of nonlinear follows that this relation is satisfied when 

a € in. w, in. part in w 
(10-8 0.01 Ss 1] 96 
0.03 13.: 13.57 98 
\10-? 0.03 36 3. 117 

\ 0.09 < 13 96 

(10-3 0.01 —1.55 96 

j 0.03 3.5 —13. 99 

\10-? 0.03 36 —1. 73 

{ 0.09 —13.4 96 


ue — 


1 
1+—A 
3 


which gives a value u., of the form 


ero W-10Nw 


Substituting Equation (16) into Equation (15) and differentiat- 
ing the expression with respect to the curvature of the shell 1/p, 
the following moment-curvature relationship results: 


P Ma 24 vite 4.2 (2=? 2 14 4(2=? inne 
“le eam NN 2 ” et aia ox. 


but from Equation (20 


« : ma v 7 
3(1 — pv?) (1 see fas a) Therefore 


v2 — ——— = 
- (t/a)? + 4(1 — vJa@ 
] 


a E —v(l =F) ] 18) 3a? , a om 
24(t/a)? + 36(1 — v*)a oan 
Furthermore, from Equation (19), 

The underlined terms in Equation (18) are negligible compared 
to other terms in the equation for the values of t/a and @ which Mer - 1 ( - °1) 
were used in this paper. The resulting moment-curvature ex- El Der wits 
pressions are plotted in Figs. 4, 5, and 6, when v = 1/3. 

Removing the negligible quantities from Equation (18), the 
resulting moment-curvature expression is 


Equation (21) indicates that the value of the moment M,, is two 
thirds of the moment in the linear case when p = fer. 
When a resultant external uniform pressure is applied to the 
M 1 cylinder, then 
EI p ; bs _ Pa 
D 
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Fig. 5 Moment-curvature relationship for 
a uniformly pressurized circular cylindrical 
shell 
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and the denominator of the second term on the right-hand side of 
Equation (19) is 


1 
1——A (a 
3 
To determine the critical uniform external pressure which will 


buckle the cylinder, expression (a) is put equal to zero. There- 
fore 


This is the well-known critical uniform pressure for the buckling 
of circular tubes.* 


38. Timoshenko, “Strength of Materials,"’ D. Van Nostrand Co., 
Inc., Toronto, New York, London, part 2, 2nd edition, 1941, p. 219. 
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Fig.6 Moment-curvature relationship for an unpressurized circular- 
cylindrical shell 


vy = 1/3,a = P,/Et = 0,¢ = a/p 


Conclusions 


From Figs. 4 and 5, it is interesting to observe that the moment- 
curvature relationship is affected by a change in the value of the 
pressurization parameter, a. However, when @ equals 10~* and 
10-? and t/a ranges from 1/50 to 1/5000, the moment-curvature 
relationship is affected very little for each value of a@. 

Several observations can be made from Figs. 4 through 6: (a) 
When the value of t/a equals 1/100 and P equals zero, the 
moment-curvature relationship becomes nonlinear at approxi- 
mately the same value of € as when P equals 3 psi [a = 10, F = 
3 (10°) psi]. (6) When the value of t/a equals 1/2000 and P 
equals zero, the moment-curvature relationship becomes nonlinear 
at a value of € which is approximately an order of magnitude 
smaller than the value of ¢ when P equals 0.6 psi [a = 10°, EF = 
3(10’) psi]. The pressurization increase in the latter case is very 
small, but the moment-curvature relationship remains linear 


December 1958 / 457 





until the radius of curvature p is approximately an order of 

magnitude higher than the initial radius of curvature 
Qualitatively, it may be concluded that pressurization retards 

the outset of nonlinearity in the moment-curvature relationship. 


APPENDIX 


Derivation of Equation (13) for Change in Cross-Sectional Area 
of Cylindrical Shell 


The change in cross-sectional area of the cylindrical shell is 
negative when w is positive. From Equation (12a) the change 
in cross-sectional area is 


Te ese 
: f [(a — w)? + v? + av’ 
va 0 


— wo’ + vw’ — (a — w&)*]de 


(22 
The primes indicate differentiation of the displacement terms with 
respect to the angle @. 

Referring to Fig. 7, points P, Q are displaced to points P; and 
Q, due to the perturbation displacements. 

For complete inextensibility in the perturbation displacements 
v, and w, it is required that PQ = P,Q, or (PQ)? = (P,Q,)*. 

Now (PQ)? = &%d@? and taking cos d@ = 1, sind@ = tandg@ = 
dd, then 


(P,Q)? = (dw; + nd)? + (Edd + widd — dv)? 


Equating these expressions, expanding, and using Equation (4), 
then 


(23) 


Upon substituting Equations (6) and (23) into Equation (22) 
and integrating, the change in cross-sectional area is 
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Fig. 7 Displacement of an 


element in cross section of cylindrical 
shell 


The series on the right-hand side of the foregoing equation is the 
contribution to the change in the cross-sectional area of the cylin- 
der by the inextensible displacements. 
in Equation (17).* 


A similar result is shown 


4P. G. Kafka and M. B. Dunn, “Stiffness of Curved Circular 
Tubes With Internal Pressure,’ JourNaL oF AppLieD MECHANICS, 
vol. 23, 1956, Trans. ASME, vol. 78, 1956, p. 253 
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treated plate. 


1 Introduction 


I. A previous paper,' an analysis was presented for the deter- 
mination of stresses in an elastic, perfectly plastic plate sub- 
jected over one face to a uniformly distributed, slowly varying 
heat input. It is the purpose of this paper to extend this analy- 
sis to the determination of stresses due to an arbitrary transient 
temperature distribution which is a function of time and of the 


thickness co-ordinate alone. As in the earlier paper,' the me- 


iJ. H. Weiner, “‘An Elastoplastic Thermal-Stress Analysis of a 
Free Plate,” JournaL or AppLiep Mecuanics, vol. 23, Trans. 
ASME, vol. 78, 1956, pp. 397-401. 

Presented at the West Coast Conference of the Applied Me- 
chanics Division, Los Angeles, Calif., September 8-9, 1958, of 
THe AMERICAN Society oF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 14, 1957. Paper No. 58—APM-14. 


Heat-Treated Plates 


Equations are given for determining transient and residual thermal stresses in a heat- 
The material of the plate is assumed to be elastic, 
The temperature is assumed uniform on any plane parallel to the faces of the plate 
but can vary arbitrarily in the direction normal to the face and in time. 
distribution during the unloading period is determined exactly without the simplifying 
assumption of simultaneous unloading. 
stresses during cooling of a uniformly heated plate 
and residual stresses are calculated for several values of cooling rate and yield stress 


perfec tly plastic. 
The stress 


A pplication is made to the determination of 
The stress-distribution sequence 


chanical and thermal properties of the plate are assumed to be 
temperature independent and the elastic-plastic theory used is 
the same as in that reference. The basic equations of that theory, 
which utilize the von Mises yield condition and associated flow 
rule, are repeated in the form used here in the next section; for a 
fuller discussion of these equations the reader is referred to the 
previous paper. 

The problem considered here is formulated in section 2. The 
solution is developed in detail in sections 3 to 5, and then applied, 
in section 6, to the problem of a plate cooled symmetrically with 
constant heat-transfer coefficient over its faces. Numerical re- 
sults for the residual stresses in the plate for some physically 
significant values of the parameters are presented. 

In this paper, the complete stress sequence in the plate is deter- 
mined, including the unloading process which has been treated 
before only under the assumption of simultaneous unloading 
throughout the plate. It is shown that, for some values of the 
parameters, the assumption of simultaneous unloading does not 
lead to any appreciable error in the calculated values of residual 


stress. 





Nomenclature 


= specific heat 


deviatoric strain 


t 

’ , : . 
r , dimensionless deviatoric strain 
a 


modulus of elasticity 

functions determining strain 

function characterizing elastic and plastic regions 
half thickness of plate 

surface heat-transfer coefficient 


1 


5, ,§,,, second invariant of deviatoric stress tensor 


2 
vield stress in pure shear 

thermal conductivity 

width of elastic region 

first and second moments of elastic region 


: 6; 
deviatoric stress = 6;; — 6; y 


l-—vp 
cere si) 
akT, 


time 


= dimensionless deviatoric stress 


. 7, dimensionless time 
cph? 
temperature 
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T/T7;, dimensionless t« mperature 

reference temperature 

co-ordinates 

%/h, dimensionless distance from mid-plane of plate 
V 3k = yield stress in tension 

akET, 


linear coefficient of expansion 


Y, dimensionless yield stress in tension 


strain components 


es. c , 
~-, dimensionless strain components 
x7; 

Evy ah 


Hh 


, Biot number 


A 
( 584; )/(2k?) 
38; 56, 

2Y? 


Poisson’s ratio 


? . = 
, dimensionless 7 


position of plastic-zone boundaries 
density 

stress components 

l-—vp 
aET, 


integral of stress rate in elastic region 
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&;;, dimensionless stress components 





2 Statement of the Problem 


The problem studied is that of the stresses in a free plate of 
thickness 2h and arbitrary shape. Cartesian co-ordinate axes 
are used with the origin at the center of the plate, the #-axis per- 
pendicular to the faces, and the 9 and Z-axes parallel to the faces.* 
The faces = +h are free of traction while the tractions on the 
edges have zero resultant and zero moment. Attention is con- 
fined to that portion of the plate at a sufficient distance from its 
edges so that all quantities may be considered functions of # and 
The plate may have an initial stress distribution pro- 
&,, and these stress com- 


i only. 
vided it satisfies the conditions ,, = 
ponents are functions of < only, 


A A 
o,, = 0, fi, G,,dz% = 0, ff! PF wyde = 0 


Such a stress distribution could result from a previous heat- 
treatment of the type considered here. 

The temperature distribution in the plate is assumed to be of 
the form 7(z, 2), but is not otherwise restricted. This will be 
the case if the thermal conditions on the faces of the plate = 
+h are independent of # and 2, and the edges of the plate are per- 
fectly insulated. 

The stress-strain relations, as in the previous paper,' are those 
of the Prandtl-Reuss theory of plasticity with temperature term 
added. For completeness, they are briefly restated here. The 
equation for the mean strain rate is 


o,, = 


1 — 2v. , 
~ Se but of (1) 


_— 
ii 


3 


where the usual summation convention is employed and a super- 
posed dot denotes the partial derivative with respect to time. 
The equations for the deviatoric strain rates are 


L+?, 


é,; = = if J.<k?, or Jg =k? but <0 (2) 


ij 


lt+y, 


é,; = EB + Bi, if J, =k?, J, =0 and g>0 (3 


All mechanical properties are assumed temperature-independent. 


3 Solution of Probiem 


In this section, equations will be derived for the time rates of 
change of the stress components in the plate at a generic instant 
of time 7. These equations will express these quantities in 
terms of the state of stress in the plate at time ? and the rate of 
change of the prescribed temperature distribution at that time. 
It will be seen that these solutions for the stress rates satisfy all 
the requirements of the pertinent uniqueness theorem,! and 
therefore, for a given initial stress distribution, they may be in- 
tegrated forward in time to obtain a unique stress distribution 
for all times. 

It is convenient to introduce first dimensionless quantities as de- 
fined in the nomenclature and, in order to indicate simply whether 
the plate is elastic or plastic at (z, t), a function g(z, t) is defined 
which is zero in the plastic state and equal to 1 in the elastic 
state; i.e., 

g(z, t) = 1, if J2 < k?, or Jz = k? but J, < 0, (4) 
g(x, t) = 0, if J, = k*, Jp = Oand uw > 0. (5) 

? The bar over the symbol for a variable indicates the actual quan- 

tity in any consistent system of units, and the same symbol without 


the bar indicates the corresponding dimensionless quantity as de- 
fined in the nomenclature. 
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With the foregoing notation, the stress-strain relations, Equations 
(1), (2), and (3), may be written as follows: 


oe. 1 — 2v 
€.; 


S g j 
3 3(1 — v) otT 


l+v. 
= si; 7 (1 sa GBS. 5 


€ 
20 l-yp 


Under the stated conditions we can assume that, as in 
thermoelastic case, 
Fag. Cy © Cy, * Cy = 0 
Tyy = Tn 
The nonvanishing stress component is denoted by a, that is, 

o = Oy = Tn (s. 
and all the further analysis is in terms of ¢. The strain rates 
expressed in terms of ¢ and 7, are then 

—2v . 2 a 
—(1l—g)uo + 7 


é.; = G 
l-yp 3 


; (1 —gyo+T 
€,, = 0 
and the yield condition may be written 
= Y? (12 


It is seen that the only nontrivial equation of compatibility is, in 
this case, 

oe 

Oz? 


where 


so that 
ée = F(t) + zrF At). 


From Equations (10) and (15), 


: 1 : ; : 
o+ 3 —gypot+T = Fit) + 2Fit 


} 


Therefore, for a point (z, t) in the elastic state {g (x, ¢) = 1], 

a(x, t) = F(t) + xF(t) — T(z, t), for g(z,t) = 1 (17) 
For a point (z, ¢) in the plastic state the yield condition, Equation 
(12), is satisfied, so that 


o(z,t) = 0, for g(z,t)=0 (18) 


The functions F; (t) and F; (t) are evaluated by use of the con- 
ditions that the plate edge tractions must have zero resultant and 


zeromoment. These conditions imply that 


1 1 ’ 
a a(z, t)dx = 0, fi ra(z, t)dr = 0 


With the use of Equations (17) and (18), Equations (19) may be 
rewritten 


(19) 


1 . p . 
fi, g(x, t) [F.i(t) + 2F(t) — T(z, t)|\dz = 0 (20) 


1 ‘ : : 
fi xg(x, t) [Fi(t) + 2F-(t) — T(z, t)) dx = 0 (21) 
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It is convenient to introduce the notation, 


1 1 
L,(t) = fi of2, bas, Log (t) -f , 72, Odz, 


1 
[iz(t) = f ; z*g(z,t)dx (22) 
where Ly is the total width of the elastic regions in the plate and 
Ing, Lag are first and second moments, respectively, of these 
regions. 
Equations (20) and (21) then become 


, 1 , 
+ [ge(t) F(t) = f : g(z, t)T (2, t)dz (23) 


Lt) Fit 


; 1 
Loel(t)F(t) + [sel FAt) = | he zg(z,t)T(z,t)dx (24) 


Equations (23) and (24) constitute, at a given instant of time, a 
pair of simultaneous linear algebraic equations whose solution 
gives F, (t) and F, (t). If the stress distribution is symmetric 
in z, as in Weiner' and in the case treated below, then these 
equations have as solution F; = 0 and 


1 
f g(z, t)T (2, t)dz (25) 
eJ-1 


that is, the dimensionless strain rate is, in this case, the average 


e= Fi(t 


rate of change of dimensionless temperature over the elastic 
regions. 

All that remains, therefore, is to develop criteria for the 
evaluation of g(z, t), that is, for determination of the location of 
the elastic and plastic regions at the given time ¢. It is first noted 
that, when the material at any point passes from elastic to plastic, 
i.e., yields in loading, o*%(z, t) at that point must increase from a 


value less than Y? until it equals Y*. This means 


oa >0 26) 


in the elastic region at a point which has just reached the vield 
limit 

Once the material has begun to yield it remains plastic accord- 
ing to the Prandtl-Reuss theory as long as yu (which is propor- 
Unloading begins, 
i.e., the material changes from the plastic to the elastic state, 
We must therefore 


tional to the plastic work rate) is positive. 
when yw changes from positive to negative. 
check that yu is positive at the start of yielding and determine 
when it becomes negative 

With the notation 


o,r,t) = FP; t) + rF At T(x, t) 


Equations (16), (18) give 


go = G,(z, t) for g 


oO 


o,(r,t) = opr, t tor 


o 


If an element at x yields in loading at time ¢ = ¢*, then Equa- 


tion (26) holds for ¢ < ¢*, so Equation (28) gives 


oo,(r,t) >0 


Equation (29) holds for ¢ > ¢*, so that y(z, t*) > 0, i.e., the con- 
dition for positive u at the start of yielding is satisfied. 

Since uw is continuous, an element at x which has been plastic 
will unload at the instant when yu becomes zero. From Equation 
(29) this means ogg < 0 for unloading. The quantity ¢,(z, ¢) is 
thus the actual stress rate in the elastic region and is a com- 
parison stress rate in the plastic region which determines whether 
plastic loading continues. 
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4 Complete System of Equations 


We can now state the complete system of equations for deter- 
mining o(z, t), having given T(z, t) and o(z, 0). To obtain 
o(z, t), two auxiliary functions g(z, t) and o,(z, t) must be deter- 
mined. Using the results of the preceding section, the complete 
set of relations can be written 


t i ; 
o(z,t) = o(z, 0) + f g(x, t)o,(z, t)dt (30a) 
hs 


giz,t)=0 for o? = Y*, oog>O0 (30b) 


gz,t)=1 for o?< Y? or o2? = Y? and ogg < 0 (30c) 


o,(z,t) = F(t) + zPAt) — T(z, t) (30d) 


l : 
f , H% t)o,(z, idx = 0 


1 
f ; rg(z, o,(z, thdr = 0 


In the case of a symmetrical stress distribution, the final three 
equations may be replaced by the following single equation: 


(30) 


(30f) 


Gz, t giz, t T(2, t)dz - T(z, t) 31) 


It may be seen from their method of construction that the fore- 
going equations for the stress rates satisfy all the requirements of 
the appropriate uniqueness theorem as quoted, for example, in 
the previous paper.! 

The direct application of these equations would require a step- 
by-step forward calculation in time with simultaneous determina- 
For digital-computer calculation this pro- 


tion of g, op, and go. 
However, if the tem- 


cedure seemed to be the most efficient. 
perature distribution is simple enough so that it is possible to 
determine beforehand whether a plastic zone can occur, the equa- 
tions can be expressed in integrated form. These integrated 
equations give the position of the elastic-plastic interfaces in 
Knowing these positions 
Only 


terms of integrals of the temperature. 
of the interfaces, the stress can be determined directly. 
during a period when unloading is occurring is a step-by-step 
procedure necessary to determine exactly the unloading interface 
position and the stress. 

These integrated equations are derived in the next section and 


then applied to the cooling-plate problem. 


5 Integrated Equations 


First we note that in the purely thermoelastic case, g(z,t) = 1 
for all x and ¢, and the equations of the preceding section give 
directly 


a(x, t) T(z, 0))dz 


T(x, 0)\dxr (T(z, t) — T(z,0)] (82) 


if g(z, t) = 1 forall zand?¢. This is the well-known formula for 
thermoelastic stress in a plate’ in our dimensionless units 

In the general elastoplastic case, which we are considering, 
suppose the plate is elastic at z during the time interval, & < t < 
t:. Then regardless of the state during t < t or / > 4 or at other 
values of z, we have from the preceding section 


t 
o(z,t) — o(2z, tl) = f Ox, (dt = opg(z,t) — og(z,b) (33) 
to 


3S. Timoshenko and J. N. Goodier, “Theory of Elasticity,” 
McGraw-Hill Book Co., Inc., New York, N. Y., 2nd ed., 1951. 
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if g(x, t) = Lforty <t < tb, where 


o,(x,t) = Fi(x, t) + xF(2, t) — T(z, t) (34) 


so that the change in the stress is the change in the integral of the 
elastic stress rate. 

During any time interval in which the plate is elastic every- 
where, the change in o,(2, ¢), and also in a, will be the change in 
the purely thermoelastic stress, as given by Equation (32). 

For points which have unloaded between é) and ¢, and are elas- 
tic at time ¢, Equation (33) must be modified. 
ing occurred at ¢ = ¢, (x), then 


Suppose unload- 
‘ 


o(xr,t) = o(2, t(r)) + oela, bt) — opgl(a, t(r)) (35 


In this equation o(2, t,(7)) is either +¥ or —Y¥ depending on 
whether vielding at x for ¢ < ¢,(z) was in tension or compression. 


The value of op(z, t) can always be calculated from 
. . P 
o;z(xr,t) = . [Fi(t) + xrFAt) — T(x, t)|dt — T(x, 0) (36 


which requires knowing F; (4) and F. (¢) for all ¢. During un- 
loading it is actually necessary to determine these quantities to 
obtain the stress rates. However, during any period in which 
unloading from the plastic state does not occur anywhere, the 
calculation of € = F; (t) + rP. (t) ean be avoided and € found 
directly. During such a period either o(r, ¢) is obtained from 
Equation (34) or 0? = ¥?, that is 


o(z, t) = o(2, ty) + op(z, t) — of-(z, to) for g(z,t) = 1 (37 


o(z, t) (sgn o)¥ for g(x, t) = 0 (38 
where 
sgn 0 = +1 for vielding in tension 
sgn o = —1 for yielding jn compression 
Then the conditions for zero resultant and zero moment of 
edge tractions give 
a J 
;, 19(z, t)[o(z, ty) + og(z, t) — ofg(2, to 


+ [1 — g(x, t)| (sgn o)¥V 4 dr 


1 
f , 2 ta(2, Olo(z, b) + o,(7,t) — of(z, to)| 


+ (1 (sgn o)¥V} dr 


— giz, t 
From these we get equations for F(t) and F.(¢) in the same way 
as Equations (23) and (24) were obtained. 
Le(t) [Filt) — Filto)] + Ler(t) [FA(t) — Fe (to) 

= f" { g(x, t)[—o(z, to) + T(2, t) — T(z, to)] 

— (1 — g(x, t)) (sgn o) Yj} dr (39 

Loe(t) [Fi(t) — Fi(to)] + Lae(t) [Fo(t) — Foto)) 

= fi shoe —ao(zx, ty) + T(z, t) — T(x, to)] 


— (1 — g(a, t)) (sgn o)¥} dr (40) 


Equations (37) and (38), with F; (¢) and F2 (¢) given by Equa- 
tions (39) and (40), are the integrated form of the equations of the 
preceding section which hold during any time interval when no 
unloading They 
a(x, t) without calculation of o,(z, ¢). 

For any case in which it is valid to assume that unloading 


occurs. give the direct determination of 


occurs simultaneously for all 2 throughout the plate, Equations 
(37) and (38) apply after the instant of unloading and give the 
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complete solution. The stress distributions derived for the slowly 
varying heat input! could be obtained in this way. 

In using Equations (39) and (40), it is convenient to introduce 
functions for the positions of the boundaries between the elastic 
and plastic zones, and to specify g(z, ¢) in terms of these boundary 
positions. Thus for n plastic zones, with the jth zone between 
z= &(t)andr = n,(0), 

gx,t) =O for &,(t 


j 


gir,t) = 1 for all other x 
The integrals in Equations (39) and (40) can then be expressed as 
and over 


sums of integrals over the plastic zones &,(t) < 2 < 9, (¢) 
This is used in the next 


g 
the elastic zones (ft) < x2 < &).:(¢). 


g 
section. 


6 Elastic-Plastic Stresses in a Cooling Plate 


In this section the foregoing results are applied to the case of a 
plate which is initially at a uniform temperature 7), has zero 
initial stress, and is allowed to cool in a medium at a uniform tem- 
perature here taken as zero with heat transfer at the faces being 
given by Newton’s law of cooling. These conditions could be 
approximated experimentally by, for example, spray-quenching 
of a heated plate. 

(a) Temperature Distribution. It is assumed that the cooling is 
symmetrical, so only half the plate need be considered for the 


thermal problem. The dimensionless temperature T = 7/7 


then is the solution to the following boundary-value problem: 
O77 oT 


. =..2* 


or? ol 
T(z, 0) = 1 

oT 

or 

oT 

or 


AT for g = (43) 


The solution of this svstem is known‘ and can be written in two 
forms: 


where the y,, are the positive solutions of 


7, tan y, \ 


li+z 
2vt 


+ exp [A(1 — x) + nu} erte (A Vis 


and in the form, 
+ erfe 


l 
2 


aoe ™ 
+... (40 
2vt 


Jaeger, ‘Conduction of Heat in Solids,” 
1950. 


+ exp [A(1 + 2) 4 av} exte (0 v1 + 


‘H.S. Carslaw and J. C. 


ixford University Press, London, England, 
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where 


is the error function complement 
The first form Equation (44) is useful for long values of time 
and the second form for short values of ¢. 
The stress proble m was solved using desk calculators for a small 
range of values of the physical constants and experimental varia- 
The physical con- 


two 


bles chosen to te representative ol stee] 


stants and experimental variables are combined into just 
dimensionless parameters A and Y, and residual stresses were 


calculated for X = 3,5, and l0with Y = 0.20, and for \ = 2 with 
Y = 0.15, 0.20, 0.25 

(b) Stress Sequence. For the parameters A = 5, Y = 0.2, the 
stress pattern goes through the following sequence, Fig. 1. This 
sequence ma be different for other values of the parameters 

l 0) «< ; ; 

2 / » ; ; 
surtace, and then a plastic zone appears and grows in width; its 
Loading occurs 


The plate is elastic throughout 
The plate begins to vield (in tension ) first at the 
boundaries are « = &t) and « = f(t) = 1 
everywhere in the pl istic Zone 

3&é<t t Unloading begins at the surface, and the out- 
side boundary of the plastic zone y(t) moves inward. Loading 
which keeps moving in- 
, the disappearan e of the 


continues at the inside boundary &f 


ward. This stage ends with & = n, i. 
plastic zone 

} / < ; ; 
The plate begins to vield in compression at 


The pl ite is elastic throughout 


the 


a t { 
surface and a plastic zone grows in width to a final value as the 


plate cools to ambient temperature The details of the caleu- 


lations for each st int follow 


(c) Stoge 1. O < ft t W hile 


stress can be calculated from Equations 


plate is elastic the 
The stress 


the 
32) and (45 
has its maXimum at 1, with the ipproximate value 


At orfe Avi 2vV ir it)" 


This expression has an error less than 0.0002A for ¢ << 0.16 
The surface reaches the vield stress at t, given by o(1, t)) = ¥ 
(d) Stage 2. t <t<t. During this period, when only loading 
occurs, we can use the integrated equations which for the present 
case are: 
17 


18 


the boundary &/) given by 


with the position of 


a(&,t , &, y 


Also, to be sure that a plastic zone does not start at the center 


of the plate , we must check that 


Fit 7T(O, ¢ 


o(0,t) = 


which with Equation (50) gives 


5 More extensive calculations have since been carried out on a 
digital computer with the collaboration of Mr. E. E. Zwicky, Jr., 
General Electric Company. These will be reported in detail in a 
later paper 

*M. P. Heisler, ‘Transient Thermal Stresses in Slabs and Circular 
Pressure Vessels,"’ JounNAL oF APPLIED Mecuanics, vol. 20, TRANs. 
ASME, vol. 75, 1953. pp. 261-269. 

? Because of symmetry F:2(t) is zero, and we write F(t) = F,(t) + 1. 
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T(0, t 


19) and (50) the equation determining &(¢) is 


E(t) , 
f T(x, thde — &t)7 
0 


either expression lor T(z, t 


From 


is substituted in Equation 


When 
52), the result is a complicated transcendental equation for E(t 


To facilitate the calculation of &(t), dE/dt was determined and 
used to solve these equations by Newton’s method. The equa- 
59) 
) 


tion for d&/dt can be obtained by differentiating Equation 
and, using the equation which 7(z, ¢) satisfies, this gives 


o7 


/ 
, Where T, = 
8 or 


| T(§&, 
g TA 


To find 4, the time when unloading begins, it is necessary to 


find when o,(2, f 
easily determined by using 


= (anvwhere in the plastic zone This is most 


2) 
o; 


4 


inloading at the surface begins when 7 (&, ¢ (1, t 


so that 
In the cases calculated here, unloading began 


stops Increasing 
first at the surface 
(e) Stage 3. *% < ft te. 


is the interv il é srs 


ci7 
Et 


Zone 


During this stage the plastic 


Unloading is taking place a 
nit) and loading at x = 

In the 
tion (47 


Tn the 


zone that has not gone through a plastic phase I qu 


holds 


plastic zone, 
o(z,t) = ¥, <rs nt 


nit which becomes elastic after having been pl istic, 


In z 
equation (35) applies 


During this stage F(¢) must be found from the integral 


F(t,) + f Fit) dt 

3 1 
[ T(2, Odr + i T(2, t)da 
~¥ Jn 


The equation tor the loading interiace 1s again Equation 
the equation is obtained from 


F(t) = 


where 


AO), 


and for the unloading interface, 
O(n t),¢) = 0, or 


— T(t), t) = 0 oY 

The difficulty in this stage of the calculation is in the simul- 
taneous determination of &(f), n(¢), and F(t). To help in caleu- 
lating these values we can find & and 9 by differentiating Equa- 
Thus 


tions (50) and (59). 


which is a generalization of Equation (53). 

This stage ends when £ = 7, the plastic zone has disappeared 
This occurs at ¢ = t, and we have from Equations (59) and (60), 
E(t.) = 0. Fig. 1 shows & and 7 graphed as functions of ¢ 
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Fig. 1 Progress of elastic-plastic interfaces during loading and 
unloading 


(f) Stage 4. t2 < t <4. Since the plate is elastic throughout 
its thickness during this stage, the change in stress is simply the 
change in the thermoelastic stress. 

For some values of the parameters, this stress remains less 
than the yield stress for all values of ¢ and we obtain the residual 
stress o(z, ©) by using T(z, ©) = 0, so that 


el 
o(z, ©) = o(z, t) — Lf, T(z, t)dx — T(z, t) | (61) 


The portion of the plate which has never passed through a 
plastic phase will have a uniform residual stress. This can be 
seen by substituting the value of o(z, t2) = F(t.) — T(z, te) 
in Equation (61), which gives 


1 
o(z, ~) = F(t.) — f, T(z,t.)dx for O<xr< Ht 


This stress is F( = ). 

For z > &t.), the residual stress can be calculated from Equa- 
tion (61). These residual stresses are shown in Fig. 3. 

For higher cooling rates (A = 5 and 10), the stress at the sur- 
face will decrease, change sign, and then reach the yield stress in 
compression. This occurs at time t = ¢; given by 


1 
o(1, ts) = o(l, t.) + f, T(z, t;)dx - TQ, t;) 


1 
- [fi T(x, tz)dx — (1, t) | = —Y (62 


There follows reverse yielding as described in the next section. 

(g) Stage 5. #; < ¢. During this stage we have yielding in 
compression. Using x = ¢ (¢) for the new elastic-plastic bound- 
ary, it was found that o,(z, t) is positive for¢ >t; and {(t) <2 < 
1, so that no further unloading occurs. Hence we can use the 
integrated equations. The equation for F(t) is 


F(t) = F(ts) — Y — o(f, ts:) — T(E, tb) + TUK, t) (63) 
and the equation for ¢(¢) is 
f, [T(x, t) — T(z, ts) — o(z, tz)] dx 

— ¢(7T(¢, t) — T(E, ts) — off, )] = —Y (64) 


We can now obtain the residual stress by determining the final 
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Fig. 3 Residual stress for Y = 0.2 and \ = 2, 3, 5, and 10 


These are given by Equations (63) and (64 


The residual stress is then 


values of ¢ and F. 
with T(z, ~) = 0. 
+ T(z, ts 


O<z 


o(z, ©) = o(z,t;) + F(~) — Fits) 


<(¢(@ (65 


The central portion, which has been elastic all the time, will 
again have a uniform residual stress equal to F(  ). 


7 Numerical Calculations and Approximations 


Fig. 1 is a graph of &(t) and n(t), the elastic-plastic interfaces for 
the case A = 5, Y = 0.2. Figs. 2 and 3 show the residual stresses 
for this and the other cases. 

The computation of the unloading period, Stage 3, is very 
lengthy since it requires the simultaneous determination of both 
interfaces £(t) and n(t) and the quantities F(t) and F(t). This 
was carried through in detail only for \ = 5, Y = 0.2. The com- 
putation of &(t) also has been carried out under the simpler (but 
incorrect) assumption that the unloading from the surface could 
be ignored. It was found that &t) calculated in this way was 
very little different from the correctly calculated value. Also 
the residual stress was calculated under the simplifying assump- 
tion that the entire zone z = £t,) toz = 1 unloaded simultane- 
ously at the time 4. For A = 5, Y = 0.2, this approximate re- 
sidual-stress calculation gave values that differed at most by 2.5 
per cent of Y from the more accurate calculations. The other 
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cases shown in the figures were therefore calculated by this ap- 
proximate method. 

The error in residual stress introduced by this simplifying 
assumption of simultaneous unloading could be estimated by 
assuming different values of 4, the time of unloading, within the 
range from ¢, (unloading at the surface) to the calculated ¢, (un- 
loading at £). When the digital-computer results became availa- 
ble, they provided a further check. For A = 2 and 3, the error 
was within the accuracy of the calculations, about 1 per cent of 


Y, but for X = 10 it was considerably larger. If accurate values 
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are needed at high cooling rates, the detailed calculations of the 
unloading process should be used. 
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” 


“‘thin-slice 


= two problems of the helical spring of round cross section 
loaded either in tension or in torsion have been solved by a 
thin-slice method [1]. The method is generally applicable to 
bodies which have the same cross section throughout and the 
The 


fact that such systems have the same stress distribution on each 


same resultant forces and moments on each cross section. 


cross section was used to reduce the three-dimensional (three 


variable) boundary-value problem in 


two variables on a typical thin slice. 


elasticity to one in 


The general form of the displacements was deduced from con- 
siderations of symmetry. They were expressed as doubly infinite 
power series in the small parameters (a/R) and p, where a is the 
radius of the cross section, 2 is the mean coil radius, and p is the 
tangent of the pitch angle y. 
the equations of the boundary-value problem. 


These series were substituted into 
Like powers of 
(a/R) and p were collected. The coefficients of the series (up to 


the second degree in each of the parameters) were determined 


! The results presented in this paper are based upon a thesis sub- 
mitted by the first author to Stanford University, Stanford, Calif., in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy. Most of the work was supported by the Office of Naval 
Research through Contract Nonr 225 (29) (NR-064-241) with Stan- 
ford University. 

2 Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Me- 
chanics Division, Los Angeles, Calif., September 8-9, 1958, of THe 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, October 10, 1957. Paper No. 58-—-APM-10. 


Discussion 


Pitch and Curvature Corrections 
for Helical Springs 


The tension and torsion helical springs of round cross seciton have been analyzed by a 
method |1\.? 
results of this analysis are given and discussed in this paper. 
curvature changes, diametral contractions, and coupling effects are included. 


The 


Stresses, deflections, 


The effects of both curvature and pitch are included. 


from the resulting equations. The stresses were obtained from 


the displacements. Complete details are given in subsequent 
papers [2, 3]. 
The 


range of validity of these results for both problems is determined 


The principal results of this study are discussed here 


by the fact that third and higher-degree terms in the series have 
not been computed. The detailed results reveal that the co- 
efficients of the terms in all the series up through the second de- 
gree are approximately 1 or less. If it is assumed that this trend 
continues, then approximate computational errors for various 
values of (a/R) and p may be estimated. Representative values 
are shown in Table 1. This covers most practical cases 


Table 1 Representative values of approximate error 


(Approximate 
error, 


Pitch angle, per cent 


<1 
<1 


Fig. 1 The tension spring 





Nomenclature 


cross-section radius 

constants 

R/a 

cross-section diameter 

radial expansion per unit of radial length for a compres- 
sion spring in deflection from free to solid height 

number of coils in spring 

tan Y, spring pitch 

2rkP 

cylindrical co-ordinate 

cylindrical co-ordinate 

defined in reference [3] 

2R 

modulus of elasticity 

shear modulus of elasticity 

moment of inertia of cross section about a diameter 

polar moment of inertia of cross section 

defined in references [2] and [3] 
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torsional moment about spring axis 
tension loading along spring axis 
mean coil radius 

defined in references [2] and [3] 
pitch angle 

spring deflection 

cylindrical co-ordinate 

Poisson's ratio 

R/cos? y 

normal stress 

shear stress 

angle of ‘‘wrap up”’ of spring 

see Equation (5) 

see Equation (14) 

2KR? 

radial contraction of helix 


change in curvature of helix 
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The Tension Spring [2], Fig. 1 
Stresses. The greatest stresses occur at the inner point on 4 


These are 


horizontal diameter of the cross section. 


0 

°(< 
{ 

+ yp 
1 + 
(11 
1(1 


T= T, = 0, = 


2PR | 
1 + 
Ta 
2PR [(—2 
Ta 4 
2PR 
7 Ta 


9) 
2 -P 


: ( ; 
Pp 7 . 

T F R 

The usual notation for cylindrical co-ordinates is employed 

These stresses are now compared to design formulas derived by 
more elementary means 

Four formulas for the shear stress on the cross section are in 
common use: 

(a) Most books on strength of materials give a formula which is 


simply torsional shear on a round straight bar plus a uniformly 


2PR ; I ( a ) 
Ta 2\R 
(b) A very widely used formula by Wahl [4, 5] gives torsional 
shear on a curved bar (strength of materials theory) plus bend- 


distributed direct shear 


ing shear on the neutral axis of a round cantilever beam from 


the theory of elasticity 


16PR (* ! sis) 2PR as ( a ) 
= 1 + 1.365 
rd? ti } ( ra‘ R 


where d = 2a, R/a 
(c) Another widely used formula is the Géhner [6 
a curved bar of round cross section (no pitch) with an axial load. 


2PR :; 5 ( a ) 7 ( a y 
Tras 4 R Ss R 

(d) Finally 
for the actual radius of curvature of the helix and the pitch angle 


Ta, = 


andc = 


solution for 


Ta, = 


Gohner |6) has refined the formula in (c) to account 


in an elementary way 


16PR cos y 


rid 








wher 
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As an example, if (a/R) = 1/5 the errors from these formulas 
are: 

(a) 13 per cent; (4b) 1.8 per cent; (c) zero; (d pitch plays no 
part (up through second-degree terms , therefore this refinement 


is completely erroneous 


Gohner |7 
the cross section by using his solution for a curved bar of round 


has attempted to give the greatest bending stress on 


cross section bent by a couple (which he takes to be PR sin y for 


9 


1+ p? =p 


(ae ] 


shows this to be completely er- 


this case Noting that sin y = p 


his result is 


2PR [, 
op 
Tra 


Comparison with equation (1 


roneous. 


The stresses in equation (1) may be combined in the usual 


shear and normal 


These are the 


fashion to obtain the maximum combined 


stresses on anv plane through the critical point 


principal results of this part 


2PR , 5 ( a ) 
— ra 4 R 


/ 


These equations are plotted in Fig. 2 using » = 0.3 which 
») 


gives, for the last equation in equations ( 
2PR 5 a 7 a \? - 
1 + + + p* 
Ta 4 R 5 R ‘ 
a ) 8 
+ 1.28 (3) 
l P\ p 


Spring Deflection. The expression for spring deflection (6) is 


iPR n 
Tra‘G Ga‘ 


2PR*6 


) here 


n = number of coils = 


. 


When v 


: ( a ) | 27 p? 
T eip* + 
16 R 
} 


The usual design formula [5, 7] for spring deflection, based on 
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Fig. 2 Maximum stresses at critical point in tension spring 


elementary consideration of pitch applied to the unpitched ring 
solution of Géhner, is 
64PRn 

Gd 


cos Y 2G. , 
——— + jin y tan 
3 cost y E* eae 


16 (ce? — 1) 


(1 — p) 


_ 4PR® , 3 f | 2 
» 21+)? 


Ga‘ 
where 
d = 2aandc = R/a 


When v = 0.3, 


5 4PR'n E 3 ( a 
Gat 16 \R 
As a comparative example, for (a/R) = 1/5, p = 1/3 the value 
of W in equation (5) is 1.133 and the corresponding value from the 
usual relation is 1.022, a 10 per cent error. 
plotted in Fig. 3. 
Another deflection formula of design interest is the radial ex- 
pansion per unit of radial length (e) for a compression spring in 
deflecting from free to solid height. Using v = 0.3, we have 


Equation (5) is 


e = KR = [1.23p? — 0.393p(a/R) + 


K is defined in reference [2]. 
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Fig. 3 Deflection of tension spring 


Wahl [8] gives 
AD 1.3p,? — 0.3d? — pd 
e= = 


Do 13D,? 


or 


e = KR = (0.986p? — 0.023(a/R)? — 0.241p(a/R) +... 


where 
Pi = 27Rp; Do = 2R; d = 2a, and AD = 2KR? 
Comparing the p* terms only, the Wahl expression gives values 
about 19 per cent too small. 


The Change in Curvature. 
helix is 


The change in curvature ( Ax) of the 


Ak 


ra‘G (1 + vp) 


cia ae i PR 2(1 + 2v) 
~ R+KR? R 


The usual formula for curvature change is [9] 
PR sin PR 2 
be ogee wie CPP ee ws 
El rasG | (1+ 


where J is the cross-sectional moment of inertia about a diameter. 

For vy = 0.3, equation (7) gives a change in curvature 1.6 times 
the values from the usual formula. 

Torsional Coupling. The angle (®) through which a radius at- 
tached to a cross section sweeps as the load comes on is the tor- 
sional coupling associated with tension loading. This 
up angle”’ is 


“coiling- 


> 24 2 
© BR = PR [ v 


rasG 
2PR?n 2v 
Ga‘ (1 + v) 


6 is defined in reference [2]. 


The Torsion Spring [3], Fig. 4 


Stresses. The greatest stresses again occur at the inner point on 
a horizontal diameter of the cross section and are: 
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(6 + Ov + 4y?) 
f= 
81 + v) 


flv + 28? + Sy?) 


(25 + 


iS(l + vy 


( : 

R 

+ ame + Be) (8 2 
48(1 + v) R 


4M | (2 + 6v + 4y?) (s 
= - ) - p 
R 


0 ra! 8(1 + v) 
The most important of these stresses is o¢. 
If vy = 0.3 in equation (9), 


A | ” ( a ) ( a y 
—] O.872 - 0.642 + 
Tra’ R R 


O6 = 


Fig. 4 The torsion spring 


The only design equation for torsion-spring stresses which ap- 
pears to be in general use is based on a curved-bar analysis [10] 
strength of materials theory). 


This is 
32M | 4c? c-—1 
rd fe(c — 1 


iM a 
0.750(a/R) 
7Ta°’ 


0, = 


- 0.750(a/R)* 4 


R a. 


So, the usual design formula is quite satisfactory. 


where c = 
As an ex- 
ample, for (a/R) = 1/5 the design formula is about 1.7 per cent 
low. As further confirmation, Berry [11] has shown in many ex- 
periments that the ordinary design formula is accurate. 

The stresses in equation (9) may be combined in the usual man- 
ner to obtain the maximum combined shear and normal stresses 
on any plane through the critical point. These are the principal 
results of this part: 


iV , (6 + Ov + 4p? (: 
: 8(1 + v) 


19 vp + 20v? + Sv) 


90/1 + Vv) 
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which 


These equations are plotted in Fig. 5 using vy = 0.3, 


4M ( a ) ( a \? 
—1l — 0.8: — 0.64 - 
tra’ | R R 


gives 


Cmax = 


iM | 1 ( a ) . ( a \? 
+ 0.36 + 0.20 
ra* 12 R R 


Spring Deflection. The amount of spring wrap-up or coiling 


(®) is given by 


iM RO ' (3 — 7v — 20v? — 8?) ( a \? 
rate i8(1 + v) R 


bt eet... | 13 


d = BRO = 


where @ is defined in reference {3}. 
For vy = 0.3, this is 
4M RO 
mwa‘E 


wher Vv 1 l (=) 1.3p? 
ere = — 0.018 + 1. Tce 
R . 


The second term of WV, is negligible. 
Two design formulas are in common use for this quantity: 
a) Directly from elementary theory [10] 
8MRn 
Ea‘ 


SU Rn 
Ea‘ 


128 MWRn 
Ed‘ 


b) Some texts [12] on advanced strength of materials give a 
pitch correction, based on elementary considerations, as 


ee a ee 
GI, EI 


SU Rn 
Ea‘ 


where I, = polar moment of inertia 

As an example for p = 1/5, v = 0.3, (a) is 5 per cent too small, 
(b) is 4 per cent too small. 

Berry [11] measured the angular deflections of many torsion 
springs and discovered that the deflections were considerably 
larger than those predicted from the foregoing (a). He does not 
give values for the pitch of the springs he used. However, all of 
his results may be reconciled by equation (14) if one assumes 
pitch angles of about 5 to 20 deg. 

Equation (14) is plotted in Fig. 6, neglecting the small (a/R)? 
term. 

The Diametral Contraction. 
spring helix (AR) is 


The diametral contraetion of the 


4M R? 
nratE 


(15 + 1l7y — 8’ 
—|] + - 
418(1 + v 


AR = —KR* = 
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Fig. 5 Maximum stresses at critical point in torsion spring 
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= 8MRn 
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Fig. 6 Deflection of torsion spring 


where A is defined in reference [3]. 
For vy = 0.3, 


4MR? a \? 
R= — 1 — 0.307 {| — _ 
an watE [ (: ) , 


] (16) 


If there are space limitations this contraction may be impor- 


tant. 
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Linear Coupling. The vertical displacement (5) of a point on 
the spring helix as the torque is applied is the linear coupling as- 
sociated with torsional loading. This is 


4M R60 
= CR = = py 
watE 


- 8M R2n 


Ea‘ ph 


where C is defined in reference [3]. 


Check by Maxwell’s Reciprocal Theorem 


The tension and torsion-spring results may be superimposed. 
When this is done the total wrap-up angle (®) of the spring 
may be written as 


e ® = a, M + anP 
and the total spring extension may be written as 
6 = ayM + anP 
According to Maxwell’s reciprocal theorem, a2; must equal ay. 
4,2 is obtained from equation (8). 
Using E = 21 + v)G, 


8REn 
a: = pv 


Ea‘ 


a is obtained from equation (17). 


and so these coefficients are in fact equal. 
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and curvature are considered. 
slice’’ method which reduces the variables from three to two. 
is deduced from considerations of symmetry. 
of the boundary-value problem, produces algebraic equations which are then solved 


Ta. problem of a helical spring of round cross section loaded 
Both deforma- 


Some aspects applicable to both 


bv an axial force (tension spring) is solved here. 
tions and stresses are obtained 
this problem and the similar one where the load is an axial twisting 


moment (torsion spring) are considered simultaneously. The 
torsion-spring problem is solved in a companion paper {1 }.? 


The problem of the stresses in the tension spring has been at- 


Phe results presented in this paper are based upon a thesis sub- 
mitted by the first author to Stanford University, Stanford, Calif., in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy. Most of the work was supported by the Office of Naval 
tesearch through Contract Nonr 225 (29) (NR-064-241) with Stan- 
ford University 

2 Numbers in brackets designate 
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AMERICAN SocreTy oF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
Discussion 


teferences at end of paper 
(Coast 


chanics Division, Los 


until January 10, 1959, for publication at a later date 
received after the closing date will be returned 

Not! 
understood as individual expressions of their authors and not those of 
the Society. Manuscript ASME Applied Mechanics 
Division, October 10, 1957. APM-11 


Statements and opinions advanced in papers are to be 


received by 
Paper No. 58 


Theory of Pitch and Curvature Corrections 
for the Helical Spring—I (Tension) 


The helical spring of round cross section loaded in axtal tension ts solved. 


Both pitch 
All deformations and stresses are obtained by a ‘‘thin- 
The form of the solution 
This knowledge, applied to the equations 


tacked by Okubo [2 He utilized the solution of Gohner |3} for 
an axially loaded bar of round cross section whose center line is a 
circular are as a first approximation (zero pitch). Essentially, the 


stresses are determined as doubly infinite series in the small 
parameters spring pitch and ratio of cross-section radius to 
Okubo’s results are taken to the first 
The results here go beyond Okubo in 
This is 


necessary in order to determine the relative importance of pitch 


only power! 


coil radius 
in the pitch parameter 


being taken to the second power in the pitch parameter. 


In addition, all the displacements (for 
The 


prediction of displacements is as important as stress analysis in 


and radius ratio effects 
which no prior formulas have been found) are determined 
spring design 

For either problem, when the coil is cut by any vertical radial 
plane, the cut section is circular and the resultant moments and 
forces on the cut section are the same as on any other section, Fig 
1. Hence the coil may be cut into any number of equal pieces, all 
identical in shape and loading. Therefore the stress distributions 
over all cross sections and the warping and distortion of all cross 
sections are identical. Thus it is possible to express these quanti- 
ties as functions of only two co-ordinates £', (’, attached to the 


center of the cross section, Fig. 1. In other words, both problems 





Nomenclature 


= cross-section radius 

= constant coefficients 

= displacement functions 
direction cosines 
tan Y, spring pitch 
evlindrical co-ordinate 
r, 0, z displacement components 
distortion and warping components Of Uy 4, z 
dimensionless displacement components 
cylindrical co-ordinate 
coefficient in spring-extension term 
2 V, (Ta'G 
operators 
function expressing boundary curve 
shear modulus of elasticity 
coefficient in radial-displacement term 
coefficients in radial-displacement series 
AK /C, K/C’, dimensionless K 
coefficient in rotational-displacement term 
coefficients in rotational-displacement series 
L c, L i. dimensionless L 
coefficient in rotational-displacement term 
twisting moment 
PR, twisting moment 

r axial load 


R = 


mean radius of spring coil 
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coefficients in displacement series 

coefficient in rotational displacement ot cross 
section 

coefficients in 8-series 

B/C, B/C’, dimensionless 8 

pitch angle 

a/R 

strain components 

z — pr@, co-ordinate 

¢'/a, dimensionless ¢' 

evlindrical co-ordinate 

6, co-ordinate 

constant of proportionality 

Poisson's ratio 

R — r. co-ordinate 


&’/a dimensionless £' 
coefficient in rotational-displacement term 
stress (evlindrieal co- 


normal components 


ordinates ) 
normal stress components in £’, ¢,’ @’-system 
dimensionless o',. ¢. z 
shear-stress components (cylindrical co-or- 
dinates 
shear-stress components in £', (', @’-system 
dimensionless T',9, ¢z, rz 
angle of rotation about r, 6, z-axes 


spring deflection per turn 
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may be reduced to an analysis of a typical infinitesimal slice of 
the coil. 

Although the warping and distortion of all cross sections are the 
same and thus may be expressed as functions of the co-ordinates 
&’, ¢’ only, the total displacements of the points in the cross sec- 
tions are not necessarily functions of £’, ¢’ only. Certain other 
motions may be added to the warping and distortion. Some of 
these will depend on the particular cross section chosen (and thus 
will be functions of 6’). These additional components of dis- 
placement must be such that they produce stresses which are 
functions of £’ and ¢' only. 

We have chosen to set up the boundary-value problems on the 
The nature of 
these functions will now be explored systematically. 


displacement functions rather than the stresses. 


Form of Displacement Functions 


The unloaded spring may be thought of us a number of identical 
thin laminae (formed by cutting the coil by vertical radial 
planes) all glued together. After loading, the final position of a 
typical lamina may be specified by a rigid-body motion of the 
lamina (which is different for the different laminae), plus a dis- 
tortion and warping of the lamina which is the same for all of 
them. The rigid-body motion may be uniquely specified as fol- 
lows: Consider the base lamina Ao( Bo) at 6 = O in the unloaded 
bar, Fig. 2. When the spring is loaded the base goes to some 
neighboring position Cy and is warped and distorted as shown. 
The points of Ao may be joined by displacement vectors to the 
points of Co and these vectors define a volume between Ao and C5. 
Consider next the lamina Ag at @ in the unloaded bar. After 
loading it occupies the position Cg. Let Bg be the plane figure 
having the same relation to Cg as Ao Bo) has to Co. The two 
volumes are congruent. Then the total displacement of points Cg 
is representable as the rigid-body displacement of the plane 
figure Ag to Bg by rotation and translation, followed by the warp- 
ing and distortion displacement from Bg to Co. 

Thus the displacements may be specified mathematically as: 


u, = un(&’, £’) + fil’, , £) 
ug = ual’, £') + falk’, OY, £") (1) 
u, = unl(&’, rg”) + FE’, 6’, ¢’) 


where &’, ¢’, 6’ are co-ordinates attached to the centroid of a 
particular cross section, u,1, Ug, Us are the warping and distortion 
functions, and fi, fe, fs are the rigid-body rotation and transla- 
tion functions. The dependence of the rotation and translation 
functions on 6’ may be determined by consideration of a typi- 
cal lamina, Fig. 3. 

As an example, a rotation of the lamina as a whole about the 6’- 
axis is shown. The back end has a rotation w, and the front end 
a rotation w + (Aw/A6@’)d@’. Since all such slices are identical, 
the term (Aw/A@’) is independent. of 6’ and is therefore a con- 
stant. Hence the rotation at any section is a constant plus an 
amount which is proportional to 6’. The same argument holds 
for all the rotations and translations, therefore each may be con- 
sidered in two parts; a constant motion plus a motion propor- 


\ 
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Fig. 3 


tional to 6’. The latter is a motion of the lamina in question rela- 
tive to the base lamina. These functions may be even more 
definitely specified by the following symmetry considerations. 

First, the constant part of the rigid-body translations are ob- 
served. The constant translatioa of each lamina in the z-direction 
is discarded as merely a rigid-body motion of the entire spring 
along the z-axis. 

Fig. 4(a) shows a constant radial translation u,, and a constant 
translation ug, in the @’-direction observed at two different cross 
In Fig. 4(b) the spring has been turned over 180 deg 
about R. The problem is the same but ug has been reversed. 
Since this is impossible, the ug-motion is discarded. The radial 
displacement must be retained, however. It is part of f; and may 
be written as KR? where K is a constant and RF? is included 
merely as a dimensional convenience. 

Next, those parts of the translations which are proportional to 
6’ are considered. Fig. 5(a) shows a radial motion (u, inward) of 
the right end with respect to the left, and a motion (ug to the right 
along the coil) of the right end with respect to the left. In Fig. 


sections. 


Fig. 5 
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(b) (c) 
Fig. 6 


5(b) the spring has been turned over 180 deg about R and the 
motions of the left end with respect to the right are shown. The 
corresponding motions of the right end with respect to the left for 
this case are shown? in Fig. 5(c). Comparison of Figs. 5(a) and 
(c) shows that u, must be discarded and ug retained. The latter 
contributes to f; and may be written as 826’, where 6 is a con- 
stant. 

The relative translation in the z-direction is illustrated in Fig. 6, 
where a vertical plane has been passed through the upright 
spring and exactly one half turn is shown. A relative displace- 
ment, u,, of the right end with respect to the left is shown in Fig. 
6(a). The spring has been turned upside down in Fig. 6(b). The 
relative motion of Fig. 6(6) may be interpreted as shown in Fig. 
6(c). A comparison of Figs. 6(a) and (c) shows u, must be re- 
tained. It contributes to f; and may be written as CR?’ where C 
is a constant. 

It should be noted that all these results apply to both problems 
as the load vectors shown may be considered either as forces or 
moments. 

In the preceding discussion, all the displacement vectors along 
the axes may now be considered as rotation vectors about the 
axes and the arguments are the same. This means only three ro- 
tations remain. The first is a constant rotation about the radial 
axis £’ which contributes to f., a term which may be written as 
LR¢&’. The second is a relative rotation about the [’-axis which 
also contributes to f, and may be written pR@’E’. The last is a 
relative rotation about the 6’-axis which contributes terms to both 
The term in f; is written /6’¢' and the f,-term is 
L, p, and M are constants. 


hi and ts. 
~Me'e’. 


Equations (1) may now be written as follows: 
"£9 + KR? + ME’ 
+ CRO’ — ME'#’ 


(2, 5° 


ee - LR’ 7 BR*0’ eM pRE'6’ 


ug = uals, 


Later it will be shown that p = —8 and M = 0 

These same functions f;, f2, fs may be arrived at by a more com- 
plicated analysis of the center line of the spring using Casti- 
This method gives some additional information 
The details of 
this analysis are given in the appendix of reference [4]. 

The odd and even character of the warping and distortion func- 
tions un, Un, um for both problems may be determined by an ex- 


gliano’s theorem 
which is useful as a check on later calculations. 


amination of Fig. 7. 

In Fig. 7(a) displacements un, vg, and uv, are shown at a typical 
point in the cross section on the left-hand end. Since all cross 
sections have the same warping and distortion the corresponding 
displacements on the right-hand end will be as shown. wm is a 
vector out of the paper on the left and into the paper on the right. 
The coil is now turned over 180 deg about a central axis normal to 
the paper into the position shown in Fig. 7(b). The right-hand 
end becomes the left-hand end and the displacements go into the 


3? Only motions along radii and along the coil are considered. The 
vectors in Fig. 5(c) are not those of Fig. 5(b) reversed. 
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Fig. 9 


upper half of the cross section as shown in Fig. 7(b). Since the 
problem in Fig. 7(b) is identical with Fig. 7(a) the displacements 
in the lower half of the cross section of Fig. 7(6) must be the same 
Fig. 7(b) reveals that u, is even 
This information is useful 


as Fig. 7(a) and are so shown. 
eo oe 
in [’, and ug and uy» are odd in ¢’. 
later in solving for these functions. 


Mathematical Formulation of Problems 

Since the stress distribution is the same for all cross sections, a 
proper choice of co-ordinate system will eliminate one dimension, 
6’, from the boundary-value problem. A system 6’, &’, ¢' is 
chosen which moves with the cross section and rotates so as to 
keep two axes in the plane of the cross section, Fig. 8. 
measured from point A. 

Hence from Figs. 8 and 9, 


= R 


-, 


¢’, ¢' are 


Pe 
Ss 

0’ =806 
o’ =2 — pRo | 

where p = tan y, and y = pitch angle. 

The boundary-value problems will first be set down in cylindri- 
cal co-ordinates and then transformed to the co-ordinate system 
just given. The following equations in cylindrical co-ordinates 
are well known in slightly different form [5]. The usual notation 
is employed. 


The stress-displacement relations are: 


2G 
(dap 
— Dy 
2G ou, 
y 
— 2p or 


2G 


( 1 Ou, Que 
G + 
r o6 or 


o( + 1 ou, 
oz r 06 


a( ou, 4 | 
oz Or 
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where 
(4) 


€ = (cont. ) 
where 


The equilibrium equations are: 


l 
[2 — v)Di(u,) + 


ty) 
r? 


The last equation is freed of 6’ when p = 


: : pR Ou, ug 
Te = G - 7 
R &') o¢ vé 


‘a 


R - 


‘ ( Ou, Ola ) 
where E G ost =~ 
F or of 


The equilibrium equations are; 


The boundary conditions on the lateral surface are: 
Tem + Ten + Gol 
Cm Tr Tn T Tol 


T,," + On + To,l 


ra 


where /, m, and n are the direction cosines of the boundary sur- 
face, with respect to the directions r, 6, 2 increasing 

The conditions imposed by the force and moment resultants on 
the cross section depend on the particular problem being dealt 
with and will be introduced later. 

Transformations (3) and displacements (2) are now applied to 
equations (4), (5), and (6) along with relations of the type: 

o Oo Oo’ Pe. o of’ 


Oz of’ Oz c’ 00’ oO: 


where 0£’/0z, ete., are determined from (3). This transforms the 
equations to co-ordinates &', ¢’ 
The stress-displacement relations are: 
iain ‘eens + tn + KR? 
-s r v , 
Of R - 


R Oe, REL On 
pr . = ; L mam of BR 4 é 
(R — &') o¢’ (R £’) or 


It has been shown previously that this equation must be inde- 
pendent of 6’. Therefore V= 0, so: 


2G Our Oue 

— 2y) [ a ’ of’ bs of’ )| zo where 
Our 
xe) 
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The boundary conditions are now replaced by: 


ail 


In the previous discussion of the form of the displace ment lunce- 


tions all the irguments hinged on the assumption that the cross 


section had exactly the same appearance when the coil was turned 


over. This requires the cross section to be symmetrical with re- 


} 


the £’-axis. Other than this, the problem is perfectly 


spect to 


general as t f cross section 


The 


Cod hy £ r 2 2 
fied by & 4 = @", 


o shape ¢ 
cross section Is now particularized to the circular shape 
a is the cross-section radius 


speci where 


The 


ratios 


direction cosines (which are proportional to the direction 


ire now determined from: 
of oF oF 
n= -» n= 
ov Or 
f < + ¢ a? and yp is a proportionality constant 


vhen these 


where 


s out are substituted into equation (10 


which canes 
When the ine 


tion (3) and relations of the tvpe: 


licated operations are pe rformed using transforma- 


oF o8 
ow Or 


cirectior 


thie 


Okubo {2} has derived the companion equations to the fore- 
going for the boundary-value problem on the stresses, using rotat- 


ing axes, rotating stress components, and the complex variable. 


The present mit thod is simpler 


Method of Solution 


The difficult boundarv-value problems described in the fore- 
going may be reduced to a series of less difficult boundary-value 


problems as follows: The solution is taken as an infinite series in 


p. Since the solution must be valid over a range of values for p, 
the coefficients of like powers in p may be collected and equated 
to zero in all the equations of the problem. Then the coefficients 
of each power of p are expanded in an infinite series in € which 
again may be separated by collecting like powers of € and equating 
to zero. This produces the series of simplified boundary-value 
proble ms relerred to previously. The unknowns in each of these 
simplified problems are functions of the co-ordinates &', ¢’ only 


Finally, the unknown functions are taken as poly nomials in the 
and substituted into the differential equ itions, 
and the 
This vields algebraic equations in the co- 
The 


cross section, hence in 


. tes £°.¢ 
co-ordinate ¢,§ 


houndary conditions, conditions on the resultants in 


simplified equations 
ind 


valid over 


ordinates &°, ¢ the coefficients of the polynomials 


solutions must be the entire 
each of the algebraic equations like powers of the co-ordinates are 


again collected and equated to zero This vields algebraic equa- 
poly 
simultaneously 
The kind of poly nomials to assume 
ill the unknown functions of the co-ordinates on 
each of the and 
all the other terms on the 


tions o1 the nomial coefficients onl which are then solved 


may be arrived at in each 
cause by 
the left-l 


boundar \ 


putting 


ind side ol differential equations 


conditions and right-hand 


TI e cde gree ol the highest degree poly nomial which must be 


side 
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assumed is then the degree of the highest degree polynomial on 
the right-hand side plus the order of the highest order derivative 
on the left-hand side. Each equation is examined in this fashion 
and the highest degree require din any equation ts the one taken 

No higher degree poly nomials are necessary, a8 May be seen by 
Inspection of each particular Cust All the higher degree 
a set of simultaneous homogeneous alge- 


poly - 


nomials will result in 


braic equations on their coefficients onlv, which give only zero 


solutions 

The equ sitions to he solved become very complicate d as higher 
Conseque ntly the solutions have 
Table This is far 


relative importance Ol p 


powers ol p and € are taker 


been obtained only as far as shown in lL by z's 


enough to permit an evaluation of the 


and € 


The Tension Spring 
It is convenient to put the equations in dimensionless form by 


use of the following new variables: 


and the parameter ée€ = a/R 


A 


Let A be a fixed axial displacement of the spring per turn, Fig. 
10 From the second term of u, in equation (2), the axial dis- 
placement is CR*0’. Therefore A = CR? A/2r 
Hence the displacements have been divided by a fixed axial dis- 
placement per radian. The corresponding load P, or twisting 
PR, Is an unknown to be solved lor 


2rCh? or 


moment M, = 

Equations (11) and (12) are substituted into equations (7 » (3S), 
9%), and (10 The dimensionless forms of the equations are 
given below 


The stress-displacement relations are: 
i 
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where 
e (14 
oO? € re) e (14) 
~ | (cont.) 


D; = - - - 
0§.2 (1 — €&.) O€. (1 — €.)? 


The boundary conditions on the lateral surface are: 


+ 


- 
—§.T,6 T 4fa = 


The resultant forces and moments acting on each cross section 
must conform to certain requirements which are the same for all 
7 Ou. . cross sections. The resultant force in the z-direction must equal 
— €€.)e O¢. ; P (the external load), the torque about the 6’-axis must equal PR 
(which is M,), and all other resultants must vanish. 
This leads to the following six conditions on the solution which 
must be satisfied: 


ones P — 
P= Te, dE'd§ or ——— T9,.dé.d¢. 
A Ca®*RG A Aa’ 


M, (T, SY dé d¢ or 


s 


Vv. of 
u.+ K. a a CaikG rs J | , 
tf : tT dé.d¢. 


IJ, oo.d5.d§ 
a &.dé.dae 

ff, §-4¢-48 
tf oo ¢.dEde. 


The odd and even character of the pitch series will now be ex- 
amined. In Fig. 11(a) the warping and distortion displacements 
u., v., and w. on the left end are taken as positive at a typical 
point in the cross section (v. is into the paper). Since all cross 
sections have identical warping and distortion, the right end is as 
shown (v. is out of the paper). The mirror image is shown in Fig. 
11(b). The two left ends are compared. The force P and the 
pitch p are reversed. Since all the displacements are functions of 
p, €, €., €., and are proportional to P, the warping displacement v’ 
may be written asv. = Pf(p, €, &., ¢.) for Fig. 11(a), and, by com- 
paring left ends, —v. = —Pf(—p, ¢, &., ¢.) for Fig. 11(b). Conse- 
quently, f(p, €, &., €.) = f(—p, 6 &., §.), or v. is even in p. Simi- 


larly, wu. and w. are odd in p. 


Fig. 11 
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Fig. 13 


In Fig. 12(a), vectors representing the umform radial displace- 
ment A,, 
the left end 
as shown. A 
tilting of the cross section about &. which requires motion into the 


the uniform tilting of the cross section L. are shown on 
The right end will have corresponding displacements 

is inward for ali sections. UL. comes from a uniform 
paper on the right end if it is taken out of the paper on the left 
end. Fig. 12(b) is the mirror image of Fig. 12(a) and has negative 
The foregoing quantities depend on p and € and 
In Fig. 12(a) K. 
Therefore K. is 


pitch and load. 
are proportional to P. Left ends are compared 
= Pf(p,e¢). In Fig. 12(b) K. = Pf(—p, € 
odd in p. Similarly, L. is even in p. 

The dimensionless stretch 8. is shown in Fig. 13(a) as a dis- 
placement of the right end with respect to the left end and is a 
vector out of the paper. Fig. 13(6) is the mirror image of Fig. 
13(a) and shows displacement of the left end with respect to 
the right end. Fig. 13(c) is the same as Fig. 13(b) except that the 
displacement of the right end with respect to the left end is 
shown. From Fig. 13(a), 8. = Pf(p, €) and from Fig. 13(c), 8. = 
— Pf( —p, €) and therefore 8. is odd in p. 

The p series may now be written out: 


u. pU, + pu; + 
pW, + pW, + 
Vo + p?V2 + 
pK, + p*K; + 
Ly + pla + 

B. pB: + p*B; + 


where U,, W,, and V,, are functions of ¢, &., and ¢., and K,, L,, 
8,, are functions of € only. 
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The method of solution is indicated in the preceding section 
The equations resulting from this step-by-step process are as- 
sembled in the Appendix. The final results of the solution are 
now given, but first slightly different dimensionless quantities are 
defined 
been made dimensionless by dividing by C. 
C itself is a function of p 


All the stresses and displacements of the problem have 
As may be seen in 
the Appendix, equations (22) and (28), 
and €. To show the influence of this function, each dimensionless 
stress and displacement should be multiplied by this function 
Also, it is convenient to divide each dimensionless stress by € and 
the dimensionless displacements by ¢*. All this may be ac- 
complished by defining new dimensionless stresses and dis} 1ace- 


ments as follows: 


Let: New T+ 


QM, 


ra‘t 


Now the dimensionless quantities are: 


£ 


j(2 + 3y) 
+ €< &.¢ 


Cc +e 

, 141 + 7) 
(7 + 6r) 
8(1 + v) 


_ (7+ By) P 
T ga + v)f ee “*e 


, _ (21+ 187) 
S1+yv) ~ 
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j(1 + 3v + 4y?) 

(O) + €« E.2 

»| , \ 4(1 + v) . 
(3 + 2y)| | 

> + rae. 


5 — 4y2 
11 + Sv at 


4(1 + v) ~ 41 + vif sian 


=p 28 + ; 


(17 + 20r) 
£2 
81+) ° 
(5 + 4y)I 
8(1 + v)f se 


(5 + 4v),, 


( 
&(1 + v) 


(19) 
(cont.) 


v , (2 + v) 
2 e. 
1 9)” 21 + v)° 
7 (21 + 14v 
) Jon , t 
1 16(1 + v) 16(1 + 


(7 + 18y + Sv?) . ) 
t3k 
18(1 + v) = 


1 
i tc 
wu. = p . 
laine 


(5 — 8) ,, (1s + 8y — 8v?) , 


~ 48(1 + ») >" 


— 
set ev) 


is 
116(1 + v)° 


16(1 + v) 


(3 + v) 
)? _ 
21 + v) 
(1 + 2r) 
=pi- -+ ¢«O0)+... + 
(1 + vp) 


v 
DO. = p + €0)+...3+¢+... 
(1+ pv) 


2M, 
si ratg 
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APPENDIX 


The equations resulting from the process of solution, described 
in the section ‘‘Method of Solution,’ 
form here. 


are collected in summary 


The p-series of equation (17) are substituted into equations 
(13), (14), (15), and (16). Like powers in p are collected. 
The Zero Order in Pitch. The equilibrium equation Is: 


07Vo o7Vo oVo 
o¢.? o&.? - .) O€. 


The boundary condition is: 


£. [es] 


t 


+ £.[e,] = 0 


The conditions on the resultants are: 


Sf, edé.de. = 0) 
. = 1E.d¢t 
Cak?G 7" JIA ‘ecieal 
M, 


CaRG — 


where 


+ el + 


The last two conditions on the resultants are to determine the 
load P (or moment PR = M,) which corresponds to the imposed 
deflection C. 

The e€-series are now written. 

+ €Vor + €?Vo2e + €9Vo3 + €*Vo4 4+ 


Vo = Voo 
Lo = Loo 


9 


+ €Lin + €or + €8Los + €*Log 4 
Where Vo, are functions of &. and ¢. and Lp, are constants. 

(21) is now substituted into (20) and like powers of € collected. 
In this process the fact that € is small is used by introducing the 


expansions: 


(l —- e&. )? 


For each power of € the resulting equations are summarized as 
follows: 


(a) The equilibrium equations, boundary conditions, and con- 
ditions on the resultants. 

(b) The assumed solutions (polynomials in &. and ¢ Proper 
account of oddness and evenness is taken here. 

(c) The algebraic equations obtained by substituting (4) into 
(a) and collecting like powers of &., ¢. In this process, whenever 
boundary conditions are considered, the equation of the boundary 
(2 = 1 — &.? is substituting before the collection of like powers. 
The integrations in the conditions on the resultants are over the 

-_ , 


(2 = 


unit cirele, £.2 + 
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d 


The simultane ous solution of the equations in (¢ 


\ homogeneous differential equation with a 
homogeneo boundary condition requires a zero solution 


€ 


ontained 


results thus { 


, to give: 


CatG 


( omparing the first term on the right-hand sic of these equa- 


tions it is seen that VW, = PR which is, of course, necessary and is 
a consequence of the proper se lection of the displaceme nt fune- 
tions. The next term (not found) in the first equation will match 
up with the second term in the second « quation It is not shown 
because solution was stopped before it was reached It should 


be noted that fore = 0, P = 0 
This is the limiting case of zero curvature, and the proble m 


reduces to torsion only of a round bar For this case 


rea‘G 
R—+ =, P—v ind PR = V, = 


The results given in the foregoing are substituted into (13 


to 
obtain the stresses 


The results for p® are summarized 


= () identically 


ba) 
0 identically 


i. = identically 
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é. 
(138.2 — 9¢.2 + 4) 
ig (138 $ 


7 ’ ¥ 
- CaG (0) +e+... 


Ca‘*rG 1+ 3 24 


The 7,9, 79,., and M, results just listed check those of Géhner 
{3} for the circular bar. 
The First Order in Pitch. 


21 — v) [ aw aan eK, | + Oru } 
(1 — 2v) (1 — €€.) or.? 
1 1 2V,  ~—s "a: 
Ta — 9%) E — &.) ay." (a - S| 
(3 — 4r) € oVo €*Lo 
~ (1 — 2y) |; - eé.)? ar. ae €&.)? 
eB, 1 ow, 
(i- | ~ (1 — 2p) df.a¥. 


The equilibrium equations are: 


1 aU; e€ ow, 

(1 — 2y) | - agar. | (1 — e.) ae. 
1 — v) aw, 
(1 — 2) o¢.2 
ew, 


(1 — €.)? | 


ss oo | + 
(1 — €&.) o¢.? 


+ D& Wi) + 


The boundary conditions are: 

. f21 —v) aw, 2v ( =) 
&€ —— i —__—— € — 
(1 — 2v) O&. (1 — 2p) “ or. 

ai + Vo 

aaa . € -—— -——- — —_———— 

oo ak) oe 


g- 
€eVo : 

(1 — €.)? 
eLof. 


(1 — €é.)? 


Pau -—v)am 
$6 FT 5+ (a — ay) de. 


2v ou: 1 
< ms —+@) — > 
(1 — 2v) dé. (1 — e€.) 


‘ elo € 


(1 —e¢&) (1 — €&.)? 


The conditions on the resultants are: 


Sf, [ver + (1 — ves|dé.df. = 0 
Sf, (ver + (1 — veslé.dEdo. = 0 
Sf, [ver + (1 — vyes|]f.dé.dg 


where 
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_— &U; + Ki) l oVe 


(l—e.) (1—eé.) ae. 


ou; ow, 

oe. dé. 
ou; ow, 

_ + - 
dé. of. 

o? € o 


D, = - 
* ab2 UL — e€.) dé. 


(1 — e€.)? 


The values of Vo and JZ» are taken from the first section in the 
Appendix, and substituted into (23). 
The e-series are now written: 
U; ™ 
Wy = 
RK, = 
B, = 


Uo + Un + 2Un + AU t+... 
Wo + EW + eWie + eWis | 26s 
Kw + €Kyn + CK +... 
Bio 2 EB, » Bi» - sas 
where U;, and W;, are functions of £. and ¢. and K,, and @;, are 
constants. 
The remaining equations are now displayed as in the first 
section of the Appendix. 


@ 


21 —v) Uw | dU 1 DW 
(1 — 2) dg? 


(a) . _ - - = 
: o¢.? (1 — 2v) d€.d8. 


l Ped BT 21 eat o?Wio 
(1 — 2v) d€.0¢. (1 — 2v) o¢.? 


. [21 — v) Wy 2v we | 
“LQ — 2v) dé. 1 — 2v) of. 


a (2 ) - 
a a 
: Ui Wwe] , . [21 —v) Wo 
"Lag. "8. **L(1 — 2y) ar. 
: oU wp > 
(1 — 2v) og. | 
Sf, esd Edt. = 0; ff, est.dé.dt. = 
Sf. 


Wo 
fh ~ 
o&.? 


es .dE.d¢. = () 


where 
Ol io OW ro 
0&. oe. 


@& = 


(b) Uy = Wy = 0, a constant value for Uo is excluded by the 
existence of Ky. 
e! 
l ew 
(1 — 2v) d€.o¢. 


21 —v) Un U; 

(a) 7 “ 
(1 — 2v) o€. o 

l fod Ber 


21 — v) eWn 
(1 — 2v) d&.0¢. (1 


— 2v) o¢.? 


Wn 
of? 
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+ (1 — vyes|ldé.dt. = 0 


vey lé.dé.dt. = 0 


ve lf. dé.dt. = 0 


where 


— 7v — 24y? 
t 
an Set +. 9) * 


2v 
(1 — 2y) 


- vey ldé.dt. = 0 


V é2 lE.dE.do. = 0 


V é2/f .dé.df. = 0 
where 
where 


T £.Ki0 T g. + Bu 
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tya. + Avh 


16(1 + v) 


0; Ky = 


The foregoing results are substituted into equations (15 to ob- 


tain the stresses. The results for p! are summarized 


.; rr, ; 
d => €* . . — ‘ 
, 21+ 7)” 2Ai+pv)° 

) 7 a 


21 + 14y — 8? , , 
oe 
) 1641+ 7)” 


16(1 + $5 
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48(1 


= () identically 


0 identically 


Ta, = 0 identically 


The stresses given in the foregoing check those of Okubo [2 


The Second Order in Pit h. The equilibrium equation Is 


The boundary condition is: 


; l ol: oV, 
g > “" t » 
(1 — €&.) of. Os. 


av: 
of. 
2¢. 
(1 — Qvyl — €& 
The conditions on the resultants are: 


l ol: oV, 
‘ (1 — €&.) of. o€. 


(1 — €€ 
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, term in €. is excluded by the existence 


26) 


cont 


CakG 


™ t ieat 
or . . —s 


The last two equations in equations (26) are to determine the 
load P (or moment PR = M,) which corresponds to the imposed ri 
deflection C. The values of Vo, (,, W, are taken from the pre- 
ceding sections of the Appendix and substituted into equations 
26 


The results given in the foregoing are substituted into the 
two equations of equations (26) to give: 


P=04 
The e-series are now written: 


Cra‘G 7 
V2.= V "on af mr a ar -* e 


L,= L ‘ 
P is zero as far as taken because there are no curvature cor- 
whe re V ,» are funetions ol E ’ ¢ ’ and Lon are constants. rections im this pam of the solution and - this - the solution - 
The remaining equations are displayed as before. - slant cylinder in vorsion vnly. 

The results given in the foregoing are substituted into equa- 
tions (13) to obtain the stresses. The results for p are sum- 


marized. 


0 identically 


= () identically 
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C. J. ANCKER, JR. 


Manager, 
Analco Services Co., Chicago, Ill. 
Mem. ASME 


J. N. GOODIER 


Theory of Pitch and Curvature Corrections 
for the Helical Spring—ll (Torsion) 


The helical spring of round cross section loaded in axial tension is solved. Both pitch 


and curvature are considered. All deformations and stresses are obtained by a ‘‘thin- 


Professor of Engineering Mechanics, 
Stanford University, Stanford, Calif. 
Mem. ASME 

metry. 


slice’’ method which reduces the variables from three to two. 
in a previous paper.* 
This knowledge, applied to the equations of the boundary-value problem, pro- 


The method is described 
The form of the solution is deduced from considerations of sym- 


duces algebraic equations which are then solved. 


Tax solution to the problem of the helical tension spring of 
round cross section has been presented in a previous paper.*. .A 
thin-slice method of analysis was fully developed there. The 
same method is used here. 

The torsion-spring problem does not appear to have been 

worked out previously by the systematic methods of the theory of 
elasticity. 
1 The results presented in this paper are based upon the thesis sub- 
mitted by the first author to Stanford University, Stanford, Calif., in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy. Most of the work was supported by the Office of Naval 
Research through Contract Nonr 225 (29) (NR-064-241) with Stan- 
ford University. 

2(¢, J. Ancker, Jr., and J. N. Goodier, ‘‘Theory of Pitch and Curva- 
ture Corrections for the Helical Spring—I (Tension),’’ see this Jour- 
NAL, pp. 471-483. 

30. Géhner, “Spannungsverteilung in einem an den Endquer- 
schnitten belasteten Ringstabsektor,’’ Ingenieur-Archiv, vol. 2, 1931, 
p- 406. 

40. Géhner, “Zur Berechnung des gebogenen oder gedrillten 
Ringstabs mit Kreisquerschnitt und der zylindrischen Schrauben- 
feder,"’ Ingenieur-Archiv, vol. 9, 1938, p. 356. 

Presented at the West Coast Conference of the Applied Me- 
chanics Division, Los Angeles, Calif., September 8-9, 1958, of THe 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 10, 1957. Paper No. 58—APM-9. 


Gohner’s work* included only the case of zero pitch for the 
stresses and part of the displacements. This extreme case pro- 
vides a check on our solution. 

Certain preliminary considerations applicable to both problems 
were established in the previous paper.?. These are recapitulated 
now. 

The boundary-value problem was stated in terms of the dis- 
placements and was transformed to the £’, ¢’, 6’-co-ordinate sys- 
tem shown in Fig. 1. It was shown that the stress distributions 
on all cross sections and the warping and distortion of all cross 
sections are identical. From these facts and from certain con- 
siderations of symmetry it was shown that the displacements have 
the form: 








——————= Nomenciature 


a = cross-section radius 
Pr constant coefficients 
displacement functions 


a ee 


fis 
Pp tan y, spring pitch 
r cylindrical co-ordinate 


r, 0, z-displacement components 

distortion and warping components of u, 4, 
dimensionless displacement components 
cylindrical co-ordinate 

coefficient in spring extension term 
coefficients in spring-extension series 

C/8, C/B’, dimensionless C 

operators 

modulus of elasticity 

shear modulus of elasticity 

coefficient in radial-displacement term 
coefficients in radial-displacement series 
K/8, K/8', dimensionless K 

coefficient in rotational-displacement term 
coefficients in rotational-displacement series 
L/8, L/8', dimensionless L 

twisting moment 
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Ur.0.2 
Uri O1, al 


mean radius of spring coil 


coefficients in displacement series 


coefficibnt in rotational displacement of cross 
section 

4M /(wa'E ) 

pitch angle 

a/R 

strain components 

z — pR8@, co-ordinate 

¢’/a, dimensionless ¢' 

cylindrical co-ordinate 

8, co-ordinate 

Poisson’s ratio 

R — r, co-ordinate 

&’/a, dimensionless £' 

normal stress components in £’, ¢’, 6’ system 

dimensionless o’,.6,, 

shear-stress components in £', ¢’, 0’ system 


dimensionless T',9, 4,, ;s 
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+ KR? 
ao Us( &’, ei + CRO’ 
ug = ue(t’, £’) + LR’ + BRO R — &') } 
where uy, Un, Ue, are Warping and distortion of the cross section, 
and the other terms are rigid-body rotations and translations of 
the particular cross section. K, C, L, and 8 are constants to be 


determined . wien 
In addition, it was shown by symmetry arguments that Uy, is 

even in (’ and ug,, u,, are odd in ¢’. 
The other equations ol the problem follow 


The stress-displaceme nt relations are: 


2G | 


2G 


The boundary conditions are: 
2 pRt' 
* Tés § 08 " 
R-& 
9 ; 
R-€& 


| Lp — _ ee , pre’ 


R— 


2G 


.= 2s “ie a ; ae = , PRE’ 
1 = 


2yv 
. Dy 

21 
- 2v) 


pk 4 - m The method of solution is fully described in the previous 
—_ § paper.? Briefly, it consists of expanding the displacements as 
doubly infinite series in p (spring pitch) and € (the ratio of cross- 
section radius to mean coil radiua, a/R). After these series are 
substituted into the equations of the boundary-value problem, 
like powers Ol p and € are equated to zero. This produces a series 
of simplified boundary-value problems on the coefficients of the ; 
and ¢-series. These coefficients are functions of &’ and ¢’ only 
and may each be expressed as a definite kind of polynomial) in 
< and ¢ How the pol) nomials are chosen is « xplained im the 
previous paper.? The polynomials are substituted in the simpl 
fied equations to produc e alge brak equations on E 7 
coefficients of the poly nomials Like powers ol & ane 
equated to zero, and this pro luces simultaneous algel raic ¢ 
tions on the polynomial coefficients The solution to these 


sentially completes the problem 


The Torsion Spring 


It is convenient to put the equations in dimensionless form b 
use of the following new variables: 


CG, : 


Tre" 


C, = 
BRG BRG 


oe’ TOs 
° a * 0g = 4 
07 us, . i BRG 
of or’ ; 
l . 0, 
Qua, pR*L we , j 7, = BRG 
or’ R-é& 


7 uy, OU, 0 = BR? and the parameter € = R 
aon = _ 
‘y? or"? or”? 


a 


Us; 


BR? 


In equation (1) the last term for ug shows that the angle of 
rotation of a cross section about its {’-axis is given by GRO’. 
Hence in one turn of the coil the cross section rotates 2rGR 
radians. This quantity is selected to be fixed. To make the equa- 
tions dimensionless, the angle GR (radians of twist per radian of 
the 0’-co-ordinate) is multiplied by R and divided into the dis- 
placements. The moment M, necessary to produce this fixed 
rotation, is an unknown to be solved for. 
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Equations (5) are substituted into equations (2), (3), and (4). 
The dimensionless forms of the equations are given below. 
The stress-displacement relations are: 
where 


0,. 
€&.) O€. 


The boundary conditions on the lateral suriace 


The resultant moment about the (’-axis on a tvpical cross see- 
tion must equal —.V/ (see Fig. 1). Positive 7 would be a moment 
unwinding the spring, and this problem is for a winding-up mo- 
ment. All other resultants must be zero. This leads to the fol- 


lowing six conditions on the solution which must be satisfied. 


ffaseat ra 
frases = 
iv. 
Sf, 


Tt ° p re) if 
(1 — €€.) (1 — €&.)e Of. Sat 


The equilibrium equations are: 


7 >” 


The odd-and-even character of the pitch series will now be 
examined. In Fig. 2(a) the warping and distortion displacements 
. and w. on the left end are taken as postive at a typical 
point in the cross section (v. is into the paper Since all cross 
sections have identical warping and distortion, the right end is as 
shown (v. is out of the paper). 


ov} 


“«\0 


The pitch is reversed. Comparing the two left 
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Fig. 4 


The displacements are functions of p, €, &., and 


is not reversed 
¢. and are proportional to 1. The warping displacement for the 
left end of (a , and for 


the left end of (b) as -). = 


may be written as v. = Mf(p, «, &., ¢. 


Vf(—p, 6, &, ¢ ince they are 


S 

- ‘ * & ‘- 
€ 
&. 


equal in magnitude f(p, €, &., ¢ = f(—p, €, &., ¢.) or v. Is 


odd in p. Similarly, vu. and w. are even in p. 
and tilting dis- 
The 


right end will have corresponding displacements as shown, since 


In Fig. 3(a), uniform radial displacement K., 


placement of the cross section L., are shown on the left end 
K. is inward for all sections and LZ. comes from a tilting about the 
£.-axis, identical for all sections. This requires motion into the 
paper on the right end if it is taken as out on the left end. Fig 
3(b) is the mirror image of Fig. 3(a) and has negative pitch and 
the same moment (compare left ends The foregoing quantities 
depend on p,€ and are proportional to M. Consider K.. For the 
left end of (a) it may be written as K. = Mf(p, €) and for the left 
as K. = Mf 
Similarly, L. is odd in p. 


end of (b -p,¢€). Therefore, f(p, €) = f( —p, €) and 
K. is even in p 

In Fig. 4(a) a spring extension C. of the right end with respect 
to the left end is shown. Fig. 4(b) is the mirror image of (a), and 
consequently the relative motion of the left end with respect to 
the right is shown. In (ce), (6) has been redrawn showing the 
corresponding relative motion of the right end with respect to the 
left. Comparing the right ends of (a) and (c), C. = Mf(p, €) and 
—-C. = Mf and therefore C. is odd 
in p 

The p-series may now be written out 


-p, €) orf(p, €) = fi —p,e« 
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L pl, + p'L, + 


where U,, V,, W,, are functions of €, &., and [. and A,, €, 
functions of € only 
The method of solution is the same as in the previous paper 

The equations resulting from this process are assembled in the 
Appendix. The final results of the solution are now given but 
first slightly different dimensionless quantities are defined. All 
the stresses and displacements of the problem have been made 
dimensionless by dividing by 6. As may be seen in the Appendix 
from equations (15) and (21), 8 itself isa function of pande. To 
show how each stress and displacement actually depend on p 
and ¢€, each should be multiplied by this function. Also, it is con- 
venient to divide each dimensionless stress by €, each dimension- 
less displacement (u., v., w.) by e&, and to replace Ai+v\Gbvk 
All this 


stresses and displacements as follows: 


.t 
Let 


may be accomplished by defining new dimensionless 


a, 0a 


o ‘ak BORG 


and new 


and new 


W here 


The new dimensionless quantities are: 


oa Tra 


Bak Bak 


0a Ta: 


Bak B’aE 


o T 


2 re 


B'aE B’aE 


The solution is summarized as follows: 


1% + 20v + 4v? 


p?} 0 + 
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(8 + 10v + 4y2)é.2 yi Et ad 

.- = vy + 4y2)£.2 v=ps-(l+véif. +e 

8(1 + ») s P $$ 

— (6v + 4v*)f.2 — (2 + 4y)] (11 + 16y + 8y? 

«2 

— ———— (55 + 6p + Se 
48(1 + v) 


9 


16 
+ Sy3)&.3 | 


" (9 + 3ly + 32y? + 8p? 
+ (15 — 45v — 72y? — 24y3)E.6.2 


— (30 + 26v + 4y?)£&.] 4+ 


€.] eee FPO... 


e(1 + 2p) - 


Jo - (3é.2 + ¢.2 — 


| 16(1+¥v) °” 
e 
48(1 + v 


12 


cont.) 
(8 + 22v + 8v?)é.] 


APPENDIX 
The p-series, equation ( 


(7), (8), and (9). Like powers in p are collected. 
The Zero Order in Pitch. 


10), are substituted into equatior 


The equilibrium equations : 


2(1 4 : eKo 
Dl - ~ 
1 — 2 l ef 


are: 


(12) 


cont.) 


. . | Qt” 
2 Eo. 
7 + 18v + 8?) , 5 Sp? a —s 
$ 


18 


v) OW, 
. | 19 + 35v + 17y? + 2p 


— 2v) o¢.? 
1 ¢ : 
48(1 + v) 


The boundary conditions are: 
3 + 17v + 17v? + 63), (10 + 27y — Sr5) 
— ‘ ae 
48(1 + v) ‘ 192 
(38 + 65v + 32v? + Sy?) . 


c4 
S- 


192 


(—10 — vy + 16v? + 8y?) 


2v 
‘ €2 7 
1 — 2v) 


The conditions on the resultants are: 
j (1 + 4y) (1 + 6v + 8p?) 
w. = yes - aI ——— § - - 


3 } , } he 
s|l* 48 Ps Sf, [ves + (1 — vez |d&.dg. = 0 
—3 + 6v + 8p?) (4v + Ty? + 2p3) ii 
, (-3 + 6 +8 Jew lag (4v + fv? + 2p? £¢. (ve, + (1 — vie lf.dé.dgo. = 0 
16 siti 24(1 + v) A 
(Sv + 16v? + 8y3) t 


J 2 : 
_ = ve, + (1 — poet t.dté.dt 
48 5S: BaRG ~ (1 — 2v) ff. Pat meer 


(64 04+ 2+)... I, where 
48 . Packs 


€Ko 
(l — e&.) 
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( Ue : OW w 
‘. >. > 
JJA ok. ce 


oUn . dWo | oU OW m 
i " yi —-—— + ) rdk.ag. = 0 


@& = —-— 4 - a 

o€. oe. A d&. of 
The last equation of (13) merely serves to evaluate M for a given (b) Uw = We = 0. Homogeneous differential equations with 
homogeneous boundary conditions are satisfied only with zero or 
A constant for W is a rigid-body motion of 
A constant for Ug is a radial 


fixed rotation GR. 


7 > €-8erles are , > 
The €-series are now written constent cebitions. 


= Ua+ Ua + CU + Un + Un t.. entire spring and is discarded. 
; ; : : shrinkage and is already accounted for by Ko. 
= Woo + €Wo + €2Woe + €8Wos + €*Wos + . 
” ; leh , ' é 
Koo + €Ko + €?Ko2 + €*Kos + Ka +. ) 
, , ° t e - y ’ ( . 1 a7 01 
Uon and Wo, are functions of & and ¢., and Ko, are con- Pd 
(l—% &.? 2 — 2v) d€.o¢. 


14) is now substituted into equation (13) and 
In this process 


where 
stants. Equation 
like powers of € collected and set equal to zero. 
the fact that € is small is used by introducing the expansions: 


l 
- Gm 1+ €&. + @£.24+ G54... 
g 


= 1 + 2ek. + Se*E.2 + 4e? E.2 + 
For each power of € the resulting equations are summarized as 
follows: 

a) The equilibrium equations, boundary conditions, and con- 


litions on resultants 
b) The assumed solutions (polynomials in £. and ¢.). Proper 
uccount of oddness and evenness is taken here. The highest de- 


gree polynomial required is determined as set forth in the previous 


paper,? under ‘‘Method of Solution.”’ 
c) The algebraic eq lations obtained by substituting (>) into 


like powers of &., ¢., and setting these terms Were 


a) and collecting 
qual to zero. In this process whenever boundary conditions 
ire considered, the equation of the boundary, ¢.? = 1 — &.?, is 
substituted before the collection of like powers. The integrations 


in the conditions on the resultants are over the unit circle, 


| 


£2 + ¢.2 
1) The simultaneous solution of the equations in (c 
(1 — v)a, — v( Ko + bi) = 
1 — vb; + v(—a, + Ko 
v(—a, + bh) + (1 — v)Kow = 


=b, =0 Ko = —! 


i 


21 — v) O*U ol" » 
(1 — 2v) d&.3 of.? 
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21 — v) We 1 ldt.d 
° . \VEi3 + | — Vjé,; |\dt.dce. = VO 
* LUL — 2v) dé. "ies Hag.as 


(1 ven |C.db.de. 
where 


yp 
Koz T 
9 


- 


oe OW os 


Sf, [vero + (1 — vyesldé.de. 
ff, [vero + (1 — vjea] F.dé.do. = 0 


where 6(1 vifit (1 — 2v)qr 


OU oWen 2(1 — 2v)eq + 4(1 — v)dz 


of. 


o1 + 6(1 - vjhy 


- 2vieg + 4 
= bef. + eré.( - Qv jay Qvh, 


— 2yv)e, + 4(1 — vd; — —2v 


- Qvie, + 4(1 — vid; + (1 — Avie; 
— 2vb, — vKy, = 0 
= () 
2v)c, — 4rd, + (3 — 4v)e, = 
—2va, + (1 — v)bp + 2vKa = 0 
—va, + vbo + (1 — v)Ko: = O 
a; = be 


v 
mom * 


2(1 — Vv) 07U : 07Uo5 1 O2W o3 
(1 —2v) d&.2 © ag.2 (1 — 2v) d€.ag. 


Al+v —v? 
(1 — 2v 
l 07U 03 : 21 —- Vv) O7W 3 
(1 — 2) dé.0¢. ° (1 — 2v) de. 


eg | 2 — ») Us 
“LQ — 2pv) dé. 


2(1 — v) OW 
—§.62 + ¢. — —— 
fer +f k —2Qv) ae. 
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where 


1S 


The results thus far are substituted into the last equa 
13) to evaluate VV and into equations (6) to obtain the stresses 


The results for p® are summarized as follows 


0 identically 


= () identically 
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e ‘ 
— [(55 + 67v + 32v? + Sys)E 
24 : 


+ (15 — 45v — 72v? — 243)é.¢.* 


— (33 + 19» — 16v? — 8p3)E.]} 


9 


He , ae 
- ((7 + Oy) E.2 — 1) + (58 + 2 


“ (19 + 20v + 4v2)(E.8 — & 





(15) 


| 
' (cont. ) 


7v — 20v? — 8pv 
48(1 + v) 

The foregoing stresses and the value for VV check those of Géh- 

ner.*4 He also gives a portion of some of the displacements 
listed in the foregoing. 

The First Order in Pitch. 

1 1 07Uo 

(1 — 2v) (1 — e€&.) d€.0¢. 

(3 — 4v) € ou’ 

(1 — 2v) (1 — e€.)? ar. 

1 1 dW 

(1 — 2v) (1 — €&.) of. (1 — €&.) 


The equilibrium equation is: 


cll + D, 


é at. 


The boundary condition is: 
2v 1 
(1 — 2v) (1 — e€&. 
1 om] x1 -») h 
' (1 — €&.) a. (1 — 2v) LQ — e&.)? 
, €Ko oe € t ” 
(1 — €&.)? © (1 — €€&.) Sf 
The conditions on the resultants are: 
Sf, (—€.€7 + £.€1:5) dé.df. 
Sf, €:3dé.d¢. =O 
Sf, €:7 dEé.d¢. 
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where 
-~— 1 We , on 
(1 — €&.) Of. 2. 


eV; 
€17 ss 
; (1 — &.) 


ov: 1 


oWo 
és = — + ely — ——— — 
or. 


(1 — €&.) of. (1 — eé. 
The values of Uo, Wo, and Ko are taken from the 
section of the Appendix and substituted into (16 
The eseries are now written: 


preceding 


V; = Vio T eVu + eVin + e'Viy «ae 
I, = Lio + ely, + ely i 
Cy = Cot+ Cu + Ce + . 
where V,, are functions of & and ¢. and 1, and Cj, are con- 
stants. 

The remaining equations are now displayed as before. 
@ 


07Vi0 
ar. 
OVie OVio 
a SS 
o€. ~ 


AGas 
aft as 
A Os. 
OV oe at 
d-.aqc. = 

Ja 


(b) Vo = O 
homogeneous boundary conditions requires a zero solution since 
constants are excluded (Vj is odd in ¢.). 


07 Vi0 


(a) ob? = 0 


- 
c 


S- 


- 


A homogeneous differential equation with 


e 


Vn 
or.? 


Vin Vin 
¢ odo ae ee De 
c- ae. a s. (2% + Tio + Cw) 0 
, ow oV — 
ff | -+ : 2 +£ ( = je tat ) |aeae. = 
A 0g. of. 
Vu ) . 
— + Lu + Cw) dé.do. = 0 
ff. ( at. 10 1 


OVy: a - 
ff. 2E. dé.d¢. 


(b) Vu = 0 
by Lio. 


(a) 


A term in ¢. is excluded as already accounted for 


(ce) Lo = 


—Cro 
e 


OV ie OV ie 
ik he” toe 
é OVie 


BE + £.[e + 2(1 + v)é.] = 0 
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Ly&.) dé.d¢. =) The foregoing re sults are substituted into (6) to obtain the 
stresses. The results for p' are summarized as follows 


t —t —_— 
i.) aga. . i. = w. = 0 identically 


0 identically 


The Second Order in Pitch 


O7L’s 


~ 
f2 
o£. 


Ww he re 


O7We 


(1 — €&.)? O¢.? 


The boundary conditions are: 
21 v) ou, 
é. 
(1 — 2v) oé€. 


+ §. 


211 — v) OW, 
, .€9 i ~ 
Ly = C; = (1 — 2v) of. 
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2v ou, 
a tes ot 
(1 — 2p) 


dE. 
el, 


(1 — €&.) 


1 OW s 
' (1 — €&.)? o¢ 


The conditions on the resultants are: 


ff [ves + (1 — vie) db.df. = 0 
A ‘ 
Sf, (veo, + (1 — ves] F.dé.do. = 0 


~ M _ 2p? . (19 
BalheG (1 — 2v 


(cont 


where 


ro) a 
or. 
ol, ow, 


ou. ow, 
, = = “ 
or o€. o€. og 


1, Wo, and C, are taken from the preceding 
sections of the Appendix and substituted into (19 


The last equation in (19) serves to evaluate ./ for a fixed OR. 
The values of Uo, Vi, L 


The e-series are now written: 
Us 
Ws *1 ar A Sa ea (20 
K, = Kn + «Kn + 
where (, 


c 


, and W,, are functions of &., ¢., 


sections of the Appendix 


and A», are constants. 
The remaining equations are now display ed as in the preceding 
€ 


ou, 


- 2v) o&.0¢ 


ol” 


2v) o& 
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(19) to evaluate V/ and into « quations (6) to obtain the stresses, 
The results for p? are summarized as follows: 


0 identically 


0 identically 


The foregoins 
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Response of a Simply Supported Timoshenko 
Beam to a Purely Random Gaussian Process 


The generalized Fourier analysis is applied to the damped Timoshenko beam equation 
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to calculate the mean-square values of displacements and bending stress, resulting from 
purely random loading. 
theory, it was found that the displacement correlations of both theories were in excellent 
agreement. Moreover, the mean square of the bending stress, contrary to the results of 


Compared with the calculations, based on the classical beam 


the classical beam theory, was found to be convergent. Computations carried out with a 
digital computer are plotted for both theories. 


Tux response of linear elastic beams to random 
forcing functions has been studied by Ornstein (1),? Houdijk (2), 
Van Lear and Uhlenbeck (3), and Eringen (4). Eringen caleu- 
lated the mean-square displacements as well as the mean-square 
stresses produced in a beam subject to a purely random loading, 
and found that the series for the mean-square stresses diverges. 
He then suggested that the cause of this divergence may be traced 
to the inadequateness of the classical beam theory. In order to 
ascertain this point, one is then led to consider a more refined 
theory containing a mechanism which will respond favorably to 
such a loading. The present study is the result of such a con- 
sideration. 

At first, the Timoshenko beam theory modified with the addi- 
tion of a translatory velocity damping appeared to be adequate. 
However, a close examination showed that not only this, but the 
addition of Voigt-Sezawa type of internal damping did not pro- 
duce an adequate theory leading to converging series for the 
mean-square bending stress. Introduction of a linear damping 
to rotatory motion, however, produced the expected result. With 
the addition of such a mechanism to the Timoshenko beam, it was 
no longer necessary to complicate the analysis by using internal 
damping. The analysis of this model is carried out for a simply 
supported beam subject to random pressure and purely random 
concentrated load. 

An electronic computer was used to compute the displacement 
and bending-stress correlation functions. 


Differential Equations 
Equations of rotatory and translatory motions of an element of 


the Timoshenko beam, respectively, are (Fig. 1) 


h 
> (m1 + 72) 


a +Q 
or 


0Q ow 
—~ + P+ (rn — 1) — 
or r — or 


1 Present work was sponsored by the Office of Naval Research. 
2 Numbers in parentheses refer to Bibliography at end of paper. 
Presented at the West Coast Conference of the Applied Mechanics 
Division, September 8-9, 1958, Los Angeles, Calif., of THe Amert- 
CAN Society or MecuanicaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later dats Discussion 
received after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 1, 1957. Paper No. 58—APM-1. 
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Fig. 1 Element of the beam 


where M, Q, P are the bending moment, vertical shearing force, 
and the vertical applied load; 7;, Tz are surface shearing stresses 
which will play the role of a damping due to rotation; h, A, J are 
the thickness, the ‘cross-section area, and the moment of inertia 
about the neutral axis; p is the mass density, ¢ and w are the 
bending angle and the deflection. Co-ordinate z locates the cross 
section and ¢ is the time. 
In the Timoshenko beam theory we have 


ow _, OWz 
> 7 


Q = kGAy 


Where y is the shearing angle, E and G are Young’s and shear 
moduli, respectively, and k is a constant which is adjustable to 
take into account the effect of the shape of the cross section. Here 
Wp, is termed the bending deflection (5). For k, Timoshenko and 
E. Reissner, respectively, use ?/3 and 5/¢. 

In order to arrive at a rotatory damping similar to linear- 
velocity damping, we set 

l 


= = 8B 8 
ee oe 


= const {6} 


This merely introduces a mechanism for the rotatory damping 
and is no more or less a sacrifice than the universally accepted 
idea of linear damping 8) Ow/dt presented in Equation [2]. It 
may be thought of as being the air friction combined with all the 
frictional resistance against the rotation of the element of the 
beam. 

If we use Equations 


[3] to [6] in [1] and [2], we obtain 


ow 79 og 
kGA kGA — = ol -+ 6 = 
"? oe et * Ot 
i [7] 


O*w 0*w ow 
= P + GA — — pA — -f — | 
Oxr* ot? ot } 
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Differentiating the first of Equations [7] with respect to z and 


using the second of Equations [7] to eliminate ¢, we find 


l oP oP oP 
: ( El + pl B, ) . [8] 
kGA Or* ol ot 


( ) Otu ( B El 
pl T 
kG J Ox*ot? kGA 
pl of ( pl pg po, ) O*w 
kG oats kGA kG ot? 
BoB: \ de ow ; 
+ | pA - 8 = [9] 
kGA ot? ot 


\ simple relation exists between w and u B This is found by 
results with re- 


O*w 
a) 2 
or*ol 


) 


combining Equations [2] to [5], integrating the 


spect to z, and excluding a rigid-body displacement from the 


result. Hence 


! oz" ou ot 
vw, = = (or * +p, —* - El ) (10 
kGA ot? ot Oz? 


lled the shear deflection (5 
With the introdu [10], Equation [8] 


simplified to 


Sometimes wv , 18 ca 
tion of Equation may be 


Lwz, = P fll] 


Timoshenko beam equation modified with 
In what fol- 
the boundary conditions for a simply sup- 


Equation he 
linear and rotatory damping and external loading 
also 


le ws, we 


ported bean 
[12] 


From Equa 3], and , it is clear that if we make 


vz, = O*wz or? = 0 at 


then the Boundary Conditions [12] would be satisfied. Hence we 


may first solve Equation 1] subject to [13] to obtain Wp 


Equation [10] then gives 


Formal Solution 

In order to determine the mean-square values of various quan- 
tities such as the displacements and the stresses, we must first 
find a steady-state solution of Equation [8] satisfying Boundary 
Conditions [12]. This is the same thing as solving Equation [11 
harmonic 
A formal 


11] satisfying Boundary Conditions [13] 


subject to Boundary Conditions [13]. Generalized 


analysis (6) can then be used to complete the problem. 
solution of Equation 


has the form 


= 


# 
v,(z, t) = ) w,(t) sin (nwzr/L [14] 


n=1 


14] and a similar expression for P with P,(é) 
.(t) in Equation [11], we obtain an ordinary differen- 


If we use Equation | 
replacing u 
tial equation for w,(t). The Fourier transform of this equation 


with respect to ¢ gives 
¢) = (cA/EDP,(o)/D, 
where 


and 
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C,= 


(c?/pA)[(1 + KA)A,? + Ar 


‘/ kK = By fe} a = nw/L 
n 


, 


Further, a bar on top of a letter represents the Fourier transform; 


e.g. 


From the expression of P =. of the form of I quation 


Fourier coefficient P,(¢) may be found to be 


L [ 


. 


&, ¢) sin (nw&/L)dé 


With the use of Equation [20] in Equation [15] we may invert 


[15] to obtain 


where 


ad 
ef /D,(O)de 
27 
es 


is the weighting function of the system for the nth mode ol 


vibration 
Through Equation i] 4] we now have UW pl, t If we further 
use this result in Equation [10], we obtain w(z, t), thus completing 


a steady-state solution of Equation is subject to ] quation {12 


Evaluation of W,,(t¢ 


Contour integration may be used conveniently to evaluate 


Equation [22] For t > 0 the appropriate contour C for this in- 
tegral is the upper half of a circle of radius R in the {-plane 


having the origin at f = 0. It can be shown that the integra 


D,(f)dt 


vanishes as R — and that along 


along the semicircular arc 
the real axis gives Equation [22], which by the theory of residues 
will be 277 times the sum of the residues within the contour. To 
obtain the residues, we need to locate the poles of D,(¢) = 0, 
which, in view of Equation [16], is the same thing as finding the 
roots of the frequency equation 


9 ' oan i? 2 
7+ C2 FT d, = 0,2 2 2¢ [23 | 


24+ az? +b 


The roots of the Quartic [23] can be determined exactly by using 
the known formulas for roots. 
formulas would make the result difficult to interpret 


However, the complexity of these 
Thus we 
use an approximate method which, for small damping, intro- 
We take the trans- 
verse and rotatory damping coefficients By and 8, to be the same 
O(1). For 8 
natural method for finding the roots of Equation [16] 


duces negligible errors in the final results 


order of magnitude. This means k = small a 
is to use a 
perturbation procedure in which Gp is the perturbation parameter. 


Thus we write 
24] 
Upon substitution of this into Equation [23], using Equation [17], 


and setting the coefficients of various powers of So equal to zero, 


we obtain 
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+ 222,B, + Azo? + 


may be solved very simply since 2 satisfies a 


Hence 


These equations 
biquadratic while all the other z,; satisfy linear equations. 
iQ,; 2, = Wa, —®a, Bn» —Mn 


l/s 


B,2 


— 4d.)' | 


[26] 


(42)? + 2B,) 
We likewise obtain 2, .... However, in the present work, it 
will not be necessary to obtain the higher-order terms. 

We note that the dependence of c, on n does not violate the 
perturbation since for large n we have z = O(n), thus making c,z 
and az* 0(n*) while the remaining terms are O(n‘). 

An examination will show that B,? — 4d, > 0. Hence w, and 


uw, are real. Using Equations [24] to [26] we may now write 


D,(¢) to a linear approximation in @y as 


M, T 1a, 
2B, 
$u,? — 2B,)~ 


1w,? — 


By use of Cauchy's theorem of residues, we find that W,(0) = 
fort < O and 


= Im(Pye*"' + Pret) for t>0 


Wit 


P, = 


Here 7m represents the imaginary part of the complex quantity. 
Substituting the first of Equations [28] into [21] and the result 
into Equation [14], we find 


; L t 
wpy(z, t) = —(2ctA/EIL » \f Im(Pye** t—r 
n 1 0 —@ 


nmz/L 


Pe? PG, Tt ar | sin (nw&/L ast sin [29] 
| { 


This completes the solution of the deterministic problem. For, 


through Equation [10], we can calculate w(z, 0) 


~(2e'h/EIL) >> 


j L t 
f Im Qe"! i Qe!’ t=?) 
Jo LJ-. | 


P(&, r)dr | sin (nw&/L ust sin (nwr/L) 


wir, t) = 


. [80] 


9 


Ae?)f 3? + [Kar*A—'e-2(1 + k 


+ (r?X,2/A){P,, 


ie 


j = 1,2) 
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Autocorrelation Function of Displacement and Bending Moment 


The time average of a function w(x, ¢) is defined by 


<u(z,t)> = lim 


For an “ergodic process” this average is known to be equal to 
the expectation Ej} wiz, t)} of the function 
If the origin selected for time ¢t does not affect the ex- 


ensemble average 
w(z, t). 
pectation, i.e. 


we say that the process Is stathonary i Stationary ergodic 


process, therefore, we may write 


r,t> = lim 


t We 
ollows from the second 
The 


present paper is to determine the autocorrelation functions of the 


Here R, is called the autocorrelation function of 
note that the mean-square value of w(z, t 


i 
O and & = sim of the 


of Equations [32] by setting 7 = 


the 


displacement w and that of the bending stress in terms o 


autocorrelation function 2) (z, &, 7) of the applied load: i 


R, 


tory 


This latter quantity is obtained from a record of the me his 
of the load P(z, t Later for this quantity, we shall select the 


fundamental case of with 


a purely random time 


process in 


temporal correlation in two space points, vanishing where the 


points are not coincident More precisely 


R, (2, 7) = D&(r — & 34! 


where 6 is the Dirac delta function, and D is an experimental 


constant, i.e., the spectral density of white noise. This form is 


commonly used in the treatment of the Brownian motion, but it is 
doubtful if any real function could comply with it exactly 
Using Equation [14] with w,(t) given by Equation 21) in place 


of w in the second of Equations [32], we obtain 


L L ex 
2c/EIL)? > ‘ [ f | Wo) 
m,n l J 0 0 J - « 


sjdrds | dr'dé ( 
{ 


sin (nz 


Upon substitution of Equation [34] this gives 


@ 


D 
I eX /ET)? om S,,(7) sin (nar 


4 n=1 


2f- W,(r)W, 


We may now use Equation [28] in [37 


Rus = 


where 


to evaluate this integral 
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An examination of S,(r) shows that it is 0(1/n*). Hence 
nw/L)4S,(r) = O(1/n? 


Therefore we may conclude that Equation [44] converges, 
though possibly quite slowly. The maximum bending stress is 
given by 0, = M/Z where Z is the section modulus of the beam 
The bending-stress correlation would therefore be 

form of Equation [38] is 


Rez = Z~“*E|M(z, OM(E,t + 7)} = (De*d?/LZ 


> (nw /L)4S,(r) sin (nwr/L) sin (nw&/L 


n=1 


E,, cos w,7 + F,, sin @,7 


COS M,T 


2E.. i+ : - , M,* ““* Stress Correlations for Other Random Loadings 


2G. = F Hy. * Two other special types of loadings are of practical importance 

; ; They are the purely random pressure and purely random con 
For small centrated load of which the first is represented by a pressure 
correlation of the form 


R, = Dar [46] 


where D, is the constant spectral density of pressure P(z, t The 

maximum bending-stress correlation in this case, calculated on 

the basis of the classical (Bernoulli-Fuler) theory, is given by 

t correlation R, is obtained by substituting 

the first ol quatiol 30) into the second of I quations 32 The a int 11,27 

result is identical in form to Equations [36] and [38] with W, and 

WV, caleulated by replacing P; and P, by Q, and Q:, respectively 
The real forn . mav be written as 

where 


R 


sin w,7 }} 


which, 


8 = @,/EI, 


In the case of purely random concentrated load acting at z 
the load correlation is 


R, = DAé(x — ajb(é a)o(T 19 


? 


The maximum bending-stress correlation, based on the classical 


theory, is given in } The results based on the Timoshenko 
mode! is as follows 


Ree = (ADAA8/L°Z p S...(r)(mm/L)*(nw/L)* sin (mea 


m n=l 


In order to ealculate the correlation function for the bending 
] 


sin (ntra/L) sin (mamrr/L) sin (nw&/L 
stress, we first calculate the bending moment V(z, t 


V(x, t Elo? ,/0xr? [43 


ling-moment correlation Ry mav be calculated from 


EI? O*Wg Og’ with W’,, given by the first of Equations [28]. For other types of 
‘ re) of? load correlations, see (4 

O'Rw, 
ox*0§* 


~ (EI)? Numerical Example and Discussion 


An electronic digital computer was used to calculate the dis- 
placement and maximum stress correlations at z = & (the mean- 
square values) for the case of pure ly random loading. The steel 
sin (nw£/L).[44] beam used was neither thick nor thin L/r = 20) and had the 
following characteristics 
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Tumoshento Theory 


Bernouilli- Euler Theory 


e 


& 
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FRACTIONAL DISTANCE ALONG BEAM X/L 


Fig. 2 Mean-square displacement along beam 
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uF 
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CORRELATION FUNCTION 


- 
z 
~ 
= 
$ 
4 
* 


Fig. 3 Displacement correlation function (unnormalized) versus 
correlation interval 


E = 30 X 10° psi, G = 12 X 10° psi 


).285 Ib/in.* 


‘2m = 151.5 cps, @)/24 = 3900 cps 


kK = 1.0,a, = 6, = 95.8 and 700 


The series for R,, and R, converge extremely rapidly, thus re- 
quiring the calculations of only the first few terms. The series for 
Rez is, however, very slowly convergent. For a fair accuracy, it 
was necessary to take into account 100 terms of the series. This, 
of course, was to be expected, since the Bernoulli-Euler theory led 
to divergence for this quantity (4). The results of these computa- 
tions are plotted in Figs. 2 to 5. For the purpose of comparison, 
the results of the Bernoulli-Euler theory are also plotted in Figs. 2 
and 3. It is clear from these curves that Bernoulli-Euler beam 
theory is satisfactory for calculations of the mean square of the 
displacement. The curves of Figs. 4 and 5, on the other hand, 
were not obtainable from this theory. Fig. 4 shows that the mean 
square of the bending stress is almost constant along the beam. 
According to Fig. 5, this quantity, in time, is nearly purely ran- 
dom, as effectively indicated by the calculations based on the 
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Fig. 4 Mean-square stress versus position along beam 
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Fig. 5 Stress correlation (unnormalized) versus correlation interval 


classical beam theory (4). The damping has the effect of reducing 
the sharpness of the correlation at Br = 0. 

In conclusion, the Bernoulli-Euler beam theory represents an 
adequate model for studying random vibrations of beams, when 
only the mean displacements are sought. If the mean bending 
stress is desired, it is necessary to use a more improved theory 
The Timoshenko beam theory, as indicated by the present study, 
appears to be adequate for this purpose. The series obtained for 
the mean-square bending stress is, however, slowly convergent 
It would seem desirable to incorporate some form of internal 
damping into the theory so as to improve the convergence and to 
bring the theory into closer agreement with reality. 


Bibliography 

1 “Zur Theorie der Brownschen Bewegung ftir Systeme, worin 
mehrere Temperaturen Vorkommen,”’ by L. 8. Ornstein, Zetischrift 
fiir Physik, vol. 41, 1927, p. 848. 

2 “Le Mouvement Brownien d'un Fil,”’ by A. Houdijk, Archives 
Neerlandaises des Sciences Exactes et Naturelles, series II A, vol. 11, 
1928, p. 212. 

3 “Brownian Motion of Strings and Elastic Rods,”’ by G. A. Van 
Lear and G. E. Uhlenbeck, Physical Review, vol. 38, 1931, p. 1583. 

4 ‘Response of Beams and Plates to Random Loads," by A. C. 
Eringen, JouRNAL or AppLieD MecHANics, Trans. ASME, vol. 79, 
1957, p. 46. 

5 ‘Flexural Vibrations in Uniform 
Timoshenko Theory,” by R. A. Anderson, JoURNAL OF 
Mecuwanics, Trans. ASME, vol. 75, 1953, p. 504. 

6 ‘Generalized Harmonic Analysis,” by N. Wiener, Acta Mathe- 
matica, vol. 55, 1930, p. 117 


Beams According to the 
APPLIED 


Transactions of the ASME 





Response of Complex Structures 


SHELDON RUBIN 


Member of the Technical Staff, 
Hughes Aircraft Company, 
Culver City, Calif. 

Mem. ASME 


From Reed-Gage Data 


The paper considers the general applicability of the reed gage, an instrument which 
records the peak response to a transient motion of single-degree-of-freedom systems 
These recorded data permit the calculation of peak response in each vibrational mode 


of a complex structure experiencing the measured excitation as a base motion. An 
upper bound to the maximum structural response can be obtained by summing the peak 
responses in each of the modes. An analysts is made of the error inherent in this super 


position process 


In many practical problems the distribution of mode frequencies a? 


the form of the excitation are such that this error is not of great significance 


A PRIMARY reason for measuring transient motions or 
forces is that, from such measurements, calculations of structural 
response can be made. In terms of the form of the recorded in- 
formation there are two types of instrumentation systems which 
are useful for response analysis. The first of these types attempts 
to record the true time history of the excitation. This measured 
excitation is then applied to the structure as a forcing function 
either by a computational process or by electrical analog simula- 
tion. An instrumentation system of the second type records 
structural-response information directly. The first type is more 
frequently used, but recently there has been interest in the 
more direct measurement of structural response afforded by the 
second ty pe. 

An instrument of the second type should be, in essence, a dy- 
namic model of the structure whose response is to be determined. 

1 Based on part of a thesis submitted by the author in partial fulfill- 
ment of requirements for the degree of Doctor of Philosophy in 
Mechanical Engineering at the California Institute of Technology 
(1].2 

? Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Los Angeles, Calif., September 8-9, 1958, of Tae Amert- 
CAN Society oF MEcHANICAL ENGINEERS. 

Discyssion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
Manuscript received by ASME Applied Mechanics 
Division, May 28, 1957. Paper No. 58—-APM-15. 


the Society 


This is most generally accomplished by a relatively new instru- 
ment known as the reed gage [2]. In this instrument, the peak 
responses of cantilever beams with end masses called reeds are re- 
These individual reeds ideally should be 
single-degree-of-freedom systems. In practice, a reed is designed 
so that it responds predominantly in its first mode. The means 
of correcting the response of a reed to obtain the response of the 


corded mechanically. 


ideal single-degree-of-freedom system for which the reed is a 
model will be shown. 

The theoretical foundation of the reed gage rests on the dy- 
namic similarity between a complex linear system and a series 
of simple systems. The word simple implies single degree of 
freedom. 
complished merely by employing a single-degree-of-freedom sys- 


For a simple structure, dynamic modeling is ac- 


tem having the same natural frequency and damping. A complex 
structure usually can be considered in terms of its normal modes, 
each of which responds in a manner characterized by the mode 
frequency and damping. It is not always possible to consider a 
damped structure in this manner but for most cases of practical 
interest the damping is either small enough for the modal analysis 
to be approximately correct, or the damping is of a special form 
for which the modal analysis is strictly applicable [3]. 

If one has complete knowledge of a particular structure whose 
peak response to an excitation is desired, the reeds can be con- 
structed as models to the normal modes of the structure. In a 
more typical case, however, one wishes to investigate the peak re- 
sponses of various structures to a measured excitation. This in- 
cludes an important use of reed-gage information as a basis for 
the design of a structure to best withstand the excitation. In 
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A = acceleration, g 
= time-dependent equivalent 
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equivalent static acceleration 
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position of re- displacement of reed per unit 
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this regard it is moce appropriate to view the reeds, not as dy- 
namic models, but as providing the data required to establish the 
character and magnitude of the response spectrum of the excita- 
tion in the frequency range of interest. 

The response spectrum of an excitation is a plot of the maxi- 
mum response to the excitation of single-degree-of-freedom sys- 
The useful- 


ness of the response spectrum as obtained from the reed gage 


tems, versus the natural frequency of the systems 


or from an acceleration-time record has been appreciated only 
recently. This type of information has been found so useful that 
special equipment has been constructed for the sole purpose ol 
obtaining the response spectrum of a recorded acceleration-time 
history [4, 5, 6]. The response spectrum can be expressed in 
terms of various parameters. Displacement, velocity, and ac- 
celeration in terms of absolute or relative motions are all pr ssi- 
bilities. The reed gage is useful in determining relative displace- 
ments between peints on a structure resulting from preseribed 
base motions. This information is required for a stress analysis 

The advantages of the reed gage as a rugged, self-contained, 
peak-reading device have been gained at the expense of lost-tim: 
information. In the past, there has been some uncertainty as to 
the quantitative usefulness of the reed gage and its general ap- 
plicability. The following analysis will show the use of reed- 
gage information to calculate an approximate maximum response 
of a complex structure. Such a result is necessarily an upper 
bound owing to the fact that the peak responses in each of the 
modes are added algebraically to obtain the over-all peak re- 
sponse. An investigation of the magnitude of the error in such a 
process will be carried out for a typical form of shock excitation. 
The object will be to determine the relationship between the re- 
sponse-system parameters and the errors, for cases of practical 
interest. 

The use of response-spectrum data for the prediction ot com- 
plex structural response has been consicered in references [7 
[8], and [9]. The primar \ 
purpose of this paper is to investigate the superposition-errot 


A concise review of this is] resented. 


problem. 


Response Spectrum From Reed-Gage Da‘a 


In this section the quantities which may be calculated from 
reed-gage data will be given and the manner in which the re- 
sponse spectrum can be determined will be outlined. Consider 
the ideal simple system in Fig. l(a). Its motion is expressed by 
the equation 

yo + 28pe + p?2 = —¥, where p? = k 
is the basic reed configura- 
tion. Each 
reed is designed with an end mass in order to make its response in 
all modes above the first insignificant compared to its response 
in the first mode (for inertia loading). It is essentially a single-de- 
gree-of-freedom system whose natural frequency is p;, the first- 
If Pr =?, and the reed 


The cantilever svstem in Fig. 1(6 
Fig. 2 shows a series of reeds in a reed-gage block. 


mode frequency of the cantilever system. 
and ideal system damping are the same), both will respond in the 
The magnitude of the displacements at time ¢, 
This 


constant is a function of the geometry of the cantilever system. 


same fashion. 


however, will differ by a constant @, where z(t) = az(t). 


Since this constant is independent of the type of excitation, it 
determined from a static test [10]. Assume that 6 is 


the displacement z per steady acceleration of gravity for the 


may be 


reed. It can be shown that g/p? is the displacement 2) per steady 


acceleration of gravity for the ideal system. The geometric factor 
is thus given by a = g/p*6. With this definition of a, the reed 
information can be corrected to yield the displacement of an 
| 


ideal svstem. The reed gage is thus directly useful for obtain‘ng 
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Fig. 1 Reed and ideal simple system configurations 


diel 
Fig. 2 NOTS reed gage (official U. S. Navy photograph) 


the response formed from the extreme values of z 


vielding the relative displacement spectrum. 


spectrum 


To use response-spectrum data for design purposes, one ofter 
prefers some type of equivalent loading rather than a resulting 
displacement This can be accon plishe d by defining an equiva- 
lent static acceleration A,,, [11 This is that value of accelera- 
tion, statically applied, which would deflect the system to its 
peak dynamic relative displacement. The usual unit for A,,, and 
the one that is used in this paper, is the number of gravitational 
units of acceleration (g). A spectrum of this type is shown in 
Fig. 3. The solid line represents the peak motion in an assigned 
positive direction; the dotted line, the peak motion in the oppo- 
assigned to A.., 


site or negative direction. Positive values are 


negative to A This is the undamped spectrum for a half-sine 
pulse of acceleration [12]. 
For example, consider a reed with a natural frequency p and 
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Equivalent Static 
Acceleration ( Aeq) 











Pp Frequency (w) 


Fig. 3 Equivalent static acceleration spectrum for half-sine accel- 
eration pulse 


idy acceler ition 6 it the position where 


if acceleration 


having a sensitivity to ste 
the reed response 1s recorded Ifa 
tld deflect 


respectively 


were applied to the reed, it we in the positive 


directions, The etrum values are 
lo = 2B 


of reeds, in the frequency range of interest, are used to define the 
It should be noted that the use of A 


thus A >, 6b and 6, as shown in Fig. 3. A number 


spectrum in such a region 


removes need for a separate consideration of the geometric 


lacement of the simple system is 


lactor a 


aA i Pp = jz p 6 


which is identical to the previous result 


ilar curves have been given various names in the 


bessentia Sil 


literature. For example, dynamic response-factor curves [7], am- 


plification-factor curves, maximax and _ residual-displacement 


12 dynam load-factor curve 8, ind shock transmissil il- 


eurves 


itv have been used to refer to the response spectrum 


Structural Response Based on Spectrum Data 

The primary function of the reed gage is to record information 
concerning an excitation from which peak structural response to 
determined. 


that excitation applied as a base motion can be 


Another possible function might be to obtain information con- 
cerning the excitation itself. Although one may imply from large 
reed resonances that sinusoidal components exist in the excitation, 
it does not ippear that any general statement can be made about 


the actual time history. An attempt to correlate the response 


spectrum with its corresponding single-pulse excitation has been 
However, the results are not applicable 


made with some success 
in those pulses treated [2] 


to other tl 

To treat the problem of obtaining structural-response informa- 
tion from the reed gage, a base acceleration A(t) (in g) beginning 
The reed gage will be exposed to this 


A(t) to be ob- 


it = O will be assumed 


illowing the response spectrum of 


icceleration 
tained The response ol the normal modes of a structure to A (¢ 
will then be considered, 

In the previous section it was indicated that the reed response 
to the excitation is proportional to the lumped simple svstem 
which is given by 


response 


/ 


sin } 


when the initial conditions are zero. This is the form of the 
luhamel integral for a single-degree-of-freedom, slightly damped, 
oscillator having a natural frequency Pp and a fraction of critical 
{ time-dependent equivalent static acceleration 


The equivalent static 


damping £8. 
may be defined as A,, p*2o(t)/g. 
icceleration A, equals the maximum value of this quantity, 
Thus 


pP,vo = 


1, p = p* q. 
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The value of A,,,(p) in the positive and negative directions, witl 
respect to the recd-gage block, are the ordinates of the response 
spectrum 

j 


The next step toward obtaining structural response is to de 


termine the normal mode frequencies and corresponding shapes 
This can be done by various analytical or ex- 
Next an influence function Az s) ma 


This is the value of the response quantity PR at the 


of the structure 
perime ntal methods 


Ie compute d 


} 


position sin the 7th mode due toa ste rd base acceleration of | 


R can refer to any response quantity I:xamples are relative dis 


placement, stress, bending moment me wear forces 


At the position s the can be expressed 


response 


normal mode responses 


Given the it 


R 


where the integral is veceleration for 


the 7th mode, The maximum response in the 7th mode is thus 


R : A p 


where A, p, relers to either of the spectrum Vv ilues at the fre 


quency p,. Up to this point the theory is exact. No approxima- 


tions have been made to obtain the peak response in ene h of the 


normal modes at the position The maximum response /,,(s 


is the desired end result. However, no information is available 


time of occurrence of the peak re sponse in each mode 


on the 
Hence 


uppe T 


only an estimate of maximum response is possible An 
peak 


made in each of the re- 


bound can be obtained by vdding the mode re- 


vddition should be 
sign of the product ol Ap 


sponses Such an 


directions, The 


sponse 


A og (Dy 
The final result in the two directions will be given by 


D> Ani(s, +) AcalPy 


> & 


defines the direction of response 


il maximum values 


e+) « dR 


: 


A 
‘i? i 
is 


Ar 


sign indicates the positive direction chosen arbi- 


where the + 
trarily and the — sign indicates the negative or opposite direction, 


The j-mode s have a positive A; the n-modes, a negative A 


Error Investigation for Half-Sine Pulse of Acceleration 


Admittedly the result of a peak response analysis from reed- 
gage data is always too large In many cases of practical in- 
terest, however, the error in the analysis is well within engineering 
accuracy. For example, for base shear loads, in a uniform five- 
story structure (see Appendix), the influence coefficient in the 
second mode is only about 10 per cent of that in the first mode. 
Hence one would not expect much error in the spectral analysis 

Williams [13] gives a method for computing the response of a 
linear elastic system which is useful when the spatial distribution 
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of the applied force is particularly nonuniform. He discusses the 
fact that the inertia forces resulting from the excitation, ex- 
panded in a series of normal modes, tend to converge rapidly. 
It should be noted that the reed gage is useful for base excited 
motions and that this is equivalent, in terms of induced stresses, 
to an inertial distribution of forces. Therefore rapid convergence 
of the responses in the higher modes of a base-excited structure is 
expected. This also is discussed in reference [9]. 

A rather complete analysis was carried out by Clough [14] on 
an actual building. The average results for the base shear load 
resulting from an earthquake excitation showed that the spec- 
tral maximum was of the order of 5 to 6 per cent above an actual 
Ramberg and McPherson [15] performed an ex- 
The super- 


maximum. 
perimental investigation of aircraft landing impacts. 
position error in the wing-root bending moment was less than | 
per cent for the particular case treated. 

Only isolated superposition-error cases have been reported in 
the literature. 
pulses appear to be worth while. 


A more intensive investigation for acceleration 
The effect of 
tion pulses on simple systems tends to be similar. 
Thus treatment of a typi- 


most accelera- 
The responses 
shown in reference [12] bear this out. 
cal pulse will indicate roughly the magnitude of the errors and 
the regions in which large errors occur for most pulse-type 
shocks. 

The half-sine acceleration pulse is chosen for this study. It is 
assumed that two undamped modes contribute to the response 
Small amounts of damping have only a slight effect on the peak 
response. This minimizes the number of structural parameters 
that must be considered, while retaining the essential features of 
the problem. The results will permit a qualitative extension to 
more degrees of freedom 

The response is 


s, t) + R@(s, t 
= Ap(s8)Acg 


t 
‘ pA(r) sin p(t — r)dr 


0, t<0 


s,t) = RO 


(pi, t) + Ap®(s)Acq(pa, t 


where 


Aca(p, b) 


sin wt, O<t<T/w 


Q, Tia<t 
Performing the indicated integration with 6 = wt, for w # p 


= = = sin E 7] 
(w/p)? — 1 , 
1 


-— — sin 6 
l 


(0<@0<7) 
(w/p)? 


and, forw = 


{sin 89 —@cosO}| (0< 4< 7) 


cos @, (@>~7) 
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The actual maximum response is given by the maximum of 
R(s, 8) with 0, or R,,(s). The spectral maximum is given by 


= Ap" (s su (2) 4 A,” 8 4u(2) 
w w 


The error in the analysis may be written as 


(3 


where 


= , 
Ag (s 


The error is thus a function of three parameters p,/w, p2/w, and ¥. 
The subscript 2 always refers to the higher frequency mode, so 
that pe/pi > 1. 

Numerical results were obtained by an arithmetical evaluation 
of (11), using the functional relations in (10), for a series of values 
of p/w, p2/w, and y. The actual maximum response was found 
by a graphical superposition of the responses in the two modes. 
The results of this error study may be given in various forms. 
Perhaps the most revealing are plots of the percentage-error con- 
tours for p,/w versus p2/w for constant values of y (Fig. 4 to Fig. 
8). Since the largest errors occur when the static contributions 
in each mode are of the same order, the values y = 1/4, 1/2, 1, 2, 
4 are considered. Negative values of y are not considered since 
they imply a subtraction of mode responses for this type of exci- 
tation wherein the peak response always occurs in the direction 
of application of the pulse. This assumes that the main interest 
in this analysis lies in the estimation of the largest response of the 
structure and hence will occur where the modes add. The re- 
sponse spectrum of the half-sine pulse is drawn along the axes of 
the figures to aid in the orientation of the modes. Each spectrum 
is drawn in proportion to the static contribution of the mode cor- 
responding to the axis on which it is drawn. 

Since the modes are undamped, the lower limit to the peak 
response is the sum of the residual responses in the modes. 
These are the amplitudes of sinusoidal motion remaining after 
the pulse has acted. Eventually this motion in the two modes 
will be in phase, so that the peak displacement will at least be the 
sum of the residual values. Hence no error is obtained when 
both modes lie in the region where the peak responses in each 
motion are in the residual motion. This is true in the triangular 
region for p2/w < 1 in Figs.4 to 8. Also in the limiting case where 
the two modes have the same frequency (p2/p; = 1), exact re- 
sults are expected from the spectral analysis. In all other cases, 
errors will occur. 

The errors are largest when one mode is in the impulsive region 
and the other is in the static region of the response spectrum 
In the former, the peak motion occurs in the residual motion and 
the response at the time of peak excitation is small. For the 
static mode the reverse is true. This situation can only occur for 
relatively large values of po/p. 

For large p2/p; and y < 1, the errors are largest when the peak 
responses in each mode have approximately the same magnitude 
and the residual response in the higher mode is small. This is 
especially pronounced near p2/p; = 3. The zeroes in the residual 
amplitudes only occur in the manner shown for symmetrical 
pulses [12]. Any lack of symmetry in the pulse tends to smooth 
out the residual amplitude or peak negative response curve of the 
spectrum. Thus a nonsymmetrical pulse would tend to show 
smaller errors in this region. 
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Fig. 4 Superposition percentage error 
contours for an undamped two-degree-cf- 
freedom system excited by a half-sine ac- 
celeration pulse. The ratio of the second 
to first mode contribution, y, is 1 ‘4. 
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Fig. 5 Error contours for 7 
caption, Fig. 4 
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Summary and Conclusions 

In the actual design of the reed gage the displacements of the 
individual reeds inevitably will depart slightly from those of the 
ideal single-degree-of-freedom systems assumed in the theory of 
the instrument. A method of making a correction for this de- 
parture and thus obtaining ideal single-degree-of-freedom dis- 
placements is described. 

A method is outlined for treating the response of a complex 
structure in terms of its normal modes in such a way that the 
calculation of maximum response can be expressed as a super- 
position of peak single-degree-of-freedom responses. This makes 
reed-gage data applicable to the determination of the maximum 
response of complex structures. 

The calculation of the maximum response of a complex struc- 
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Second Mode Frequency/Half Sine Frequency ( Pz /) 


ture from reed-gage data can only be approximate since the time 
relationships between the peak responses in the various modes are 
unknown. A direct superposition of the peak motions in each 
mode will give an upper bound to the maximum response of the 
a design procedure, the approximation 


system and hence as 
To investigate the 


would always be on the conservative side. 
errors in a specific case the response of a two-degree-of-freedom 
undamped system to a half-sine pulse of acceleration is studied. 
The following conclusions are reached: 


1 Errors are largest when the two modes lie in different regions 
of the response spectrum; e.g., one mode lies in the impulsive 
and the other in the static region of the response spectrum. 

2 For a single-pulse-type excitation, it is unlikely that the 


most unfavorable error situations often will occur. In most prac- 
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Fig. 6 Error contours for y = 1 (see 
caption, Fig. 4 
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Fig. 7 Error contours for 7 
caption, Fig. 4 





Second Mode Freauency/Half Sine Frequency ( P, /w) 


tical problems the distribution of mode frequencies and the form 
of the excitation are such that the total error due to superposition 
is probably not greater than 10 per cent. In view of the in- 
accuracies inherent in the reed gage, it appears that superposition 
errors are not usually significant. 

3 The superposition errors mentioned in the first conclusion 
are based on the assumption that nothing is known about the 
specific shape of the excitation function. If some information of 
this nature is available, corrections of the maximum response 


should be possible. There does not appear to be any general 
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correction procedure that can be based on re sponse-spectrum in 


formation alone with an assurance of overestimating the response. 
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\ Response Spectr calculated to indicate an analytical approach to this type of 


" Proceedings of the Society analysis. A structure consisting of repeated identical elements is 

R » . nt " 1955, pp 206 chosen to permit a concise presentation of the mode sh ipes and 

\ tiesen Shoe Spectrun ymiputer 

to 2000 eps,”’ Journal of t/ heouctieal Soc sn of 
1956 pp. 93 101 

L. Bisplinghoff Dynamie L discussion of errors in a spectral analysis, this system is viewed 

iring Landing,’’ National Advisor ymmiittee fo as a model for a five-story building deflecting in shear. The re- 

rt No. RR 456, October, 1944 sponse quantity chosen for this computation is the base shea 


G. Isa 


frequencies 
Consider the five-mass system shown in Fig. 9. For use in th 


kson, and 7 lal ‘ | . ‘ = 

j a Pr ash par mat force (kx,). This is a quantity of interest in an earthquake exci- 
270 tation of a building 

Belsheim, and J. P. Walsh, “‘Damaging 

i Vibration,”’ Shock and Vibration Instrumenta- 

New York, N. Y., 1956, pp. 147-163 

rare and 8S. Rubin, “Evaluation of a Reed Gage for 

wk Studies of Missiles,” U.S. Naval Ordinance Test 

r Ordinance Department, NOTS 1482, NAVORD 


1056. (Accepted by the Society for Experimen 














publication.) 
and R. E. Blake, “The 
«k Motions,”” Proceedings o 
vol. 6, 1949, pp 150-158 
sen and R. 8. Ayre, “A Comp 
1 daercemg etter ig ans SY ecked. rR mek Fig.9 Model of five- 
- story building 


1q59 











Displacements of a Line l 
sient Load,”’ Aeronautical Quarte vol. 1, part 2 





3-136 
igh, “On the Importance of Higher Modes of Vibra- 
quake Response of a Tall Building,”” Bulletin of t/ 
ty of America, vol. 45, October, 1955, pp. 289-301 
rg and A. | McPherson, “Experimental Verifica- 
of Landing Impact,” Journal of Research of the Na- 
Lu Standards, vol. 41, November, 1948, pp. 509-520 
von Karman and M.A. Biot, ‘Mathematical Methods i 


’ McGraw-Hill Book Company, Inc., New York, N. ¥ 
Tr Crveyr rv at 


1940, pp. 453-461 

















Journal of Applied Mechanics December 1958 / 507 





If p,; are the natural frequencies of the structure, the application 
of finite-difference analysis gives [16] 


7 T 
Pp, = 2(k/m) 7? sin k — 1/2) =| 12) 


The same analysis yields the mode shapes for the jth mass and 


the ith mode 
14 sin | (27 1)j a 13) 
c =s 21 — - ‘ 
, I 


The relations between the mass displacements x, and the normal 


modes displacements g are 


2; 2. a,q, 14) 


Equating the work in the two co-ordinate system's gives the gen- 


Q; ‘he a,f, 15) 


d 


eralized forces 


where f ; is the force acting on the jth mass. 
Consider a one gravity (g) steady acceleration applied to the 
base of the structure. For relative motions this is equivalent to 
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The normal mode responses are 
given by 
q: = Q/Mep? (16) 


where MM, is the 7th generalized mass and is given by 
17 


the base shear forces in 


That is 


The influence coefficients in this case ar 
each of the modes per g of base acceleration. 


A® = kz,‘ 
The result of this computation is 
A™ = 4.40 mg 
Ae 0.44 mq 
A® = 0.12 mg 
A” = 0.04 mg 
A® = 0.01 mg 


In this case all the A are positive, a result of the structural point 


chosen. In general, A of both signs will be obtained. 
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Transient Measurements 


The purpose of this study is to find a significant accelerometer accuracy criterion for 
measuring transients, and to apply it to the investigation of optimum damping and the 


range of frequency response required. It is proposed that the effect of instrument 
distortions on the response spectrum of a transient be used to evaluate the acceptability 


of the measurement. 


The application of this response-spectrum criterion to some 


selected acceleration pulses indicates that the optimum instrument damping for a tran 
sient measurement is essentially the same as for the measurement of periodic motions and 
that the accelerometer period should be less than 0.4 of the pulse duration for 5 per cent 


accuracy. 


Tae paper treats the design of the damped mechanical spring- 
mass system as an accelerometer and is applicable to any instru- 
ment governed by a second-order linear differential equation with 
constant coefficients operating in the accelerometer frequency 
range; for example, the pressure pickup and the galvanometer. 

In general, the response of a linear system to an arbitrary ex- 
citation has a different shape than does the excitation. However, 
there exists one unique excitation, namely, sinusoidal, for which 
the shape is not changed, and only two parameters are required to 
express the relation of steady-state output to input. The re- 
sponse is a sine wave differing from the input only in amplitude 
and phase. These alterations give rise to the amplitude and 
phase-shift characteristics normally referred to as the steady-state 
characteristics 

The steady-st 
from the ideal at frequencies above a certain fraction of the in- 
The sensitivity of the instrument 


ite characteristics of an accelerometer depart 


strument natural frequency. 
(mechanical motion per unit acceleration) is inversely propor- 
tional to the natural frequency squared. Hence as one increases 
the instrument natural frequency, it becomes capable of recording 
higher frequency motions, but its sensitivity rapidly decreases 
and the transducer becomes incapable of producing signals large 
enough for accurate measurement. Thus, in general, one designs 

‘ Based on part of a thesis submitted by the author in partial ful- 
fillment of requirements for the degree of Doctor of Philosophy in 
Mechanical Engineering at the California Institute of Technology 
{1].? 

? Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Me- 
chanics Division, Los Angeles, Calif., September 8-9, 1958, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 10, 1957. Paper No. 58—-APM-6. 


A reasonable generalization of the results to more complex transients is made 


the instrument to be useful to as high a frequency as is consistent 
with the desired signal level. 

The characteristics 
periodic motions are well understood and have been derived and 


accelerometer required for measuring 


plotted in standard texts on vibration. A more complete discus- 
sion is given by Weiss [2 
The Fourier components of a measured periodic motion lying in 


{2) 


and Draper, McKay, and Lees [3]. 


the useful frequency range of the instrument are reproduced with- 
out significant distortion 

The accelerometer design required for the measurement of a 
transient acceleration, however, is not so well understood 
Through a limiting procedure of the periodic case, it can be shown 
that a transient motion can be represented by a continuous spec- 
trum of frequency components [4, 5]. This consideration leads 
to a criterion of instrument design which requires that a significant 
portion of the frequency content of a transient lies in the useful 
frequency range of the instrument. Although this statement is 
basic, it does not provide a satisfactory means of establishing the 
seriousness of the errors in terms of a usual engineering applica- 
tion of the measurement 

A number of attempts have been made to determine the best 
damping and range of frequency response for acceptable repro- 
duction of acceleration pulses [2, 6, 7]. These show a consistent 
use of a peak-value criterion. The error in the reproduction of 
the peak value of half-sine, triangular, and square acceleration 
pulses has been determined as a function of the instrument damp- 
ing and the ratio of instrument natural period and pulse dura- 
tion. The conclusion reached was that, for 5 per cent accuracy 
in the measurement of the peak value of acceleration pulses having 
the general character of triangular or sinusoidal pulses, the 
natural period of the accelerometer must be less than '/; of the 
pulse duration and the instrument damping should be 40 to 70 
per cent of the critical value [6]. No attempt has been made to 
generalize the results to more complicated transients. 

A criterion of more engineering significance will be sought. 
This criterion will then be applied to the same acceleration pulses 
considered in past studies for purposes of comparison. An at- 





Nomenclature 


peak acceleration of sinusoidal or 
transient motion 

peak of response spectrum 

slope of response spectrum at 
7/T =0 

amplitude characteristic 
response-system period 

viscous damping coefficient 


mass 


time 
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subscript denoting input 
spring constant 


natural frequency 
subscript denoting response 


absolute displacement 
input displacement 


relative displacement 

fraction of critical damping 

time duration of pulse 

phase-shift characteristic 

complex amplitude distribution of 
frequency components 

circular frequency 
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tempt will be made to generalize the results to more complex 
transients. 
Steady-State Characteristics of the Accelerometer 

In this section the steady-state performance of the accelerome- 
ter is presented and its application to both periodic and transient 
excitations is discussed. 

The single-degree-of-freedom seismic system is shown in Fig. 1. 
Resulting from an input displacement y(t) is the absolute motion 
of the mass z, and the relative motion z which is the mechanical 
output. The system parameters are the mass m, the linear spring 
constant k, and the viscous-damping coefficient c. The differen- 
tial equation of motion is 

2+ 2Bpz + pz = —¥ (1) 
where 8B = c/2(km)'/?, fraction of critical damping 
p = (k/m)'?, natural frequency 
If ¥ = A sin wt, the steady-state solution may be written 

2z/A = [—G(w)/p?] sin [wi — ¢(w)] (2) 
where G(w) = {[1 — (w/p)*]? + [28w/p]?} —'/2 
28w/p 


p(w) = tan? — 
¢g(w) i-inr 


— 


_ 












































Single-degree-of-freedom seismic system 
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Fig. 2 Amplitude characteristic 
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\ plot ol G(w) versus WwW, Pp, Fig be referred to as 


is the 


is commonly 
the amplitude characteristic; ¢(w) versus w/p, Fig. 3, 
phase-shift characteristic. These two characteristics completely 
define the steady-state response to sinusoidal excitation. 

For distortion-free superposition of any sinusoidal components 
of an input function, the amplitude characteristic must have a 
constant ordinate and the phase-shift characteristic must be linear 
over the frequency range in question. To see this, let us consider 
a periodic excitation in terms of its Fourier components. As a re- 
sult of the amplitude and phase-shift effects the 7th input ac- 


celeration component A, sin w,f produces the output component 


where G(w;)A;/p? is the output amplitude of the ‘th component 


and ¢(w,)/w,; is the time lag for the ith component 
It is apparent that, if and enly if G(w) and ¢g(w) /w are constant 
in a given frequency range, will there be no amplitude or phase 
distortion among the frequency components in that range 

2 and 3 show the characteristics for various values of 
For 8 = 0.707 the second derivative of the amplitude 


Figs 
damping 
characteristic is initially zero, giving the “‘flattest 

The 


range, consistent with engineering accuracy, is obtained with 


be curve, and a 


very nearly linear phase shift largest useful frequency 


damping in the range 8 = 0.6 to 0.7 


Let us now consider the transient case. The complex amplitude 


distribution of the frequency components for a transien / is 


; 
Yu) = [7 Ho 


This theory implies that the frequency 


given by 


component 
from an indefinitely distant time in the past and, if t] 
sponding to this transient has positive damping, it 
the response to each frequency component does not 


transient terms. The accelerometer output comport 


in terms of the previous notation 
The output is given by the following superposition 


ire all zero at zero frequencs 











Fig. 3 Phase-shift characteristic 
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dw (4) 


Thus it can be seen that the statements previously made regarding 
amplitude and phase characteristics are valid for nondistortion 
of the frequency components of a transient in a given range 


Choice of Criterion 


In order to evaluate rationally the degree of distortion in the 
measurement, a criterion based on the errors which result in the 
engineering use of the measurement is desired. Given a tolerable 
error, each of the following criteria (in order of decreasing severity 
on the accelerometer design ) is a possibility, depending on the use 


to which the measurement is to be put: 


1 Undistorted reproduction of transient in both magnitude 
and time. 

2 Undistorted reproduction in magnitude, allowing time de- 
lay due to instrument phase lag. 
3 Response spectrum‘ of accelerometer output to be an un- 
distorted version of the response spectrum of the transient 

4. Magnitude of peak accelerometer response to equal peak 
value of transient 

5 Accurate reproduction of the area under the acceleration- 
time history (velocity change for impulsive loading 


Criterion 3 is suggested as the most useful one, in view of the 
predominant use of transient measurements to calculate the re- 
If this be the case, the peak- 


value criterion 4, the one considered in the past, ignores all those 


sponse of structures to the excitation. 


systems whose natural frequencies lie outside the static region of 
the response spectrum (where the peak value is of prime im- 
Actually, 


cases of the third one 


portance), the last two criteria are included as special 

The static portion of the response spec- 
trum is a function of the magnitude of the peak excitation; the 
constant slope portion for low-frequency systems is a measure of 
the area under the acceleration-time history. Hence a study of 
criterion 3 also will give results for criteria 4 and 5. 

In conclusion, for those cases where the transient measurement 
is required in order to predict the peak response of single-degree-of- 
freedom systems (or those systems for which the single-degree- 
of-freedom approximation is valid [8] ), the response-spectrum ap- 
proach for qualifying the acceptability of the measurement is 
certainly the logical one. Also, the response-spectrum values 
can be applied to normal mode responses in multidegree-of-free- 


dom structures 


Application of the Response-Spectrum Criterion 


Instead of using the entire response spectrum in the qualifica- 
tion of accelerometer measurements, it is found that three princi- 
pal parameters from the response spectrum of an acceleration 


pulse determine its essential features. These are represented by 
the symbols A, B, and C in Fig. 4 
This is the type of spectrum obtained for acceleration pulses 


The value A 
peak acceleration in the transient; B is the peak of the 


not containing infinite rates of acceleration [9]. 
is the 
spectrum; C is the slope at 7/7 equals zero 

To apply this criterion, an electric analog was first used to ob- 
tain the accelerometer response to the input-acceleration pulse 
The response spectrum was then obtained for the input pulse and 
the accelerometer response [10]. From these spectra the ratios 
of the quantities shown in Fig. 4 for the input and response were 


4 The response spectrum of an excitation is a plot of some maximum 
response parameter of a single degree of freedom system, as a function 
of the natural frequency of the system. In this discussion the 
ordinate is an equivalent static acceleration, which is that value of 
acceleration statically applied to deflect the system to the peak dy- 


namic strain. 
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plotted. This was done as a function of 7/7 for 40, 60, 70, and 100 
per cent of critical damping in the accelerometer for the half-sine 
and the triangular acceleration pulse. The results are shown in 
Figs. 5 to 10, inclusive. The subscripts r and i refer to the ac- 
celerometer response and input, respectively. 

For the curves of A,/A,, Figs. 5 and 6, a number of interest- 
In the first place, the results of 
These are 


ing observations may be made. 
Levy and Kroll [6] may be plotted on these curves 
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Fig. 4 Response spectrum for single pulse of acceleration 
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Fig.5 Reproduction of static level of response spectrum for half-sine 
input acceleration 
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Fig. 6 Reproduction of static level of response spectrum for tri- 
angular-input acceleration 
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Fig. 7 Reproduction of peak of response spectrum for half-sine in- 
put acceleration 


the points denoted by x obtained by numerical integration for 
T /r-values of 0.2, 0.3, and 1.0 at 40, 70, and 100 per cent of critical 
damping. The correspondence to the analog results is seen to be 
reasonably good. An interesting point is to notice the position of 
the points given by Levy and Kroll for the 40 per cent damping 
with the triangular input. Their calculations were for points on 
either side of a hump in the curve, thus missing a region of sig- 
nificant error. 

The case of the half-sine pulse shows a behavior of the A,/A, 
curves similar in appearance to the steady-state amplitude charac- 
teristics. The 70 per cent damping curve has the longest flat 
range, to about 0.8 7'/r. The triangular input shows a different 
behavior with none of the damping values chosen giving a large 
flat region. In the case of the triangular output, about 50 per 
cent damping appears best for the A,/A; parameter. Qualita- 
tively, this is due to the fact that some of the low-frequency con- 
tént is amplified, while the high-frequency content is attenuated 
by the instrument, resulting in a good value of peak response. 
This is illustrated by one of the figures in Levy and Kroll’s paper. 
In this paper, Fig. 6, curve 2 shows an accurate peak value, but 
the high-frequency content in the input does not appear in the 
output which has a rounded peak. Thus, depending on the har- 
monic content of the transient, different values of accelerometer 
damping may prove best, if the peak value is the sole criterion. 

The set of curves for B,/B;, Figs. 7 and 8, shows a more con- 
sistent behavior with regard to damping. Both inputs give a 
large rise (25 per cent for triangle, 30 per cent for half-sine) in the 
value of B,/B, at 40 per cent damping between 7'/7-values of 1.0 
and 1.4. The reason for this behavior is readily apparent when 
viewing the accelerometer response. At 40 per cent damping, a 
decaying sinusoidal tail at the accelerometer resonant frequency 
appears and systems having a natural frequency near this fre- 
quency are somewhat resonated. This then clearly indicates one 
reason why such a low value of damping is undesirable. Harmonic 
content near the accelerometer-damped resonant frequency is 
introduced into the response with sufficient magnitude to give 
highly erroneous results for a large range of response-system 
periods. With 60 per cent or more damping, no trouble of this 
nature arises. 

One technique of record improvement mentioned by Levy and 
Kroll involves fairing a line through oscillations occurring near 
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Fig. 8 Reproduction of peak of response spectrum for triangular 
input acceleration 
the accelerometer natural frequency. This requires that some in- 
formation about the shape of the transient be known; otherwise 
one cannot be sure that these oscillations are not actually in the 
input function. Also, it may be that for more complicated tran- 
sients, these wiggles are completely indistinguishable from other 
features in the motion. Only in the case of a relatively high-fre- 
quency accelerometer with almost no damping, wherein the re- 
sponse clearly oscillates about the input function, can this tech- 
nique be employed generally. Hence for damping as high as 40 
per cent, oscillation at the damped natural frequency of the ac- 
celerometer cannot be eliminated. Consequently, the record will 
give erroneous results of the type shown in Figs. 7 and 8 

Figs. 9 and 10, showing the reproducibility of the impulsive 
character of the transient, have considerable practical impor- 
tance. Good results are obtained over a large response-period 
range. Therefore if only the impulsive nature of the transient is 
desired, a much lower-frequency accelerometer is required than 
any other criterion might indicate. 

It is reasonable to conclude on the basis of the data presented 
that, if the reproducibility of the response spectrum is the cri- 
terion for satisfactory accelerometer response, the instrument 
damping must be such as to give flat amplitude and linear phase- 
shift characteristics (60 to 70 per cent of critical damping) for the 
measurement of simple pulses. Figs. 5 to 10 indicate that the 
accelerometer period must be less than 0.4 of the period of a simple 
pulse to obtain at least 5 per cent accuracy in the principal fea- 
tures of the response spectrum. 

A generalization is possible if we consider a complex transient 
as being composed of pulses. Then the sharpest pulse (most sig- 
nificant high-frequency components) will determine the required 
accelerometer frequency response. If this pulse is satisfactorily 
reproduced, a significant portion of its harmonic content must 
have been in the useful range of the accelerometer. The other 
pulses, having less high-frequency content, will have been repro- 
duced even more accurately. Since the phase-shift characteristic 
is linear in the useful range, no significant phase distortion will 
have been introduced between the pulses. If the accelerometer 
period is less than 0.4 of the duration of the sharpest pulse, the 
error in the response spectrum will probably be much less than 5 
per cent. The greater the importance of the other pulses, which 
are more accurately measured, the smaller will be the error. 
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Fig. 9 Reproduction of impulsive level of response spectrum for 
half-sine input acceleration 


of the transient tu be 


, one does not know the shape 


Hence 


appears evident that iny 


General 


measured one cannot know its Irequency content 


Therefore 


of other than the 


attempt which makes use 
ideal steady -state accelerometer 


The re- 


essentially 


characteristics cannot have widespread applicability 
sponse-spectrum criterion is enhanced by the fact that it confirms 
this viewpoint. This criterion is a means for providing a quanti- 
tative evaluation of accelerometer distortion in a manner which 
has clear engineering significance 

If the measurement is to be used to predict the peak response 


ol any structure, the entire response spectrum must be repro- 


duced The natural 
thus determined by 


Irequency ol the accelerometer required is 
the frequency content in the transient and 
the accuracy desired. However, another important case must be 
It may be that the measurement is made for the re- 
For this situation the 


considered 
sponse analysis of a specific structure. 
accelerometer natural frequency may be determined by the struc- 
ture itself, since only frequency content in the transient to which 
the structure will respond with significant amplitude need be 
recorded. 


Summary 

Any transient can be considered as a superposition of a con- 
tinuous distribution of frequency components. The steady-state 
characteristics of an accelerometer describe the manner in which 
each of these components is altered by the instrument. For dis- 
tortion-free response an accelerometer must not alter the ampli- 
tude or relative phase of the components in the excitation. 

The correct reproduction of the peak value of a transient often 
in the past has been used as a measure of the accuracy of an ac- 
celerometer. Application of this peak-value criterion to ac- 
celeration pulses shows that the “optimum’”’ accelerometer design 
may not be the one whose characteristics closely approximate the 


ideal over the largest frequency range. Aside from the simplicity 
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Fig. 10 Reproduction of impulsive level of response spectrum for 
triangular input acceleration 


of its application, the peak-value criterion has merit only if the 
measurement is to be used to determine the peak response of a 
structure which responds in a static manner to the excitation. 
To the extent that one is interested in peak structural re- 
sponse, the correct reproduction of the response spectrum of the 
excitation is a reasonable criterion for instrument design. Its 
use shows that 60 to 70 per cent of critical damping is most de- 
sirable, whereas the peak-value criterion permits a much larger 
range of damping. For at least 5 per cent accuracy, the ac- 
celerometer period should be less than about 0.4 of the period of 
the sharpest pulse in the transient 
The required useful accelerometer frequency range need not 
The 
extent of this range, in some cases, may be modified by the sensi- 
Frequency com- 


always be based on the frequency content of the excitation 


tivity of the structure to various frequencies. 
ponents to which the structure will not respond significantly need 


not be recorded 
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ite 


count for the large discrepancy oth 


ier effects ne gl 
| ecount 
only for a lesser part of the overestimation, are thos elastic 
vibration, strain-harde hing, she ar and axial force S, | 
and changes of beam geometry. 

Continuing the theoretical assessment of the various ne glected 
5) considered an elastic-plastic type ol be- 
havior for the problem set up in reference This 
however, could be carried forward only for the case where plastic 


quantities, Alverson 


> 
6 AnaIVSIS 


flow is confined to a plastic hinge at the root of the beam, which 
limited its validity to small values of the loading parameter sub- 
The 


results, therefore, although indicating a marked reduction in the 


stantially below those occurring in the experimental work 


deformation at small values of the loading parameter, did not 
provide a basis for a definite assessment of the effects of elastic 
vibration in the present work. The effect of strain-hardening 


was considered by Mentel (6 a where, for the case of the beams 
studied in reference (3), a reduction of the order of 15 per cent 


was indicated for deformations of 30 deg. A simple procedure 
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is outlined for obtaining this correction in the present paper. 

Although of lesser significance in the present problem involving 
a free-ended beam, the effect of axial forces has been investigated 
by Mentel and Symonds (7) for the initial motion problem, and 
by Mentel (8) for the pressure pulse problem, both involving pin- 
ended and built-in beams. In this work, marked reductions 
in the deformations were found to occur with increasing axial 
constraint. Lastly, the role of finite changes of beam geometry 
has not yet been analyzed. This is due partly to the experimen- 
tal observation that the point-hinge concept is substantially 
realized in the final deformation modes, even though this may 
not be true during certain periods of the deformation process 
when elastic deformation is present. 


Theoretical Analysis 

We consider the problem of the plastic deformation of a canti- 
lever beam as shown in Fig. 2, which results from a transverse 
acceleration of the supporting structure. 


A Q,! 
Vi 4 Me,™m 
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Plastic Hinge 


Portal-frame structures 


In the plastic-rigid treatment the physical quantities con- 
cerned are used with the following notation: 
i= 
m = mass per unit length of beam 

mass attached at tip 
centroidal moment of inertia of attached mass 
limit moment of fully plastic moment of beam 
final velocity of support (Fig. 3) 
time in which velocity increases from 0 to V 
angle of rotation of tangent line at base 


length of beam 


Of these eight variables the following five dimensionless 
parameters are found to be convenient to use: 
Q I 
K : Js— 
ml ml?’ 
ml ml?V 
Mgr?’ Mor 
In the ideal plastic-rigid approach M, is taken as a constant 
which depends on the yield stress 7, and the beam cross section; 
for a rectangle of depth h, width b, Me = o,bh?/4. When a 
moment + M, is maintained at a cross section, an unlimited in- 
crease of curvature or “plastic-hinge’”’ action can occur there. 
The acceleration is taken to be constant and equal to V/r, as 
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Velocity 





shown in Fig. 3. The simplest kinematical mechanism which 
can be applied consists of a point hinge at the base of the canti- 
lever, Fig. 4. The criterion for the occurrence of deformation 
in this mechanism is 

mi?V 


Mer ~2K +1 


On introducing the dimensionless time unit 7 = t/r and using 
the dot to signify differentiation with respect to n, the equation 
describing the angular motion is found to be 

ml?V 
3(2K 
ml? Mor 
Mor? 6K + 6J +2 
= 6(0) = 0, the 
total deformation, including that which occurs after the accelera- 


Taking into account the initial conditions 6(0 


tion is stopped, is obtained as 


3(2K + 1 2K + 
af = —— ; 8 - 1) [1] 
43K + 3/ + 1 2 


Expression [1] for the total deformation remains valid as long as 
the plasticity condition is not violated. The development of a 
fully plastic moment and hence of a plastic hinge at some interior 
point can occur in two distinct ways. In the first, which applies 
for relatively small K and J but large 8, a moment distribution 
like that shown in Fig. 5 occurs. The conditions for hinge forma- 
tion in this case are clearly OM/or = O and M = M) at a point 
xz = €l. In the second, which applies particularly for large J, a 
fully plastic moment is developed at the mass with 0M/dzr # 0 
The expression obtained for the critical condition in this case is 


6K + 12J +2 
B=— : 
3J(2K + 1) 


which, for the range of 8 occurring in the experimental work, is 
found, in all cases, to call for values of J above those employed. 

Since the foregoing condition, in which 8 depends directly on 
the magnitude of J, will not occur in the present work, the possi- 
bility suggests itself of simplifying the analysis by neglecting J 


altogether. In assessing the importance of J we note that 


Jmlt = Qr? 


where r is the appropriate radius of gyration of the mass Q. This 


gives 


In the experimental work, the radius of gyration of the largest 
mass is 0.204 in., while the beam span is 4.75 in., so that we obtain 
J = 0.00185(K). This clearly indicates that J can be neglected 
in the equations developed thus far, since it always appears as a 


sum with K. The situation is not quite so clear for the subse- 
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quent equations describing the motion when a second hinge is 
present, for in this case, K becomes associated with the term (1 

&). It will be shown later, however, that the neglect of J does 
remain a valid simplification. 

With the neglect of J, the formation of an interior plastic hinge 
can occur only under the first of the afore-mentioned conditions. 
For this case the moment along the beam during the prior phase 

plastic hinge at the root only) is given by 


M 3 | B(2K + 
Mo z=1 2 3K 


[ 


Applying the conditions noted previously, we obtain, after some 
reduction 
& — £5(4K + 4) + £(24K + 8) 

+ FISK +9) + (8K +2 


as the equation giving the position along the beam, and 


6&? — 12K — 6 


+4)+ (4K +1 


as the equation giving the corresponding value of 8 (for a given 
K) for which the plasticity condition will be first violated. These 
equations form the criterion for the appearance of a second plastic 
hinge. 

For values of 8 above those defined by Equations [2] and [3], 
the kinematical mechanism has two hinges as shown in Fig. 6 
The dynamical equation of motion is now found to be 


6(1 — &)(2K +1 — &) a 
(1 — )4K +1 — &) + 12U(K + 1 — &) : 


Since the hinge location is fixed during the time 7 of the accelera- 
tion, the angular velocity of the inner segment at the end of the 
first phase of the deformation process (y = 7; = 1) is readily ob- 


tained as 
; ) 
&o? 


with the corresponding angular deformation being 


86, = 
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The value of & is given by the condition & = 0, which vields 
at; = af. + 


Numerical calculations were carried out for values of 0 ranging 


up to 800 and for values of Kk up to 5. This analvsis in general, 


12(1 : , . : ‘ 
was straightforward, involving Simpson’s rule in the integrations 


— §)%AK + 1 s' = ~~ SOF except at the upper limit of the integrals occurring in the equa- 


It is now possible again to estimate the influence of the parame-  U0NS for the second phase of the moon In these cases the inte- 
ter J. One of the most unfavorable conditions of 8, A, and J grands become infinite so that a special approximating proce dure 
: : ' . . as require The re s of . ‘rical alvsis shown 

which occurs in the experimental work, in so far as the neglect of JW" required. The results of the numerical analysis are shown 


is concerned, is 8 = 120, K = 2.00, J = 0.00370. For these 
values, Equation [5] gives & = 0.2995, whereas if J is neglected 


in Fig. 7, where the parameters af /8? = 1,4 /m/lV? versus 3 have 


been used In all cases, the final phase was found to secount 
we obtain & = 0.3001. Since the following results are presented 
to only three figures, the neglect of J is indicated as permissible Analysis Using a Model With One Degree of Freedom 
in the present work 

The equation of motion for the ‘“‘runout’’ phase t > r of the 


for a major portion of the total deformation 


The model to be studied corresponds to a simple mass-spring 


. . ; ) system. It is conveniently taker the f of a concentrate 
deformation process is obtained by differentiating Equation [4] ystem. It is conveniently taken in the form of a concentrated 


. , . ass attache “ ra rig f cantilever c 
and substituting appropriate expressions for 6 and ¢. A first ™* attached to the tip of a rigid, uniform cantilever which in 


? 


integration of this equation (with J neglected) yields turn has a hinge exerting . Ee a ne This 
corresponds exactly to the situation encountered in the foregoing 
tf = P(g, K)C(&, K, B (6 analysis for small values of 8 when the kinematical mechanism 
for the deformation involved only a hinge at the root and the 
effect of J was neglected. The solution obtained by usINg Sut h 

[*s +18K + =| a model is therefore Equation [1] with J left out, i. 

+3) + (4K +1 AR +1 om —_ 
ed ee |) 
2 o/ 


[i - aoe ] mlV2 B82 113K +1 
\ plot of this expression is included in Fig. 7, where broken lines 
are used past the points where the expression is known to be in- 
valid on the basis of the plasticity condition. The discrepancy 
between the solution for the simple model and that for the con- 
tinuum model is seen to be remarkably small and to have little 
variation with the parameter K. This result will be considered 
as justifying exclusive attention to the simple model in the sub- 
sequent analysis 

An indication of the effect of K on the range of applicability 

— ; of the theory can be obtained by studying the ratio of the kinetic 

aK ig , = energy to the predicted plastic work. This is, of course, not the 


sume ratio that was mentioned earlier which forms the basic 


criterion for the application of the theory. In the present case, 
there is a natural variation with the parameter 9, where, as 6 


tends to zero, the ratio becomes infinite. Clearly, the lower limit 


The final location, &, of the traveling hinge, which is obtained by at 
KS 


setting the angular velocities zero in Equation [4], is oe 
. 
‘ < - (: ‘ EXTENSION OF SOLUTION FOR 


+ 8K + 1 
: ELEMENTARY MODEL 
1(K 1) 





The soregaing results now enable the total defo mation Ip to the «— VALUES AT WHICH INTERIOR 
end of the second phase to be written as a quadrature of Equation 2r HINGES FIRST APPEAR 


éi, 2.2 
ab, = af, 4 aé ” — 1) 
6 


2), K, 8) 








where the time up to the end of this phase is given by 





& at 
(>, K, B) J. P(g, K) 








The final phase of the deformation process has only the plastic 
hinge as the root, which is identical to the kinematical mecha- 
nism examined at the beginning for small values of 8. The defor- 
mation up to the end of this phase, and hence the total deforma- 


tion, is therefore given by 
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of the ratio is 1. There is another variation, however, which 


occurs with & constant, which is due to structural changes such 
as different sizes of the tip mass. To examine this more closely, 


we note that, on using the expression for the deformation given 


by the elementary model, the ratio of the final kinetic energy to 
the plasti york 1s 
AE K + GB? 
W, 2 ad 


\ plot oO 


toward 


this ¢ 


xpression, which is shown in Fig. 8, shows a de- 
inity with increasing A This indicates that it is 


the 


crease 


easier to satisfy basic criterion plastic work > maximum 


possible elastic strain energy) for a beam with an attached tip 


mass than for without 


one 


Experimental Investigation 

The experimental apparatus used in this study was basically 
the same as that employed previously in tests of uniform canti- 
lever beams, and its detailed description will be found in (3 It 
comprised a motor-driven pulley which by winding up a nylon 
cord accelerated «a beam specimen along a set of rails, at the end 
of which the specimen collided with an anvil. The process of 
deformation resulting from the very rapid deceleration was photo- 
in electrically 


graphed by synchronized, high-speed, motion- 


picture camera \ schematic outline of this apparatus is shown 


in Fig. 4 


W,* PLASTIC WORK, CALCULATED FROM 


p 
SIMPLE MODEL WITH £8 «200 


The only 
the addition of the 
The latter were added to preserve approximate ly the same ratio 


plus 


modifications ine rpor ited in the present stu ivy were 


tip masses and, in some cases, body weights 


of cantilever tip-mass weight to total weight (specimen 


PULLEY — CAMERA 
~ 
SYNCHRONIZER UNIT 


PULSE GENERATOR FOR 

CAMERA TIMING LIGHT 
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Table 1 


x 0 0 
y 

180 
— 0 


* 
T 

K* 

V 

180 


a** 


9 
T 

* Values for A O are from the work of 
** Average of two specimens in each test 


40- 
and 
‘eegrees) a 


VALUES TAKEN FOR 


COMPARISON WITH 
THEORY (1809 = 30°) 
a 


———— EEE _—_ 
4000 6000 


v7itp s) 


Fig. 12 


beams plus guiding block). A series of specimens with tip masses 
is shown in Fig. 10. The plastic (Rulon) V-blocks used for 
guidance along the rails are also included in this figure. Fig. 11 
shows the appearance of some of the specimens after impact. 
The original dimensions of the cantilever beams, which were 
made of hot-rolled mild steel, were '/s X °/:¢ X 5 in. The tip 
masses were centered 4.75 in. from the root. Static tensile tests 
gave the yield stress as 30,000 + 1000 psi. 

No attempt was made to make a thoroughgoing quantitative 
evaluation by means of a large number of tests at this time. In- 
stead, only a few specimens remaining from previous work (3) 
were used, and these had to be straightened and annealed succes- 
sively to provide the present results. The specimens were ob- 
served to maintain their statical bending deformation charac- 
teristics after annealing. The direct experimental results are 
listed in Table 1 and plotted in Fig. 12. The large deformations 
obtained for K = 2 represented an attempt to accentuate the ef- 
fects of the interior hinges. 


Comparison of Theory and Experiment 


The curves in Fig. 7 show that the dimensionless combination 
a6 /3? (== M,6/mlV?) becomes practically independent of 8 
(== ml?V / Mor) for 8 larger than about 100. (This is true both for 
the complete solution treating the beam as a continuum and for 
the solution for the simplified model with one degree of freedom.) 
This fact made it possible to eliminate the deceleration time 7 
in the comparison of results by considering only theoretical and 
experimental results for which 8 was estimated as 200 or larger. 
Such an elimination of 7 was desirable because the time of con- 
tact between the specimen block, and the anvil was too short to 
permit accurate measurement of 7 from the high-speed photo- 
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reference 
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4 
4 
CORRECT KINEMATICAL // 
MODEL £2 100 7, 
~~ 


SIMPLE MODEL 62100 


EXPERIMENTAL 
RESULTS 6 ~200 


K 
Fig. 13 


The camera was run in most tests so as to give a film 
At this speed it was 


graphs. 
speed of about 14,000 frames per sec. 
possible only to ascertain that the contact time 7 
one frame duration; i.e., less than about 7 X 107° sec. 

As already mentioned, comparisons were made between theo- 
retical results and those obtained in experiments for a fixed angle 
This was done so as to facilitate 


was less than 


of rotation 8, taken as 30 deg. 
the estimation of errors resulting from strain-rate effects or to 
work-hardening, which would depend importantly on the magni- 
tude of @ as well as other factors. Fig. 13 shows theoretical 
curves and experimental points determined on this basis. The 
experimental points were obtained in the manner indicated in 
Plots of the measured values of @ as a function of V? 
0 


Fig. 12. 
were first made for each of the five mass ratios used (K 
0.3, 0.6, 1, 2). The values of V? corresponding to 6 = 36 deg 
were found by interpolation from the curves averaging the ex- 
perimental points, and then used to compute the values of Mo@ 
mlV?2, plotted in Fig. 13. The value of Mo used in this calcula- 
tion was computed from the static yield stress of 30,000 psi. 
The theoretical and experimental curves of Fig. 13 both show 
The 
experimental points are only about one half as big as the corre- 
sponding theoretical values, and this large discrepancy requires 


the same, nearly linear variation with the mass ratio K. 


explanation. 


Improvement of the Theory 
No generalization of the basic plastic-rigid type of analysis is 
attempted in this paper, but rather an effort has been made to 
3 Since this paper has been prepared, additional studies included 
in reference (3) have undertaken the measurement of the contact 
time 
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obtain some estimates of the importance of certain of the 
neglected effects, particularly those of strain rate and strain- 
hardening. These estimates appear to indicate that the main 
reason for the difference between the theoretical and experimental 
results shown in Fig. 13 is the neglect of strain-rate effects in the 
theory. These estimates, however, are obtained by means of 
some drastic simplifications. A more precise allowance for these 
effects would be extremely difficult because the plastic regions 
which actually occur in place of the hypothesized point hinges 
are of complicated shape owing to the loading being both non- 
uniform and nonconstant 

It is assumed that the various corrections can be computed 
independently and subsequently superimposed. The sequence 
in which the subsequent superposition is made may be impor- 
tant, and the 


rection for strain rate first, 


one chosen in the present work, is to apply the cor- 
and then the correction for strain- 
hardening \ re-evaluation of the experimental points 1s also 


shown as an alternative method of comparison. 


Strain-Hardening Effect 


In the case of a uniform beam, the strain-hardening effect for 
the deformations considered herein has been shown to result in 
about 15 per cent reduction in the final value of @ (reference 6 
It is interesting, however, to examine the role of K in this effect, 
ind for this reason the analysis for the present case will be out- 
lined in detail 

If one starts with a three-straight-line approximation of the 
stress-strain relationship as shown in Fig. 14, where the numerical 
values are based on tensile experiments with mild steel (10), the 
bending moment versus curvature relation which is obtained for 
a rectangular beam of the dimensions used in the present experi- 
ments, is shown in Fig. 15. This curve can be similarly approxi- 
mated by another set of three straight lines, with the difference 
that the first of these lines, for a good approximation, no longer 
passes through the origin. If we now take the simplest case of 
loading, viz., a concentrated transverse load P at the tip of the 
‘antilever, then the load versus slope (at the tip) curve which is 
This 


obtained for the experimental beams, is shown in Fig. 16 
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curve is readily approximated by a single straight line and can be 
expressed as a moment equation of the form M = M)(l + A®@) 
where M is the moment at the root due to P and \ = 0.83. In 
the dynamical case, which occurs in the present experiments, 
the loading situation is radically different, which would be re- 
flected in a different optimum value of A. If, however, the ex- 
tent of the plastic region at the root is small compared to the 
span of the beam, then the foregoing results might be con- 
sidered to give a first approximation for the variation oi the 


moment at the root with the outer beam slope. This approxi- 


4X has been replaced by « in Figs. 17, 18 


j 
= 


APPROXIMATION 








2 3 
SLOPE (roc) 
Fig. 16 


s& 
4-si724 * 





K*2 


ALL CURVES SHOWING STRAIN- 


HARDENING ARE FOR «+0 83 














~~ 
169 @ 10" 30° Soe 


(* *,83 @*17,100) 


December 1958 / 521 





mation will now be made, with two important additional simpli- 
fications. The first is that because of the previously indicated 
small effect of the interior hinges, only the simple model with de- 
formation restricted to the root area will be considered, and the 
second is that for the purpose of setting up the equations of mo- 
tion for the deformation process, the notion of a point hinge will 
be applied. 

With the foregoing expression for M, the deformation of the 
elementary model is found to be given by 


2h0, = [2 — B(2K + 1)(1 


— cos p)| cos pn 


+ B(2K + 1 


3A ] 
a a(3k + 1) 
pn, = tan™ E 


A plot of these results for three values of AK is shown in Fig. 17, 
together with the corresponding previous results for zero strain- 
hardening. A trend toward a larger effect with increasing A is 
noted, but it is seen to be very small within the practical range 


sin p sin pny, 


where 


B(2K + 1) sin p ] 
— B(2K + 1)(1 — cos p) 


of angular deformation. The percentagewise effect for three 
angles of deformation is illustrated in Fig. 18. Although the 
general dimensionless quantity @8/8? has been presented on the 
graphs, it is noted that the actual angle @ must be considered in 
obtaining a correction for strain-hardening. In the present case, 
the deformations studied are of the order of 8 = 30 deg, which, 
on examining Fig. 18, confirms the expected 15 per cent reduction. 


Strain-Rate Effect 

A precise allowance for the strain-rate effect is particularly 
difficult: because the actual strain rate which occurs varies both 
timewise and spacewise (longitudinally and transversely) along 
the plastic region. Fortunately, the dynamic plastic moment 
of a mild-steel beam has a slow variation with strain rate, which 
enables some gross simplifications to be considered. This varia- 
tion is illustrated in Fig. 19, which has been plotted using values 
in Table 3 of reference (4). A variation by a factor of 2 in the 
strain rate is thus indicated to result in less than a 5 per cent 


change in the dynamic plastic moment in the range of strain 
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rates being considered. In view of this behavior, a rough pro- 
cedure for obtaining some mean value of the strain rate would 
appear to be acceptable for a first approximation. 

The first step in computing a mean value of the strain rate is 
to obtain some approximation of the extent of the plastic region 
If we again refer to a simple statical situation from which to ob- 
tain this information, then the computations already carried out 
for the strain-hardening correction can be used directly. On 
selecting the deformation angle at 30 deg, and assuming that the 
effect, at the root, of the dynamical loading situation can be ac- 
counted for, roughly, by placing the concentrated load P at a 
point two thirds of the span out from the root, the extent of the 
plastic region is found to be approximately '/. in. In this com- 
putation, the plastic region is composed of three distinct zones, 
corresponding to the three-line approximation of the curve in 
Fig. 15. 
short distance from the root since the first of the foregoing straight 
lines is taken to intersect the zero curvature axis at a finite value 


The total region of deformation actually terminates a 


of moment. 

The next step is to calculate the mean angular velocity d@ (dt 
For this purpose, in order to provide some notion of the variation 
of @, Fig. 20 has been included to show the growth of the defor- 
mation both as observed from the experimental motion-picture 
records and as given by the theory using the simple model. Fig 
21 shows a comparison of the angular velocities for the same case 
Although 
evident, both variations 
phase, and the limits of the variation are certainly of the same 


a substantial difference in the velocity variation 1s 
are essentially linear during the final 
order. A reasonable value for the mean value to be used in the 
strain-rate computation is thus indicated to be one half of the 
maximum velocity as given by the simple model. The mean 
strain rate is then given by 

de d ( dé ) 

dt th \ dt ax 
where € is the strain, d is the depth of the beam, and h is the ex- 
tent of the plastic hinge which, from observation of the experi- 
mental beams, is assumed, as a first approximation, to have con- 
stant curvature 
correction for the present wor 


In obtaining the value of the 


we note that for the specimens used in the tests 
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The re fore 


is used 
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3 
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where the propriate value of @@/ 9? is obtained from Fig. 13, 


and @ is fixed at 507, 1S0 


This gives the values of 3 to be used 


in determinit maximum angular velocity, which for the 


simple mod 
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Table 2 


Table 2. Mean strain rates for 30 deg of deformation 
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11.5 


Ther ies of the strain rate has been shown in 
Fig. 19 


results, 


inge olf mean val 

The correction can be applied either to the theoretic il 
ised to recompute the experimental points by 
Both of these pro- 


final, corrected theo- 


or it can be 


interpreting .%) to have a modified value 


cedures are illustrated in Fig. 22, where the 
retical curve has been obtained in the manner outlined. 


Discussion of Results 


The close 


ind the experimental points must be interpreted with cau- 


igreement between the final, corrected theoretical 
irve 
tion Both the « xperiment il points and the theoretical curve are 


subject to further correction. The possible shift in the experi- 
mental points which might be obtained by testing a large number 
of new specimens is unknown at this time, but the shift in the 
theoretical curve, (a) by referring back to the continuum model, 
by improving the method of correction for 
most likely This latter 


downward shift is expected because the most important of the 


woul | he up, and h 
the additional effects, would be down. 
for which no correction has been made in the 


Neve rtieless, the in- 


additional effects, 
present case, 1s that of elastic vibration 


fluence of the remaining neglected quantities, i.e., elastic vibra- 
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Fig. 


tion, shear and axial forces, pulse shape, and beam geometry, is 


indicated to be relatively small The value of the ratio of the 


plastic work to the maximum elastic strain energy, which forms 


the basie criterion for the applicability of the theory, is approxi- 
y 10 
Although the correction for strain-hardening has been made 
de pe ndent on the correction for strain rate in the sense that de- 
formations obtained by applying the latter were used in comput 
ing the former, a much more complicated interaction actually oc- 
This is seen by considering the plastic 


curs between the two 


at the root, where the strain-hardening effect means that a 


zone 


variation in the radius of curvature will occur, which 


spacewlst 
in turn means that a spacewise variation in strain rate must occur 
The two effects therefore, would have to be accounted for simul- 


A «- 


ising empirical expressions for 


taneo sly to obtain a better estimate of the corrections 


rect approach to this problem, by 


the strain-hardening and strain-rate effects as obtained from 


inde pe ndent tests (e.g., as used in this paper) is found to lead to 


a highly nonlinear set of equations An alternative proced ire 


might be to assume a functional relation between direct and rate 


some VIiscor lastic model However. the 


quantities as given by 


ipproximate methods given appear to be adequate to indicate 


the orders of magnitude of the principal corrections. 
The 


Tiirigee 


small error resulting from the neglect of the traveling 


s cannot be taken as a general result. This situation may 
not occur even in the present proble mu, for example, elastic ef- 


uded 


the hypothesis of ideal plastic-rigid be havior, is indicated to be 


fects were inc The use of the simple model, together with 


permissible when a single kinematical mode dominates the de- 


formation process 


Conclusions 


The theoretical solution of the deformation of a beam with at- 


tached mass subject to dynamic loading was found to be given 


ilmost equally well when the continuum model used in the 


theory was replaced by a simple one-degree-of-freedom model 
The basis for this result was that in the case of the continuum 
<d during 


structure, almost the whole of the deformation occur 


one of the phases of the deformation process, This result may 
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be compared with those of (9), where a corresponding simple 
model, in general, was found to give erroneous results because of 
the importance of several modes. This would appear to show 
the importance of examining the expected deformation modes in 4 
real structure (for possible dominance by a single mode) before 
applying a simple model. 

A deformation analysis, based on the assumption of rigid-plastic 
behavior, can yield a good estimate of the deformation of beams 
under dynamic loading provided that corrections for strain rate 
and strain-hardening are applied. The total correction for strain 
rate may be large, but because of the slow variation of the 
strain-rate effect with strain rate, a simple, approximate proce- 
dure apparently will permit a relatively accurate estimate of this 
correction to be made. In connection with problems involving 
the blast deformation of large structures, as opposed to the small 
models used in the experiments, the predicted rates of strain may 
well be several orders less, so that their effect on the deformations 
no longer may be of primary importance. A more accurate 
analysis of the role of strain-rate and strain-hardening effects 
would be of interest in indicating theoretically the validity of 
the present work. 
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Physical Properties of Plastics for 
Photothermoelastic Investigations 


The optical and physical properties of Paraplex P43, Castolite, and epoxy resin 
Hysol 6000-OP, which are potentially of interest in photothermoelastic investigations, 
were investigated over a temperature range from +100 to —60 F. Results on the 
thermal-expansion coefficient, the material fringe value, and the modulus of elasticity 
as functions of temperature are presented. 
‘portance in heat conduction. 


Also evaluated were thermal properties of 
Photothermoelastic figures of merit, which rate the 


optical sensitivity of materials in photothermoelastic cpplications, as well as a new 
method to determine this figure in a relative manner are presented. 


a exploratory phase of this investigation was concerned with 
the evaluation of the optical and physical properties of Paraplex 
P43, as well as its use in preliminary studies of disks and beams 
under thermal loading.? These results were sufficiently en- 
couraging to justify a rather thorough study of the physical and 
optical properties of various plastics of potential interest in photo- 
thermoelastic applications. 

Of the many photoelastic materials available, two rather new 
ones were selected for a complete evaluation. One from the epoxy 
resin group, Hysol 6000-OP, and one from the polyester group, 
Castolite, were chosen since these materials have the highly de- 
sirable characteristic that they can be cemented to form rather 
complex structures. The properties obtained for these materials, 
however, are representative of various types of plastics and thus 
cover a fairly wide range of photoelastic materials 

Contrary to conventional two-dimensional photoelasticity 
where the load may usually be increased to obtain a sufficiently 
for the desired accuracy, thermal loading is 
Therefore it is 


high fringe order 
limited by the available temperature differences 
of importance to have available materials of sufficiently high 
sensitivity for photothermoelastic investigations. The photo- 
thermoelastic figure of merit is used to rate the sensitivity of the 
foregoing materials in this application. Several other materials 

‘Sponsored by United States Air Force through the Office of 
Scientific Research, Air Research and Development Command. 

Photothermoelasticity: An Exploratory Study,” by G. Gerard 
and A. C. Gilbert, JouRNAL or APPLIED Mecnanics, TRANS. ASME, 
vol. 79, 1957, pp. 355-360. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, September 8-9, 1958, Los Angeles, Calif., of AMERICAN 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
Manuscript received by ASME Applied Mechanics 
1957. Paper No. 58—APM-2. 


the Society 


Division, August 6, 


also were studied by a new method which permits a rapid deter- 
mination of the sensitivity of the material in photothermoelastic 


applications 


Physical Properties 
Essentially the same experimental techniques as described pre- 
viously? were employed in the present investigation. The ma- 
terial fringe values as a function of temperature for Castolite, 
Paraplex P43, and Hysol 6000-OP are presented in Fig. 1. The 
thermal-expansion coefficients for these materials were found to 
be constant over the temperature range of —60 to 80 F. The 
values given in Table 1 were determined by the method of least 
squares. 
Thermal expansion coefficients 
a, microin/in. deg F 
34.1 
34.9 
30.1 


Table 1 
Material 
Castolite 
Paraplex P43 
Hysol 6000-OP . 
Modulus of Elasticity. The reproducibility of the results of 
several tests to determine the thermal-expansion coefficient and 
material fringe value which were within +1.5 per cent was not 
obtained in determining the modulus of elasticity. Each re- 
peated test yielded results which varied within 15 per cent of 
the mean value of the modulus of elasticity. Consequently, it 
was necessary to conduct tests under more rigid conditions than 
required for the other properties 
The modulus of elasticity was determined by two completely 
different methods: tension tests and bending tests. The tension- 
test setup was the same as used previously.* The arrangement 
to determine the modulus of elasticity from a beam in pure bend- 
ing was identical to the one used to determine the material fringe 
value except that a set of lines was inscribed on the beam 2 in 
apart perpendicular to the neutral axis 
For the tension test, the stress was plotted as a function of 
strain and the modulus of elasticity was determined in the usual 


manner 





Nomenclature 
= specific heat, Btu/lb deg F 
= diffusivity, sq in. per hr 
= modulus of elasticity, psi 
= material fringe value in tension, psi-in /fringe 
moment of inertia of beam cross section, in.‘ 
thermal conductivity, Btu/sq ft hr deg F/in. 
length, in. 
difference in length at +y, in. 
bending moment, in-lb 
fringe order/in 


Journal of Applied Mechanics 


photoelastic figure of merit, fringe/in. 
photothermoelastic figure of merit, fringe/in. deg F 
temperature, deg F 

distance from neutral axis of beam, in. 

coefficient of thermal expansion, microin/in. deg F 
density, pci 


Subscript 


Castolite 
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Fig. 1 Material fringe values 


With the assumption that plane sections remain plane in pure 
bending, the modulus of elasticity was computed from the 
formula 


2M /I 
E = 


where AL is the measured difference between the longest and 
shortest fiber length at distance +y from the neutral axis 

The pure tension test results indicated that the stress-strain 
relation is nonlinear and depends upon the material, the speed of 
performing the test, and the rest period between tests as shown in 
Fig. 2. The dotted lines indicate tests completed in 3 to 5 min 
and the solid lines show the same tests performed in longer time 
periods of approximately 10 min. The curves for Hysol and 
Paraplex are similar in shape except that the curvature is much 
less and quite close to linear. 

The stress-strain curves beyond the initial portion have constant 
slope and the modulus of elasticity for this region can be considered 
aconstant. These values plotted as a function of temperature are 
shown in Fig. 3 for all three materials. The test results for the 
tension tests are shown as a band to represent different moduli 
for various rates and loading histories. 

The modulus of elasticity also was obtained by loading the 
specimen in pure bending at maximum stress levels of 1000 and 
2000 psi. The Hysol and Paraplex values shown in Fig. 3 fall 
within the region of the previously obtained values for the ten- 
The values for Castolite also fall within the band but 
For lower stress levels, the E-values 


sion test. 
only for higher stress levels. 
are higher. 

This difference between the materials can be explained readily 
on the basis that the stress-strain curves in pure tension for Casto- 
lite are much more curved than for Hysol and Paraplex. With 
the assumption that the pure bending test gives the average F- 
values from zero to the maximum stress, the average slope for a 
lower maximum stress is higher for Castolite. The average slope 
for Hysol and Paraplex does not change significantly with the 
maximum stress because of a practically linear stress-strain rela- 
tion. 

In using the modulus values, consideration should be given to 
the loading conditions. The values closer to the upper limit of the 
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Fig. 2 Stress-strain curves for Castolite for average loading rates of 
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band should be used for short-time loading (up to 3 min) and the 
lower limit for longer time loading (10 min). In photothermo- 
elastic applications, higher modulus values must be used upon 
initial thermal-load application than after some time has elapsed 
It is necessary to exercise some judgment in selecting the modulus 
to be used in a particular application 

Thermal Properties. In photothermoelastic investigations, it is 
important to determine certain of the thermal properties of the 
The diffusivity, 


thermal conductivity, specific heat, and density do not change 


plastics for heat-conduction analysis purposes 


significantly with temperature and were evaluated at a mean 
temperature of +20 F 

The density p was obtained by weighing a known volume of the 
material. 
The diffusivity D was caleulated from experiments on the tran- 


The specific heat ¢ was measured with a calorimeter 


sient heat conduction of a large slab. From the three values, the 


thermal conductivity k was calculated The various thermal 


properties are summarized in Table 2 


Table 2 Thermal properties at 20 F 


Hysol Paraplex 
6000-OP P-434 
p (pei 0.0444 0). 0437 0.0446 
c (Btu/lb deg F 0.31 0.30 0.32 

k (Btu/sq ft hr deg F/in.) 1.27 1.36 1.25 

D (sq in. per hr 7 0.61 


Property Castolite 


0.64 0.72 
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Figure of Merit 


In photoelastic work, materials are rated according to a figure 


of merit defined 


and iv photothermoelastient weording to a figure of merit? de- 


fined as 


lor 


Since @ is not a function of temperature the ‘materials in- 
vestigated herein, both curves will have the same shape but 
different scale as shown in Fig. 4 

Veu Vethod 
photothermoelastic work, a short experiment il method was de- 
veloped which has definite advantages when considering the 


effort required to establish the photothermoelastic figure of merit 


In evaluating the suitability of a material in 


The new method does not require a knowledge of any of the 
properties and also includes the effect of the diffusivity upon the 
fringe pattern. Further, it can be performed in a short time and 
with simple devices 

The test is performed using a straight beam of uniform thick- 
one surface with the sudden application of dry 


ness by cooling 


ice. The fringe pattern at a specific time is photographed and 
the maximum fringe order per unit thickness compared with the 
maximum fringe order per unit thickness of a reference material 
The ratio indicates the relative suitability of the particular ma- 
terial in photothermoelastic applications 

Fig. 5 shows a series of fringe patterns taken from the center of 
long beams of different materials photographed at different time 
The maximum fringe order per inch of thickness n of 
Data 


intervals 
the same materials as a function of time is plotted in Fig. 6. 
for times greater than 20 see are shown since it is not practical to 


record the rapidly changing fringe patterns during the first 20 se« 


Table 3 (, and n, 


Qa/(Va 


NMaterial HOOF OF 


Castolite 

Hysol 6000-OP 
CR 39 

Bakelite BT-61893 
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Fig.6 Maximum fringe order per inch of the fringe patterns shown 
in Fig. 5 


7 he simplicity of the tests allowed the addition ol two more ma- 
} 

investigation: Bakelite BT-61893, and another 

In Table 3 are shown numerical values of 


terials to this 
polyester resin CR-39 


the ratios Q, at different temperatures and nmax at different times 


of Castolite 
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relative to Castolite. The ratios show good agreement (within 10 
per cent) between the photothermoelastic figure of merit and the 
new method indicating the independence with time and tempera- 
ture over the ranges considered. 


Conclusions 


The optical and physical properties of importance in photo- 
thermoelastic investigations have been obtained for the three 
materials, Paraplex P-43, Castolite, and epoxy resin Hysol 6000- 
OP. For all materials, the value of the modulus of elasticity used 
in a particular application requires some judgment since it is ap- 
parently necessary to account for the type of loading, loading 
rate, and loading history. 
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On the basis of the investigations presented in this report, the 
superiority of epoxy resin in photothermoelastic applications as 
compared to the polyester resins is clearly indicated. It has twice 
as many fringes for the same thermal load, although it has the ob- 
jectionable feature that it develops a greater time edge effect. 
The error due to this effect, however, can be compensated readily 
at the edges from the known fringe pattern before loading. 

In rating the relative sensitivity of materials for use in photo- 
thermoelastic applications, the newly developed method may be 
used to effect a rapid evaluation. It should be noted that the 
properties may differ for different lots of the same material and 
therefore it is of importance to spot-check properties of the ma- 
terials used in each investigation. 
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A Theory of Elastic, Plastic, and Creep De- 


J. F. BESSELING 


Research Associate, 

Division of Aeronautical Engineering, 
Stanford University, 

Stanford, Calif. 


formations of an Initially Isotropic Material 
Showing Anisotropic Strain-Hardening, Creep 


Recovery, and Secondary Creep 


Stress-strain relations are given for an initially isotropic material, which is macro 


scopically homogeneous, but inhomogeneous on a microscopic scale. 


An element of 


volume is considered to be composed of various portions, which can be represented by 
subelements showing secondary creep and isotropic work-hardening in plastic deforma 


tion. 


of the material show anisotropic strain-hardening, creep recovery, and primary and 


If the condition is imposed that all subelements of an element of volume are sub 
jected to the same total strain, it is demonstrated that the inelastic stress-strain relations 


/ 


secondary creep due to the nonuniform energy dissipation in deformation of the sub 


elements. 


Only quasi-static deformations under isothermal conditions are considered 


The theory is restricted to small total strains 


Introduction 


I. is beyond the scope of this paper to discuss the various 
theories concerning stress-strain relations in the plastic range or 
the extensive literature on the subject of creep. A critical survey 
of the theories of plasticity is found in [1]? and [2], while [3] to 
6] represent a choice from the extensive literature on creep defor- 
mation. 

In 7} 
of describing the anisotropic behavior of an initially isotropic 
In proportional loading this 


a theory of plastic flow was presented which is capable 


material in deformation hardening. 
theory yields stress-strain relations which are equivalent to the 
relations of a deformation theory, based upon the second in- 
variant of the deviator of the stress tensor. Immediately after 
proportional loading the stress-strain relations are in accordance 


1 This research was supported in whole by the United States Air 
Force under Contract No. AF 49(638)-223 monitored by the Air Force 
Office of Scientific Research of the Air Research and Development 
Command. It is part of a dissertation submitted in partial fulfill- 
ment of requirements fora PhD degree in Aeronautical Engineering 

? Numbers in brackets indicate References at end of paper. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Los Angeles, Calif., September 8-9, 1958, of Tae Ameri- 
CAN Society OF MECHANICAL ENGINEERS. 


with the isotropic-flow theory derived from the same stress in- 
variant. The predictions of: this theory concerning the anisot- 
ropy introduced by plastic deformation of a strain-hardening 
material were in close agreement with the Bauschinger effect 
measured in some torsion tests on copper tubes. 

Good agreement was found also between the results of the 
theory and some available experimental evidence in plastic de- 
formation of a material in a tensile test after previous plastic 
deformation in torsion, and inversely. 

The theory of [7] is based upon the conception of an initially 
isotropic material which is macroscopically homogeneous but 
inhomogeneous on a microscopic scale. An element of volume is 
considered to be composed of V arious portions, which can be repre- 
sented by subelements, all subjected to the same total strain, but 
with different elastic limits. The idea of concelving & material 
to be composed of various portions successively taking part in the 


Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 21, 1958. Paper No. 58—APM-17. 
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Nomenclature 
a,, = coefficients in power-series expansion for f(@, 
— €6,; 


f(@,) = function of elastic potential @,, determining 


é,, = strain-deviation tensor, ¢;; = €;; 


rate of energy dissipation 
= 0 
limit, g = (e,; — @,;) (e;; — @;) — P? 


gq = the equation qg represents the elastic 
constant determining initial elastic limit 
stress-deviation tensor, s,; = ¢;,. 06, 
time 
Cartesian co-ordinates 
work done by the stresses acting on element of 
volume dV 
Young’s modulus 
G = modulus of rigidity 
I, Io, I; = 


invariants of the strain tensor 
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summation convention ) 
2 €aplBa ( =1/2 ) ) €as€Ba, SUMMation 
a 8 


omnvention 
> 
0 Cap By ya ( 


summation esavention ) 


number of subelements of element of volume 
dV 

P = function of JS ix,, determining the elastic 

limit after plastic deformation has taken 

place; P = Pp if S in, = () 


(Continued on next page) 
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plastic yielding is first encountered in [8]. The development of 
this idea in [8] differs appreciably, however, from the theory 
presented in [7]. In [9] it has been shown that in the presence 
of variations in the proportions of the individual crystals of a 
polyerystalline aggregate the assumption that only two mecha- 
nisms of deformation exist, namely, one of linear elasticity and 
one of secondary creep, suffices to explain the existence of pri- 
mary creep. 

In this paper the theory of [7] is extended to comprise both 
plastic and creep deformations. For this purpose it is assumed 
that each subelement, if stressed up to the elastic limit, shows a 
certain constant rate of energy dissipation which is characteristic 
for the subelement under consideration at the existing tempera- 
ture level. For other stress levels the rate of energy dissipa- 
tion varies between this maximum value and zero. 

If the strain tensor €qg is split up into an isotropic strain € and 
the strain-deviation tensor egg, the three strain invariants can be 
defined as 


/, * Coe * je faa = ’ l, = 

1; = 

The theory, which will be developed in the subsequent sections, 

will be subjected to the restriction that the total strain quanti- 

Then the first invariant /, 
specific change of volume. 

Only isothermal processes will be considered, in which case the 


1/2 a3 Ba, 


] 3 €as8yeya (1 


ties remain small. represents the 


fundamental energy-conservation law of thermodynamics can 


be written as follows 
6A = 6(U' — TS)pdV + (6mr)pdV = (66 + br)pdV (2 
where @ is the free energy or elastic potential, which is a function 


of state, and where 


t 
f, 6m depends on the path of loading. Ac- 


cording to the second law of thermodynamics, 6m is zero in the 
reversible process of elastic deformation and positive if the de- 
formation is accompanied by creep and/or plastic deformation. 

There exists a unique relation between the state of stress and 
the elastic potential as is shown, for example, in [10]. This rela- 
tion is given by 


) 
0; - (pd) 
y O€ 


Only the materials will be considered which are elastically iso- 
tropic and which show a linear relationship between stress and 
strain in the elastic range (Hooke’s law). For those materials, 
the elastic potential in the elastic range must be a homogeneous 
quadratie function of €gg in terms of the strain invariants only. 


The most general function of this type is given by 


po = Cl? T Col 


The first term in the right-hand member of (4) is due only to the 
change of volume, and the second term represents the distortion 
energy. From equations (3) and (4) the following independent 
relations are found, one between the hydrostatic stress ¢ and the 
isotropic strain € 


o = tile 
the other between the stress and strain-deviation tensors, 


8 = C2 | b 


The constants of elastic deformation C; and C, are expressed in 
terms of the more commonly accepted Poisson's ratio v, Young's 


modulus E, and modulus of rigidity G as follows 
Gi+p bk 


= = 26; 
3(1 — 2p 6(1 — 2p 


After creep and plastic deformations have taken place, the 
elastic potential no longer depends on the existing state of total 

does 
It will 


be shown that the elastic potential at each instant can be rep- 


strain alone and, under these circumstances, equation (3 


not lead to a unique relation between stress and strain 


resented by a particular function of the strain quantities, which 
is determined by the values of the permanent strains of the sub- 
elements. 

As long as the coherence of a set of particles is preserved, the 
only possible origin of permanent strain is the occurrence of slip. 
It is not surprising therefore that in creep and plastic deformation 
the isotropic part of strain ¢€ still can be treated as an elastic phe- 
This means that rela- 
is affected 


nomenon with a high degree of accuracy 
tion (5) remains unaltered and that only relation (6 
by the occurrence of creep and plastic deformation 
An elegant assumption would be that the mutual independ- 
ence of the relations between o and €, and s,; and e,;, respec- 
tively, is preserved bevond the elastic range, prov ided that the 
strains remain small. This has been proved to be true by experi- 
mental evidence. Thus equation (2) breaks up into two mu- 
tually independent equations. After the 
notation @, for the elastic potential due to the distortion of an 
element of unit mass, @, for the elastic potential due to the iso- 
tropic strain €, 6A, for the virtual work done on the element of 


volume dV by the stresses s,;, and 6A, for the virtual work done by 


introduction of the 


the hydrostatic stress a, equation (2) can be replaced by two 
equations 
6A, = (Ad, )pdV 8 
and 
5A, = (86, + dm)pdV (9 
Equation (8) leads to relation (5) and equation () is the basic 
equation in inelastic deformation. 
In the following sections a theory of creep and plastic deforma- 





—Nomenciature—— 


= volume 
constants in expression for function f(@,), 
f(b,) = a/(2GP2) exp Bed, /(GP?) 
Kronecker delta 6,; = 1 if i = Jj, 6;; = 
Bf ; 


0 if 


strain tensor 
1/3J; 


factor determining the rate of work-hardening 


isotropic strain; for small strains € = 

in plastic deformation w = A/(A + 1); other- 
wise uw = | 

Poisson’s ratio 

nonrecoverable work per unit mass 

nonrecoverable work per unit mass which is 
dissipated instantaneously 
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which is 


S rit 


p = density of medium 


nonrecoverable work per unit mass 
dissipated with time 


o,, = stress tensor 


ij 
a = isotropic (hydrostatic) stress, 0 = | 


T,, = shear stress in z-y plane 


y¥ = portion of element of volume dV, 
by given subelement 


represented 
@ = elastic potential per unit mass 
. - 
és ins Pur p,| = subscript k refers to kth subelement > v, 
1 
Was Mis Sul Dan) = 1 
1,, 6, = subscript d refers to quantities which are only 


Aw 
affected by the strain-deviation and stress- 
deviation tensor 
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tion is developed which is consistent with the fundamentals out- 


lined above 


1 The Concept of Nonuniform Energy Dissipation in Creep and 
Plastic Deformation 

The energy supplied to an element ol volume belonging to a 
material body in a process of loading and deformation is ini- 
tially W hen «a cer- 


tain transition point of mechanical behavior is surpassed, part of 


reversibly stored up as an elastic potential. 


exceeding the stored-up potential is instantaneously 
This point is called the elastic limit 


the energy, 
dissipated into heat. 
Apart from this time-independent energy dissipation in plastic 
deformation, there exists at any value of the elastic potential a 
rate ol 


certain energy dissipation which becomes more noticea- 


ble at the higher temperatures. As a consequence, the material 
will show creep under constant loading and stress relaxation under 
constant delormation, 

The two different forms of energy dissipation can be expressed 


by modif ving equation (9), 


6A, = (66, + Om, + wbt)pdV 10 

where 67, is the instantaneous energy dissipation due to plastic 
= , : ‘ . 

deformation and represents a certain rate ol energy dissipation, 
The elastic limit in a loading process is given by the condition 


that for the first time 


or, > 0 (11 


Experiments with initially isotropic metals at room tempera- 


ture, where 7.6t is always negligibly small in the time re- 


wv 


quired for the test 
value of @, for various ratios of the principal values of the stress- 


have shown but little scatter in the critical 
deviation tensor. The very existence of determining factors other 
than the value of @, has not been proved for technically isotropic 
materials. Without loss of accuracy in the application of the 
theory to metals the critical value of the elastic potential @, in 
the absence of creep may therefore be put equal to a constant. 
Hence the initial elastic limit at relatively low temperatures is 


determined by the equation 


(12 


Pos = Gp* 


where p is a constant. Equation (12) is equivalent to the von 
Mises criterion 

In a material which is macroscopically homogeneous but in- 
homogeneous on a microscopic scale, plastic deformation will be 
initiated at certain points and will spread in subsequent loading 
over the whole volume of the material. This process can be 
approximated by conceiving the material to be composed of a 
limited number of portions which can be represented by subele- 
ments of an element of volume dV, each with a different elastic 
limit or critical potential. 

Now certain assumptions will be made with respect. to the 
They are justi- 
fied in so far as they lead to an adequate description of the be- 


deformation properties of these subelements 


havior of actual materials such as metals. 

First, it will be assumed that after a process of inelastic defor- 
mation a critical value of @, still exists for a given subelement 
and that it is independent of the principal directions of the stress- 
deviation This during 
plastic deformation and the increase must depend on the energy 
The rate of work-harden- 


tensor. critical value may increase 
which is instantaneously dissipated. 
ing can be given by 

6, = Adr,,A > 0 (13 


t 
It will be assumed that A is only a function of f, or,,. 
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creep properties ol belemé@ht the 
that 
to which the paper is restri ted, the rate of energ\ dissipatior de- 
of the sub- 


With re spect to the 


sumption will be made inder the isothermal condition- 


pends only on the value of the elastic pote ntial Q, 
element Thus 
T. = Tig 14 


Thus work-hardening and energy dissipation of a subelement 


of a strained element of volume dV are assumed to be isotropi 
1es8 ol 


phenomena independe nt of the ratios of the prin ipal va 
the stress-deviation tensor 


Finally, 


ment of volume are subjected to the same total strain 


the condition is imposed that all subelements of an ele- 


From this concept ol subelements representing 4@ limited num- 
ber of portions of an element of volume dV, stress-strain relations 
in elastic, plastic, and creep deformation of an initially isotropic 
material will be derived 

In instantaneous deformation a subelement will still behave as 
an isotropic elastic material if the critical value of @, 18 not ex- 
ceeded, even if it was subjected previously to inelastic deforma- 
tions Hence @, can be given by 


po, = ( ‘= 2G / lo 


where I. represents the second invariant of the elasti« compo- 


nents of the strain-deviation tensor. These elastic components 
are defined as the difference between the total strain quantities 
and the quantities produced by slip. The latter will be denoted as 
éas. With this notation the elastic potential @, of 


can be written as follows 


i subelement 


pb. = Gleas — fas) (¢as — eat 16 


Let the subelement k represent a portion y, of N portions y of 
an element of volume dV. Since the total elastic potential of 
dV may be calculated as the sum of the contributions of the sub- 


elements, it is given by 


N 
(p@, dV =G > VilCas — fas. Cas — Fase) 
i 


Equation (3) still holds and hence 


\ 
) 
(pQ,) = 26 D> Vileas — Capi 18s 
1 


Olas 


gives the stress-deviation tensor acting on the element of volume 
dV 

Now equation (10 
With 6A, = (8q30€ag dV it is found that 


can be expressed in terms of and 


stress 


strain. 


~ 
8a30€a3 = 2G > Vileas — Fapi)(b€a3 — d@ag: 


+ por, + prot 


(19 


leading to the expression of the energy dissipation 
\ 
por, + r 6 2G ) V(€as bap dF api (20 
l 


Equation (20) illustrates the nonuniform nature of the energy 


dissipation. 


2 Stress-Strain Relations in Creep and Plastic Deformation 


In an irreversible process of deformation a unique relation be- 


December 1958 / 531 





tween the stress tensor and the strain tensor does not exist. The 
stress-strain relation depends on the path of loading. This is 
expressed in equation (18) by the quantities @.g,, which repre- 
sent the influence of the history of the deformation process on the 
stress-strain relation. 

For the quantities gg, and by consequence for ¢ag and sag only 
incremental relations can be established and the relation between 
a final state of stress and a final state of strain has to be calculated 
by integrating along the given path of loading. 

In the case of deformations in which the critical value of a sub- 
element is not exceeded, the basis equation for the subelement 
under consideration reads 


pm.dt = 2Gleas — fas eapdt (21) 


where according to the assumption (14) 7, is a function of the 
value of the elastic potential @, only. This condition can only 
be fulfilled by expressing éag as follows 


&q0t = (¢as — fap f(a bt 
Substituting expression (22) into (21) gives 
pm.dt = 2af(z)at 
which satisfies (14). 


According to the assumptions of section 1 the elastic limit in 
a deformation process is reached as soon as the elastic potential 
¢d, assumes a certain critical value, independent of the ratios of 
the principal values of the stress-deviation tensor. Thus the 
equation for the elastic limit of the subelement under considera- 
tion is given by 


g= (€as —- €ap) (€as _ €ap) — P?=090 (24) 


Initially P = p, where p is a constant, but in the course of the 
deformation process P may increase in accordance with the as- 
sumed work-hardening law (13). When in a state of strain, 
satisfying equation (24), a certain increment of strain degg is con- 
sidered, then the quantities deg can be resolved into components, 
which do not change the value of the elastic potential, and into 
components decreasing or tending to increase the elastic poten- 
tial. Supposing that the law of superposition holds for small 
increments of strain, both kinds of components may be treated 
separately. The components of the first kind do not exceed the 
elastic limit and therefore cannot give rise to plastic deformation 
The components of the second kind are given by 


og og 
Oe, ; a8 


las (25) 


— & (ap — fas) 5 


, (e 
beap/4P? = — P2 


Now, according to (13), (20), and (22) for a work-hardening 
material, the rate of hardening is expressed by 
pod, = 2Gleag — éas) (b€as” — Séag) = Apér, 
= 2GXeas — as) [bas — (Cap — 2a f(b ét] 


where \ is a function of f“ér, only. 


formed into 


(26) 


Equation (26) can be trans- 


tas — €ap)beag" = (A + 1) (eas — fap OEas 
_ eas — ap) (Cas — Cap if Qa ét (27 
As (27) must hold for any degg" and dégg, it follows that 


1/(X + 1)begg" + A/(A + 1) (Cas — Fas f(b, 6t (28) 


bfag = 
After introduction of 
(29) 


w= A/A + 1) 


and application of equation (25), formula (28) can be written as 
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(E43 ied Cj; Nas ~ Cap) 


os Seas 


6é;; = (1 — p) 


— €;)f(Gg)dt (30 


Equation (28) is subject to the conditions 


+ p(e;; 


where 0 < yw < 1. 
that the resulting inelastic strain increment can never be larger 
than the imposed strain increment and that it must be of the 
same sign 


0 < 68,,/de;;" < 1 31) 
Thus plastic deformation will only occur if the total strain rate 
satisfies the condition 

(Cap — €ap) 


Pp? deag/dt > f( dq) 
and if equation (24) is satisfied. 

If a strain increment degg is imposed which is accompanied by 
plastic deformation, the state of strain egg + degg must corre- 
spond to the new elastic limit. 
dition 


This leads to the hardening con- 


69 = 2eagp — fag)(beag — béa8) — 2P6P = 0 


The increment of P follows from (33) by substitution of (30) 


Caf 


8 c : 
H0eag — MPS(p,)dt 


e, 

ér, = 0 
0 
It may be observed that the condition (32) for plastic information 
to oceur can be replaced by the condition 


6P > 0 36) 


The case in which no plastic deformation occurs can be defined 
by 6x, = 0, or if relation (13) is retained, AX = © and w = 1. 
Equation (30) then has general applicability if uw is defined as 


follows 


t 
w= u(f, éx,) = p(P? 


are satisfied. 
mM = 1 if equation (24) and condition (36) are not satisfied 
Thus uw may change its value discontinuously if the elastic limit 


if equation (24) and condition (36 


is reached. 

The relation between an increment of strain and an increment 
of stress for an element of volume dV can now be established by 
means of equation (18) and expression (30) for an increment of 
inelastic strain of an arbitrary subelement. If N subelements 
are considered the increment of stress is given by 


N 

6s; ; = 2¢ > Vv, be,; - 
| 

= 1, by 


A - 
y ar O55 — je €aB — 
k ) — My) Pp. 


— t 
t My (ey, — Cin Sil Dae ore 


N 
or, with + i y, 
1 


€ a Bs 


where 4, = 1 except for the subelements for which the conditions 
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For 


CaBk P22 = 0,6P, > Oare satisfied. 


€aB ~ “aBk’ \€as 
these latter subelements y, is given by 
0< pu, = u(P2) <1 (39) 
In the next section it will be shown through specification of 
mu, and f,(d,) that the incremental stress-strain relation (38) 
shows the phenomena of anisotropic strain-hardening (for in- 
stance, the Bauschinger effect), creep recovery, primary, and 
secondary creep. 
As was stated previously, this paper is restricted to isothermal 
The temperature will be a parameter, however, in 
Hence a process under 


conditions. 
the expressions for G, P,, u,, and f,(@,). 
changing temperature conditions can be approximated by the 
incremental stress-strain relation (38) provided that the time 
increments 6¢ are taken sufficiently small with respect to the rate 
of temperature change and that at any time the momentary 
value of the temperature is used to evaluate G, P,, 4, and 
f{q) in equations (18) and (38). Thus the stress-strain rela- 
tion is not only affected by the path of deformation, but it also 
depends on the temperature and the temperature history. 


3 Applications of the General Theory 


Determination of plastic deformation properties from stress-strain 
curve. In order to be able to compute the quantities ¥,, p,, and 
wu, from the stress-strain curve of the material in pure tension or 
pure shear, first an assumption has to be made about the nature 


It has been shown in reference 


* 


of the function bw, = pu, P,?). 
7] that a good description of the anisotropic strain-hardening in 
plastic deformation can be given starting from the rather crude 


assumption 


a= =H 40) 
for any number k and /, where y is a constant. 

For pure shear in the z-y plane in the absence of time-dependent 
energy dissipation equation (38) with f,(@,) = 0 leads to the in- 
cremental stress-strain relation 


67,, = 2G dy Vil — wy ( be. 
2 


(41) 


where the summation range n is determined by the number of 


subelements & satisfying the condition 


9 F 42) 


«\€,, ~- 


Thus the curve for n subelements which 


vield has, according to (41 
and the experimental curve has to be approximated therefore by 


g » of tl 
Lope ot the Tey Cx 


with uw, = constant, a constant value 
a broken line curve of Fig. 1. 
Now the values of ¥,{1 


can be computed from 


This was done in the 7,, — ¢,, 


- #,) and p, are fully determined and 


(43) 


and from 


Try? 
2G( e213 
Consider first the case in which u = 0 (subelements with a 
perfectly plastic behavior). Then the quantities y, are un- 
equivocally determined by (44). It follows, however, that forn = 
5, that is, far in the plastic range according to Fig. 1, still 2 y, < 1, 
as the 7., — ¢,, curve has still a-finite slope. The assumption 


uw = 0 apparently means that for a very small fraction of the 
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t—t 


]\ | 2Gp7z, 0 8485 15556 
| O4110 03636 


Fig. 1 Approximation of stress-strain curve 


volume the critical value of @, is very large. This is a rather 


objectionable result. 
A more reasonable assumption is that forn = 5 (Fig. 1) = yy, 


Then it follows from (44 
: ; Toy — Tayd 
i=- ty T udy, - : 


26 Cry = Czy 


where T,, > Tzys and €,, > €zys- 
In general, the longer portion of the curve after the initial 
From this it follows that 


Further, 


parabolic start is not a straight line. 
the assumption 4, = uw can only be an approximation. 
formula (45) does not give a single value for wu, but the value of u 
depends on the values of r,, and e,, substituted into (45) or on 
the final slope of the broken line which is used as a representa- 
tion of the actual stress-strain curve. As has been discussed in 
reference [7], the most accurate description of the plastic be- 
havior of a material is obtained if the choice of u can be based 
not only on the stress-strain curve in a single loading process, but 
also on the curve for reversed loading after the initial loading 
process. 

If the plastic-deformation properties have to be determined 
from stress-strain curves for pure tension, the procedure is 
analogous to the one given above, except that from ¢, 
curves are to be derived first by subtracting from 


€, curves 
the s, — e, 
the stress and strain values the hydrostatic stress o and the iso- 
tropic strain €, respectively. 
Anisotropic Strain-Hardening. Though the subelements ac- 
cording to the assumption of Section 1 show isotropic work- 
hardening, the different elastic limits of the subelements cause 
the deformation hardening of an element of volume dV to be 
anisotropic in nature. After plastic deformation has taken place 
the various subelements develop plastic strains 2;; to a different 
extent and, as they are all subjected to the same total strain ¢,,, in- 


These 


internal stresses remain present after unloading and are partly 


ternal stresses are built up in the course of deformation. 


responsible for the increase in the elastic limit of the material 
after previous plastic deformation. The complete hardening 
process in plastic deformation will be denoted here as strain- 
hardening as distinct from the isotropic work-hardening of the 
subelements. 

The anisotropy of the material after previous plastic deforma- 
tion caused by the internal stresses between the subelements 
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emerges clearly in the Bauschinger effect in pure shear, as 
demonstrated for instance by the torsion tests of Reference [7] 
performed on thin-walled copper tubes, 

Considering various loading cycles consisting of loading 
followed by reversed loading, the incremental stress-strain rela- 
tion at any instant is given by (41), where the summation range 
n is determined by the number of subelements & satisfving the 
conditions 
J? -—-PZ=0 


2¢ P 


~ poe, > 0 (46 
The increments of the plastic strains for these subelements follow 
from 


6€,, = (1 - ujoe,, (47 


After a choice for uw has been made the stress after a known 
strain history is fully determined by equations (41), (46), and 
(47), together with the stress-strain curve for noninterrupted 
loading. Fig. 2 gives a stress-strain diagram based on the stress- 
strain curve of Fig. 1, where u has been taken equal to the final 
slope of the broken line which is used as a representation of the 
actual stress-strain curve. It has been shown in reference [7] 
that stress-strain diagrams obtained in tests show good agreement 
between theory and experiment for this type of loading cycles. 
According 
to the theory of Section 2, the creep properties of a material are 
determined by the unknown function f(@,) of the elastic potential 
PP 4- 
have the same maximum rate of energy dissipation if stressed 
up to the elastic limit and that the rate of energy dissipation for 
all subelements is the same analytic function of the ratio pd¢, 
(GP?), In that ease this function can be represented by 


Specification of Creep Properties of Subelements. 


Here the assumption will be made that all subelements 


o 


pi.bt = 8 > a,{(pd,)/(GP*)}" (48 


1 


where the coefficients a, are constants having the same value for 
The function of (@,) is now defined by 


; : 
_ ~ j YP2\tn 
= oGP? > 4, PG4/(GP*)} 


1 


all subelements. 


I(a) 


as follows from (23) and (48). 


ay T 




















Fig. 2 Stress-strain diagram showing Bauschinger effect 
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It can be proved that any function of (@,) of the type (49) is 


representative of a material showing primary and secondary 
creep, creep recovery, and stress relaxation. In subsequent sec- 
tions the results obtained with three special cases of expression 
(49) will be given for pure shear in the z-y plane. 

Creep Under Constant Loading and Creep Recovery. The availa- 
ble experimental data on creep deformations refer in most 
cases to creep under constant loading at a constant temperature 
In order to determine the general characteristics of the creep 
process under these conditions according to the theory of Section 
2, pure shear in the z-y plane will be considered. 

The value of the elastic potential of a subelement for pure 
shear in the z-y plane is given by 


PP x = 2G(e,, — €s2)° ol 


For the small strains considered constant loading means con- 


stant stress and hence according to equation (18 


y 
Cy — Dy Wikeye = Top 
1 


where e,,° is the constant value of the strain e,, which would occu 


(2G) = « ol) 


if the deformations were elastic. Only those cases will be con- 
sidered here in which the elastic limit of the subelements is never 
Then e,,° is the strain at the beginning of the creep 
that the 


exceeded. 


process, if the load is applied sufficiently fast so 


creep strains é,,, are negligibly small upon reaching the stress 


T 


zyk 


zy’ 
Now the creep process is determined by the following differ- 


N 
de,,/dt = > v.dé,,,/d 


dé,,,/dt 


ential equations 


with the initial conditions 


Three special cases of expression (49) have been considered 


in evaluating the consequences of equations (52) and 
So, = @; 
S(oq) = a2/(2GP?) | pd,/(GP? 


(od, =a 


(2GP 


(2GP? exp } Bp, 




















20 30 40  +~=©50 
a,t/(2GP,") 


Fig. 3 Creep under constant loading, followed by unloading and 
creep recovery 
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With expression (54) a 


obtained which ill 


set of linear differential equat 


he solved explicit] However, this case re- 


fers to purely viscous subelements and thus it is not of much 


practical value 
ind (56 


the se CC! 


Eexpre ssions (99 lead to nonlinear differential equa- 


tions Solutions for ises were obtained by means of a 


step-b\ -step integration. 


» 


As is shown in Figs. 3, 4, and 5, the solutions of equations 52 


and (53) all have the same characteristics for each of the three 


expressions (54), (55), and (56 a region of decreasing strain 


rate, representative lor primary creep, tending usvimptotically 


With ex- 


a well-known power law for secondary creep is ob- 


toward the constant strain rate of secondary creep 
pre SS1lon dD 


tained 


\ different power Is obtained if instead of the second term one ot 
the subsequent terms of the power series (49) is chosen 
If after a certain time ¢, the load is suddenly removed, accord- 


51) the strain value drops immediately to 


to =D, Wen 
l 


at the instant ¢ = 4, Due 
the 


ms the strain starts to decrease 


where é,.,' are the strain quantities 


to the internal stresses between the subelements caused by 
difference between the values of é . 


further with time which leads to a certain amount of creep re- 


covery 


This process is again governed by the differential equa- 


tions (52), but the initial conditions are now given by 


Examples of the creep recovery thus obtained are shown in 


Figs. 3, 4, and 5 It can be observed that the amount of creep re- 
covery decreases rapidly with increasing power of the term chosen 
19) to represent the function f rt) On the other 


hand, with the special form of the infinite series 


from the series 
$9) given by (56), 
nearly all primary creep is recovered. 


Stress Relaration Under Constant Deformation If, In & process 


of loading and deformation from a certain instant the deforma- 
tion is kept constant the stresses begin to decrease due to the 
dissipation of the elastic potential p@, with time. 

Let the constant deformation be given by a pure shear defor- 


mation in the z-y plane, « Then the relaxation process is 


¥ 
governed by the following equations which represent special cases 


of equations 18) and (30 


Ooo 











pq) *02 ppg 26° P*) 


80 


Fig. 4 Creep under constant loading, followed by unloading and 
creep recovery 
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Yhe initial conditions are 
0, é.., 6] 


The values of Coot history of the deforn 


dep« nd on the 
the 


ition 


process which took place belore deformation Was Kept con- 


stunt 


If the three special eases of CX pression 19) for f Q given b 


considered, it can be observed that with 
the 


54), (55), and (56) are 


expressions (54) and (55 equations (60) can be solved ex- 


phieithy Evaluation of T,, 48 4 lunction of time with (54) leads 


to 


‘ 
ty 


al 
exp oGP.2 
au k 


following result is obtained 


With the aid of expression 55) th 


\ 
2G) = >> ¥, 


GPS 
In both cases T,, Aapproac hes zero if ¢ tends to infinity 


Through substitution of expression (56) into equations oO 


an explicit relationship between Fon and ¢ cannot be obtained 


The solution of the differential equations in this case is given by 


log ( “ty a ) 


ryh 


al (GP 2 


an 
‘ 


' ? in 
n.n! P, 


that ¢ tends to infinity if 2 


ryk 


Hence it can be concluded from the first equation 


It follows from (4 approaches the 
value of ¢ 
in (60) that 7,, approaches zero if ¢ tends to infinity. 

An interesting np cial case of stress relaxation is prese nted by 
preve nted creep recovers In this case the constant deformation 


is given by 


= > Veen 


Kip,)= a A2GP*)exp{Bpp,/\GP* }} 
Cu =) D S, 
* —/* At SE BA. 





i60 
5 at /(GP,*) 


Fig. 5 Creep under constant loading followed by unloading and 
creep recovery 
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which means, according to the first equation in (60), that 7,, = 0 
at the beginning of the relaxation process. In general the stress 
does not remain zero, however, in the course of the relaxation 
process. The elastic potentials of the subelements are dissipated 
at a different rate and the stress will rise to a certain, usually very 
low, value before approaching zero again. 


4 Concluding Remarks 


The stress-strain relations for inelastic deformations which 
have been derived in this paper are based on a mathematical 
rather than a physical model of the deformation process of an 
actual material. It has been shown that they give qualitatively 
a good description of the phenomena that have been observed in 
the deformation of metals and other materials. No attempt has 
vet been made to obtain a comprehensive quantitative compari- 
son between the predictions of the theory and the available ex- 
perimental data. 
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Buckling of Struts of Variable 
MOHAMMED M. ABBassi | Bending Rigidity 


Assistant Professor of Mathematics, 
Faculty of Engineering, The differential equation (d*y dx*) + $(x)y = 0 where $(x) ts a slowly varying 
Alexandria University, function of x can be solved approximately in terms of trigonometric functions. The 
ae solution can be applied to find the critical buckling loads for struts of variable bending 
rigidity and for untform struts under the action of varying axial forces. The error in 
using the approximate formulas for buckling loads is in most cases small, and, for all 
practical purposes, satisfactory results are obtained. 


he differential equation for buckling of struts of If @(z) is slowly varying as we have assumed, dz/dr will be 
uniform or variable cross section under the action of constant or small and as a first approximation we have 


variable axial forces can be put in the form ’ ! 
[p(x)]’* 


d*y Proof. Ii 
+ d(x)y = 0 
dz? _ 2)" dz - l d(x 
. \? > dz 2[p(z)]'/* dz 
where @(z) is a function of z. Exact solution of such an equation 
If @(z) does not vanish in a certain interval (usually the length 
of the strut), and since @(z) is a slowly varying function of z, 
a@/dz will be small and so dz/dz also will be small. 
Hence the approximate solution of equation (1) is given by 


is in most cases difficult. 

In many practical cases for tapered struts under the action of a 
uniform compression or for struts of constant cross section under 
the action of uniformly distributed axial forces, the solution can 
be obtained in terms of Bessel’s function and the determination i ad . . - 
of the critical load is not easy for practical purposes. y = A cos (Sf (G(x) ]*dz) + B sin (Sf [o(2)]'dz 

If the variation of the cross section is small, or if the axial load 
varies slowly along the length of the strut, a simple solution can 
be obtained which can be used as an approximate solution giving 


Application to Struts of Variable Cross Section 


eRe We shall apply the method to find the first buckling load for a 
satisfactory results. : ; 
tapered strut of length / hinged at both ends under the action of 


Approximate Solution of the Equation (d*y/dx*) + @(x)y = 0 Where 


-ssive forces P at both ends as sh« in Fig. 1. 
Ox) is a Slowly Varying Function of x. Assume that the general compressive forces P a . ends as shown in Fig. 1 


ies sil ine eineaiiiie Let the cross section at the middle have a moment of inertia / 
80 on o 1e eFC allo es ° ° 
: The moment of inertia at any other section varies according to 
d*y 


dx? 


the law 
+ Q r y = 0 


can be put in the form 
y= { cos S 2dz t B sin (S 2dx 


where z is a function of z to be determined, and A and B are 
arbitrary constants. 
Differentiating equation (2) twice we get 


d*y dz 


[A sin (f2dr B cos (fzdz)} 


dz? dx 


From equations (1) and (3) we get 


_ Asin (fzdr) — Bos (fzdzr) dz 
~ A cos JS 2dz) + Bsin (fdr) dz 


+ 2? 


O(r 
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If the strut consists of two solid cones, m has the value 4. If 


the strut has a constant thickness in the direction perpendicular 

to the plane of Fig. 1, then m = 1.! 

angles connected by lattices, m = 2 
We have 


If the strut consists of four 


@ 


approximately .? 


/ 2 
El 


d*y ( x 
a 
we get 


° x 
- 
a 


stated in the foregoing, we have 


dx? 


Putting n? = P/(E1,) 


d?y 


dx? 


Applying the method 


Qo { 


Ifm +: 


S wz = 


The approximate solution of equation (7) according to the 


solution (6) can be written in the form 
2na jf 
A cos . 
2—m l\a 
m 
z . 
+ B sin 
z2—m ' a 


where A and B are arbitrary constants. 


m 


Me: 


_ bie 


Atz = b, y = 0, this gives A = 0, and 


, 2na ffx 
» = Bsin 
2—m | a 


Atz =a, dy/dr = 
n is given by 


m 


) 


0 from svmmetry 


+1 


and the smallest value 


10 


If J; is the moment of inertia of the end cross section, then 


/, ( b y I, 
= , let 
/ a 1, 


1J. C. Jaeger, “An Introduction 
Oxford University Press, 1951, pp. 351-352. 

2S. Timoshenko, “‘Strength of Materials, Part II,"’ McGraw-Hill 
Book Company, Inc., New York, N. Y., 1941, pp. 205-207 

4S. Timoshenko, ‘Theory of Elastic Stability,"” McGraw-Hill 
Book Company, Inc., New York, N. Y., 1936, pp. 115-128 
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to Mathematics, 


Applied 


Since a = //2 + bh, we get 


The relation 


1,/1 
proaches Euler’s first critical load 


Asa = approaches unity, m tends to zero and P ap 


For m = 1, formula (11) becomes 


For m = 4, formula (11) becomes 


Ifim = 2, z= [d(z)] na log a 


The approximate solution of equation (7) can be written in the 


r r 
u = E cos ( nc log ; ) + F sin ( na log ) 


0 and 


) r?kl 


form 


The boundary conditions give FE = 
l 
( 


equation 7 


c 
P = ye 
log @ 
When m = 2, 


become a 


, Hy 


> nary 


The solution of equation (16) ean be found exactly in terms of 


The solution is given by 


y an he [ eos (3 log : ) + , Siti (3 log . )| 17 
(nea? 


The boundary conditions give (,; = 


elementary functions. 


where 8 = 


l 2 
; and (, and C, are arbitrary constants 


0 and 


1 
tan ( - 8 log a) = 


IS) is a 
solved exactly to find the least value of 8 other than zero, and 


23 


Equation transcendental equation and cannot be 


hence the determination of ? will not be as easy as that obtained 
approximately by using formula (15). 


By substituting 2/ for / in formulas (12), 15 
the critical loads for tapered struts of length J with lower ends 


13), and we obtain 


fixed and upper ends free, Fig. 2, for m = 1, 4, and 2, respee- 


tively. 
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As a second example consider a strut of length / hinged at both 


ends symmetrical with respect to its central section, the moment 


of inertia / half length (0 < x 2) is given by 


so that / J, at each end and Jpe* at the central section.* 
We hay , 


In this 


The approx ean be written in the 


form 


mate solution of equation (19 


>: Jon ( = :)t ”) 
B sin } j l f ( ” 


ire arbitrary constants. 


where A an 
The bo inh 


and 


conditions at z = Oand xz =/ 


r*kl 
k y 
Ifk = I is constant and P is equal to Euler’s first critical 
load. 
Other shapes of struts of variable cross section can be treated 
similarly and simple formulas can be obtained easily. 


Application to Uniform Struts Under the Action of Varying 
Axial Forces 
As a first example, consider a strut of uniform cross section of 


length / hinged at both ends and subjected to axial loads linearly 
distributed along its length as shown In Fig. o 


We have 


d*y 


dx? 


El 


«R. V. Southwell, “An Introduction to Theory of Elasticity for 
Engineers and Physicists,’’ Oxford University Press, 1941, p. 449. 
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where 


Piz 
The approximate solution of equation (22) is given by 
41 cos 


, 
ya mia 
o 


, the first condition gives A 


y= QOatr =aandatr=a 


= (), the second condition gives 
Substituting 


, relation (24) after some algebraic 


2 rE! 
at { 


The exact solution of equation (22) is found to be 


and C; are arbitrary constants and J:/, and J —1/, denote 


and putting a = 
manipulation gives 


where ( 
the Bessel function of order 1/3 and —1/3, respectively. 
The exact solution (26) requires the use of tables of Bessel frine- 


tions and no simple algebraic formula such as formula (25) can 


ad ) 
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be obtained. The determination of P; will not be easy and re- 
quires the solution of a certain transcendental equation. 

As a second example, consider a strut of uniform cross section 
of length 1 hinged at both ends and subjected to axial loads vary- 
ing according to the law, w(x) = c/z?, Fig. 4. 

C 
(1+ a)? 


whence 


so that 


where 


° 
n? 
° 


~ EI (/P, — VP)? 


° 
n- 


o(z) = S zz = SJ (o(2))'dz = 


n log x 


The approximate solution of equation (27 


/ x r 
, = A cos \" log ) + Bsin (. log ) 
a a 


The boundary conditions give, respectively, 


is given by 
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a- 
A=0 and wn log (29) 
a 


Substituting the values of n and a in relation (29) and putting 
(P,/P, \"/e ae a, we get 


( l—a ) EI 
P, = 30 
a log a [? 


Equation (27) can be solved exactly in terms of elementary 
functions. 


fog ieale as 
y= Vz cee | { og my 
l b I 
+ (2 sin (ns - -) log tI 31 


The boundary conditions give, respectively, C; = 0 and 
q £ ’ } ’ 1 


1\'2 a+l 
nt — ; ) log a = 
l1-a\? ] 1 rE] 
P, = m t - 32) 
. 2 log? a 43? 1? 


When a@ = 1, both formulas (30) and (32) give Euler's first 
critical load. If a ¥ 1, by using the approximate formula (30) 
instead of the exact formula 
equal to 


Its exact solution is given by 


32), the percentage error will be 


00 / a l 
4 
log? @ 


= 0.5, the error will be about 1 ! 
= 0.8, the error will be about 


4 per cent, 
/g per cent. 
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The Effect of Product of Inertia Coupling 


C. E. CREDE 


California Institute of 
Technology, Pasadena, Calif. 
Formerly of Barry Controls, Inc., 
Watertown, Mass. 

Mem. ASME 

in coupled mo- 


on the Natural Frequencies of a Rigid Body 
on Resilient Supports 


A rigid body on resilient supports has six natural frequencies, some or all of which are 
‘f there is nonsymmetry. 


The analysis in this paper considers the 


coupling iniroauced by the product of inertia when the principal axes of inertia of the 
rigid body and the principal elastic axes of the resilent supports are not parallel. A 
typical case is considered in detail, and a procedure suitable for engineering use ts pre- 
sented for evaluating the effect of product of inertia coupling 


I. the application of vibration isolators, the theory 


of a rigid body on resilient supports is often used to evaluate the 
performance of the isolators. The general condition involves six 
degrees of freedom but, in the absence of symmetry, the resulting 
equations are too cumbersome for practical engineering use. By 
assuming certain kinds of symmetry, these equations can be used 
to solve a wide range of engineering problems. A common con- 
dition which approximates many actual applications is one in- 
volving two vertical planes of symmetry wherein the principal 
axes of inertia of the rigid body are respectively parallel to the 
principal elastic axes of the resilient supports. The determination 
of the natural frequencies of such a system has been made a simple 
engineering calculation by the methods set forth elsewhere.! 

A system is encountered occasionally which meets the require- 
ments of symmetry in so far as the center of gravity of the rigid 
1C. E. Crede, ‘Vibration and Shock Isolation,”” John Wiley & 
Sons, Inc., New York, N. Y., 1951. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of Tae AMERICAN Socrety OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 23, 1957. Paper No. 58—A-9, 


body and the locations of the isolators are concerned but wherein 
the symmetry does not extend to the principal axes of inertia 
This may result, for example, from an unsymmetrically located 
heavy component within the rigid body which causes the principal 
axes of inertia to be inclined with reference to the general out- 
lines of the body. The product of inertia which can be neglected 
when the supported body is symmetrical must then be considered 

This paper is concerned specifically with a rigid body supported 
by resilient supports located underneath the body. The system 
has a single vertical plane of symmetry. It will be shown that 
horizontal translational and rotational motions of the body in 
one of the vertical planes are coupled and that similar coupling 
occurs in the other vertical plane. For motion in the horizontal 
direction perpendicular to the plane of symmetry, the product 
of inertia of the body causes additional coupling to rotational 
motion about the vertical axis. A method is developed for de- 
termining the natural frequencies in these three coupled modes, 
employing a procedure of sufficient simplicity to be useful for en- 
gineering purposes. 


Equations of Motion 


A rigid body having principal axes of inertia p-p and q-q is 
illustrated schematically in Fig. 1. The third principal axis of 
inertia r-r extends through the center of gravity in a direction 
generally perpendicular to the plane of the paper. Assuming the 
body in Fig. 1 to be acted upon by the couples M,, M,, M, about 





Nomenclature 


height of center of gravity of rigid body above 
resilient supports 

distance from resilient support to vertical co- 
ordinate plane, in direction of X-axis 

distance from resilient support to vertical co- 
ordinate plane, in direction of Y-axis 

moment of inertia about axis designated by sub- 
script 

product of inertia with respect to axes designated 
by subscripts 

stiffness of resilient support in direction desig- 
nated by subscript 

m mass of rigid body 


Ly em 


ay’ “ye ‘ze 


ke, ky, ke 
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moment applied to rigid body about axis desig- 
nated by subscript 

principal axes of inertia 

vibratory displacement of support in direction 
designated by subscript 

displacement amplitude of support in direction 
designated by subscript 

translational displacement of rigid body in 
direction of X-axis. 

translational displacement 
direction of Y-axis 


of rigid body in 


(Continued on nezt page) 
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Fig. 1 Principal axes p-p and q-q of a rigid body 























Fig. 2 Schematic illustration of rigid body on 


indicated by p-p and q-q. 


the co-ordinate axes X, Y, and Z, respectively, the differential 
equations of motion for the body? are: 


Lé-—1,,6-1,7 =M 


z 


1,6 -—1,.7 —1,& = M 


zy> v 


Ly -— 1,8 -1,& = M, 


where J,, 7,, 7, are the moments of inertia of the rigid body about 


2G. W. Housner and D. E. Hudson, “Applied Mechanics—Dy- 
namics,’"’ D. Van Nostrand Co., Inc., New York, N. Y., 1950, p. 150 


the X, Y, and Z axes, respectively, and/,,, /,,,/,, are the products 
of inertia of the rigid body with respect to the indicated axes. 

In the case analyzed in this paper, the rigid body is supported 
by resilient supports upon a foundation whose vibration creates 
the excitation for the system. Under these circumstances, the 
only external forces acting upon the rigid body are those resulting 
from deflection of the resilient supports. Consequently, the terms 
M,, M,, M, in Equations (1) to (3) are the summations of spring 
forces in the respective directions. It should be noted that the 
natural frequencies determined from this analysis are independent 
of the method of excitation, and are identical to those calculated 
if the excitation were an external vibratory force applied to the 
rigid body. 

In the application of vibration isolators, a system as shown 
schematically in Fig. 2 is encountered frequently. In this system 
the vertical planes through the center of gravity normal to the X 























\ 
co 
pS , 


rhe 
b—>* 
z 
(P?,9) 


resilient supports. Principal inertia axes are 


and Y-axes are planes of symmetry in so far as the center of 
gravity of the rigid body and the center of stiffness of the isolator 
pattern are concerned. In other words, all isolators are identical 
and are located equal distances from the afore-mentioned planes 


of symmetry. The rigid body is unsymmetrical in that two 


principal axes of inertia p-p, q-q are inclined as indicated in Fig. 2 
The excitation is taken as a vibratory motion of the support in 
translation parallel to the three co-ordinate axes simultaneously 
cos wt 


then 


as defined by s, = s,, cos wl, Ss, = 8,, cos wl ind s, = 8,, 
The differential equations of motion for the rigid body are 


written as follows: 





Nomenclature 


translational displacement of rigid body in direc- 
tion of Z-axis 

dimensionless ratio p,/p, 

dimensionless ratio p,,/p, 

rotational displacement of rigid body about Z- 
“AXIS 

dimensionless ratio b/p, 

dimensionless ratio ¢/p, 

k,/k, = ratio of horizontal to vertical stiffness 
of resilient support 

rotational displacement of rigid body about Y- 
axis 

dimensionless ratio a/p, 
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rotational displacement of rigid body about X-axis 

radius of gyration of rigid body with respect to 
axis designated by subscript 

Ris m : 

angle between co-ordinate axes and principal axes 
of inertia 

roots of natural frequency equation, neglecting 
effect of product of inertia coupling 

forcing frequency 

natural frequency in coupled mode 

(4k,/m)/* = natural frequency in vertical trans- 
lational mode 

natural frequency in rotational mode about Z-axis 
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ky 2]. « 9 


:quations (4), (5), and (6) are written directly from Newton's 


laws of motion, while Equations (7), (8), and (9) are derived 
from Equations (1), (2), by substituting the applicable 
spring forces for the moments M,, M,, and M,,. 


If the plane defined by the Y and Z-axes is a plane of sym- 


and (3 


metry, one of the principal axes of inertia of the rigid body then 
All products of inertia with reference 
9) then may 


coincides with the Y-axis. 


to the X-axis thus vanish. Equations (4) through 


be divided into several groups as follows: 
vibration in the translational 
This mode is not coupled to 


1 Equation (6) defines the 
mode in the direction of the Z-axis 
any other mode: it is excited only by &, = 8, CO8 wil 
2 Equations (5) and (7) are coupled; they define the com- 
bined rotational and horizontal translational motion in the plane 


of the Y and Z-axes 


cos wl 


The excitation for this motion is s, = s 


4), 5), are coupled; thev define the 
and Z-axes and the 


The excitation 


3 Equations and (9 
combined rotational motion about both Y 
translational motion in the direction of the X-axis 
for this motion is s, = s 


- cos Wi. 

The mode of motion defined by the equation of group 1 con- 
the coupled modes of group 2 
The 


three coupled modes of group 3 involve three equations which 


forms to simple vibration theory; 
ean be analyzed using the procedures set forth elsewhere.' 


must be solved simultaneously to determine the natural frequen- 
cies of the svstem The computations involved in the solution 
tend to become laborious and therefore find relatively little use 
for engineering purposes. The remainder of this paper is de- 
voted to the development of a practically usable procedure for de- 
termining the natural Trequencies in the three coupled modes of 
vibration 

Equations (4), (8), and (9 
forced vibration by neglecting the transient terms on the grounds 


are solved in the usual manner for 


that the transient vibration will die out ultimately in any system 
having « practical degree of damping, and that the solution need 
contain only the forced terms at the frequency of the excitation 
The resultant vibration of the rigid body is thus defined by the 


following expressions: 


# = 6, cos wt; — 6x." cos wt 


yocosal; Y = — yw cosa 

The differential equations of motion are solved by substituting 
10) in Equations (4), (8), and (9), and solving for 
Letting 4/s) = A/C and Yo/% = 


from Mquations 
the ratios @ and Yo/s 
Iw? + Ah7k, + Ac*k, tak, 

T tak, *(- 1 w? T 1h*k, T ic%.. 


tak, ) (1,0) (4k, — moo (12 


z 


—I] w* + 1b*k, + 4c7k,) (4ak,)? 
-I,w? — 4a*k, + 4b*k,) 
tb?k, + 4c*k,) (13) 


(—Iw? + 
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Equations for Natural Frequencies 


The natural frequencies of the system are the frequencies at 
which 4/89 and ¥ 
C = 0. Equating C to zero and dividing through by 4mb*c*k,k 1, 


8» become infinite, i.e., the frequencies at which 


gives the following cubic equation whose variable is w?: 


Jw ( I." 


I,J, — Iys 
th*k k,l, 


r 


” bk, 
lid K, 


met 


16/4 fo 
mk, 1, 


The foregoing equation can be simplified by introducing the 


following dimensionless and dimensional ratios: 


It is convenient now to introduce the hypothetical concept /,, = 
mp,,? and to define further the parameter p,, by the relation 


Pys = Bp, 
equation takes the following form 


(3 


Substituting these ratios in Equation (14), the cubic 


where 


When the produc t of inertia leg Is eq ial to ze ro, vibration about 
the vertical axis is decoupled from the other modes and can be ce 
o 
os, In 


termined directly » natural frequency 


this mode is given elsewhere,’ as set forth in the following, using 


‘) 19 


Setting Rus equal to zero, the ratio O*/a® becomes zero and Equa- 


An expression for t} 


the foregoing ratios: 


tion (15) can be factored as follows 


The first term in the immediately preceding equation is identical 
with Equation (2.59) of Crede natural fre- 
juencies in the coupled modes in translation in the X-direction 
These equations apply only 


and gives the 
and in rotation about the Y-axis 
when vibration in the rotational mode about the Z-axis is de- 
coupled. Convenient graphical means are available for deter- 
mining the roots of the first term on the left side of Equation (20). 


’ Page 56 of footnote 1. 
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The applicable graph is given by Fig. 2.8 of Crede! and is re- 
produced here as Fig. 3 for ready reference. It is thus possible to 


rewrite Equation (20) in the form of Equation (21) below, where 
the root ¥; = Q,/Q, refers to the natural frequency in rotation 
about the Z-axis, as given by Equation (19), and the parameters 
Yi, Wz are determined by obtaining the roots of the first term in 


> 


Equation (20) or by referring directly to Fig. 3: 


- v:*) = 0 


( - 7 v:*) ( - v:") ( 2,2 


Equation (21) is now expanded as follows: 
6 4 
Ww w 
iat ea 24 1,2) - 
qe ~ Wit vi + HH) GO, 
2, Q, 
w? 


+ (Wipe? + Paths? + Yo?s?) Q2 


It should be emphasized at this point that Equation (22) refers 
to a hypothetical situation. It is based upon the actual moments 
of inertia about the Y and Z-axes, but neglects at this time the 


product of inertia J,,. The coefficients in Equation (22) are de- 


termined easily, however, from the natural frequencies for the 
hypothetical condition which assumes the vibration about the 
Z-axis to be decoupled. The coefficients of Equation (22) can be 
converted readily to the coefficients of Equation (15) which 
covers the real situation involving three coupled natural fre- 
quencies. The calculations required to convert to the real con- 
dition are as follows: 


46 
44 
42 
40 
38 
3.6 
34 
32 
3.0 
28 
26 
24 
22 
2.0 
18 
16 
14 
12 
1.0 
0.8 + 
0.6 
04 - 
02 


6 = a = Local 
© a2 04 06 08 10 L2 14 16 18 20 

~ & ka 

Miley" 5» 4, 


Fig. 3 Coupled natural frequencies, neglecting product of inertia 
coupling 
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(a) The coefficient of (w/Q,)* in Equation (15) is obtained by 
subtracting 8*/a? from the coefficient of w*/Q,‘ in Equation (22 
and dividing the remainder by (1 — 8*/a?). 

(6) The coefficient of the term w?/2,? and the constant term in 
Equation (15) are obtained by dividing the corresponding co- 
efficient and constant term in Equation (22) by the factor (1 — 
B*/a?), 

The resulting cubic equation can then be solved by any ap- 
plicable means to obtain three natural frequencies in three coupled 
modes. The roots of the equation are the dimensionless ratios of 
coupled natural frequency to vertical natural frequency designated 
here as {2,/Q,. 


Numerical Example 


The following example illustrates the application of the proce- 
dure to a rigid body whose product of inertia can be changed at 
will. As shown in Fig. 4, the rigid body includes horizontal upper 
and lower plates connected by threaded rods at the four corners 
thereof. Two heavy steel bars provide the principal mass, one 
movable vertically along the threaded rods at one end and the 
other movable vertically along the vertical rods at the other end. 
The total weight of the body is 25.3 lb. By arranging the heights 
of the respective bars unsymmetrically, the principal axes of 
inertia become inclined to the horizontal and vertical co-ordinate 
axes. The inclination of the principal axes of inertia, as given by 
Marks,‘ is defined by the angle @ as follows: 

9 
o = c tan I a 
2 a a 
The properties of the model for four positions of the bars are 
given in Table 1. 

Referring to Fig. 2, the horizontal distances to the springs from 
the respective co-ordinate planes are b = 3.37 in. and c = 5.0 in 
The vertical stiffness of each of four spring assemblies is 192 lb per 
in. to give a natural frequency in vertical translation of 17.4 
cycles per sec (eps). The horizontal stiffness of the springs is 
68.5 per cent of the vertical stiffness, giving the value n = 0.685 
and 7/7 = 0.827. The height of the center of gravity for each 
arrangement of bars is indicated by a in Table 2. The calcula- 
tions for determining the hypothetical natural frequencies y¥,, 
in a plane normal to the Y-axis are summarized in Table 2, using 
the actual moments of inertia but neglecting the coupling effect 
of the product of inertia. 

4L. S. Marks, ‘“‘Mechanical Engineers’ Handbook,’’ McGraw-Hill 
Book Company, New York, N. Y., 1951, fifth edition, p. 198. 
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Two elevation views of model used for numerical example 
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Table 1 
Position 
of 
bars i, f. 
2.02 0.95 O 
2.02 0.99 0.22 
2.02 1.23 0.66 
2 02 1.98 1.16 


Ty: 


Table 2 Calculation of hypothetical natural frequencies, neglecting 


Position 
of 
bars 
l 
2 
3 

4 0.91 


The hypothetical natural frequency in rotation about the 
vertical Z-axis is given by Equation (19), neglecting product of 
inertia coupling. The ratio €,/a@ is a constant independent of the 
position of the bars, and the single value of the hypothetical 
natural frequency is calculated using numerical values from Table 
*)- 


) = (0.685(0.37 + 0.83) = 0.82 


In accordance with the nomenclature of Equation (21), this fre- 
quency ratio is designated y;. Thus ¥,? = 0.82 and y; = 0.91. 
The natural frequencies y,, Y2, and W; are hypothetical in that 
the coupling effect of the product of inertia has been neglected 
This effect is now introduced by determining the coefficients for 
Equation (15), employing the calculated values of ¥, Wz, and Ws 
together with the values of a@ and @ set forth in Table 1. The 
calculations required to obtain the coefficients D, FE, and F are 
summarized in Table 3. The resulting values of the frequency 
ratio 2,/Q, are obtained by solving Equation (15) with the co- 
efficients from Table 3. 


Conclusions 


The results of the calculations are shown graphically in Fig. 5 
The inclination of principal axes for the various bar positions, 
used as the abscissa co-ordinate in Fig. 5, is calculated from Equa- 
tion (23) using the values from Table 1. The dotted lines indi- 
cate the hypothetical natural frequencies ¥,, 2, and W: which 
neglect the coupling effect of the product of inertia, whereas the 


Table 3. Calculation of real 


Position 
of 
bars 


v1 
Vi2We2v3? 
0.46 
0.43 
0.35 


30 0.24 


solid lines show {2,/{, The dif- 


ference between the dotted and solid lines depicts the error which 


and include the coupling effect. 


is introduced by neglecting this coupling. 

It is not possible to draw general conclusions from a single 
numerical example. The example is fairly typical of a group of 
practical problems, however, and may serve to suggest the order 
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3.89 1 
4 


vo 


uv 


v2 


Properties of rigid body 


B*/at l B*/a* 
0 1.00 
0.026 0.974 
0.1 0.824 
0.3 0.663 


3.80 

S5 
3.16 
4.19 


31 
1S 


> 
Oe 


product of inertia coupling 


. € 


0.42; 
0.43; : 
0.48 
0.57: 
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bao 
= 


‘s 





COUPLED NATURAL FREQUENCY 


y 


‘a 


| | | 
20 30 40 


+ 
+ 


RATIO — 














10 50 


INCLINATION OF PRINCIPAL AXES, DEGREES 
Fig. 5 Curves showing calculated natural frequencies for mode! shown 
in Fig. 4 (solid lines) ed with corr ding natural frequencies 
neglecting coupling effect of product of inertia (dotted lines) 





natural frequencies, including coupling effect of product of inertia 


42? + 
iv? 
2y;? 
B*/a*® 
5.04 
4.72 
3.91 
2.96 


4 


«> 
ate 


0 


D Q, . 
91 2.01 
90 1.97 
91 1.92 
93 1.85 


37 
37 0 
37 0 
35 0 


4.85 


of magnitude of the error introduced by nelgecting the coupling 
effect of the product of inertia. The maximum difference be- 
tween corresponding values of W and Q,/Q, 
per cent, and occurs at the extremely nonsymmetrical condition 
of @ = 44 deg. Inasmuch as this is acceptable accuracy for gen- 
eral engineering purposes, it is possible that the coupling effect of 
the product of inertia need be considered only for special problems 


is approximately 15 
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The Strain-Energy Expression for 
Thin Elastic Shells 


A strain-energy expression is derived for thin isotropic elastic shells in terms of the dis 


placements of the middle surface of the shell. 
deflection theory, and the condition of plane stress previously used in the theory of thi 
A simplified expression is also obtained by the introduction of the 
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shells is retained. 


cussed. 


er expression for thin elastic shells in 
terms of the displacements of the middle surface was first derived 
by Love [1].!. Love himself remarked that the strain-energy 
expression was only approximate and that the differential equa- 
by variational methods 
directly. 


tions obtained from the strain energy 
differed from the differential 
An important general strain-energy expression obtained since 
Love’s is that of Byrne [3]. He removed the approximation that 
the ratio of thickness to radii of curvatures is negligible compared 
This approach has been criticized recently by Green 


equations obtained 


to unity. 


1 Numbers in brackets indicate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30—December 5, 
1958, of THE AMERICAN SocieTy OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, April 1, i957. Paper No. 58—A-25. 


Kirchhoff-Love hypothesis, and the relative merits of these two expressions are d 
The strain-energy expression is applied to the thin circular cylinder, and the 


result is compared with various strain-energy expressions developed h 


This expression is confined to small- 


lis 


! 


brevious authors 


and Zerna [4] and Reissner [5, 6] on the grounds that the ac- 
curacy worked to is greater than that Justified by the nature of 
the assumptions. Langhaar [7] also developed a general strain- 
energy expression for thin elastic shells assuming that the strains 
vary linearly throughout the thickness and in particular applied 
the results to a thin circular cylindrical shell. Alternative strain- 
energy expressions for thin circular cylinders have been developed 
by Basset [8], Fligge [9], Kennard [{10, 11, 12], and Salerno and 
Levine [13]. 

The differences in various shell theories are 
the differences in the assumptions selected, and several of the 


f 


a consequence ol 


more important theories have been summarized by Hildebrand, 
Reissner, and Thomas [14]. These authors are primarily in- 
terested in the equations of equilibrium and they do not compare 
the resulting strain-energy expressions based on different assump- 
tions. 

In the theory of thin shells, as developed by previous investiga- 
tors, the following assumptions are usually made: (a) The shell 
material is isotropic, and homogeneous; (») the displacements are 
small enough so that quantities of orders two and higher in the 
displacement components may be neglected, that is, small-deflec- 





Nomenclature 
a, 8 a curvilinear co-ordinate system describing the 
middle surface of the shell 

a = const, 
OB = const 
A(a, B)da, 
Bla, B)d3 
R,, R 


the lines of curvature of the middle surface 


the lengths of linear elements of the lines of curva- 
ture 

the radii of curvature of plane normal sections of 
the middle surface that are tangent to the lines 
of curvature 

a right-hand system of axes, origin at a point on 
the strained middle surface, z and y being tan- 
gents to the lines of curvature and z being nor- 
mal to the surface 

the components of displacement of a point in the 
unstrained middle surface in the direction, be- 
fore deformation, of the tangents to the lines of 
curvature and the normal at that point 

the components of displacement of a point not in 
the middle surface, in addition to those asso- 
ciated with u, v, and w, and referred to axes (z 


y, 2) 


546 / December 1958 


the components Of stress at any point referre d to 
(z, ¥, 2 

the components Of strain at any point rele rred to 
(7, ¥, 2) 

the strains along the lines of curvature in the de- 
formed middle surface 

the coefficients in the power-series @Xpansion in 
of the components of strain e,,, e,,, and ¢ 

the coefficients in the power-series eXpansion in 
ol é, n, and ¢ 

strain energy per unit volume of the shell 

total strain energy of the shell 

total thickness of the shell 

Young’s modulus 

Poisson’s ratio 

polar co-ordinates describing the middle surface of 
a circular evlinder 

radius of middle surface of a circular cylinder 
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tion theory is used c) the thickness of the shell is small « ompared 


with the radii of curvature of its middle surface; (d) the stress 
components normal to the middle surface are sma | compare d with 
the other stress omponents and may be neglecte d in the stress- 
the normals to the unstrained middle sur- 
the 


f) the normals to the strained middle surface suffer no extension 


strain relations f 


face deform into the normals to strained middle surface; 


Assumptions (a), (>), and (¢) are basic assumptions from which 


small-deflectior theors tor thin she lls can he constr icted, \s- 
d) is known as the condition of plane stress and assump- 
Kirchhoff- 


Previous strain-cnergy expressions have been 


sumptior 


tions («) and (f) together are usually referred to as the 
Love hy pothe SIs 
obtained using both the condition of plane stress and the NKirch- 
In the present an ilvsis, the strain-energy 


the 


hoff-Love hypothesis 


expression is derived using assumptions (a), (5), (c), and 
condition of plane stress, and is compared with the expression ob- 


The re la- 


lis- 


aimed when the Kir hhoff-Lov e hy pothesis Is included 
tive merits of these two expressions are considered in the 
‘ussion 

Previous investigators, notably Basset [8] and Epstein 15}, 
have deve loped stress compone nts, strain compone nts, and dis- 
placements as power-series eXpansions in the co-ordinate \ 
similar series expansion for the strain components and displace- 
The strain energy is then expressed as a 


ments Is idopted here 


power-series expansion In the shell thickness A, in which only odd 
The linear term in the strain energy represents 
middle surface, the third- 


due to bending, and higher 


exponents oct ni 
to stretching of the 


the energy 


power term represents the energy 


terms are ordinarily neglected In order to obtain an accurate ex- 
pression for bending energy, the strain components and displace- 
ments are taken up to squared terms in z. 

istified the validity of a series « Xpansion in the ab- 


The 


form of the series expansion chosen by Basset to the order of ape 
t ! 


proximation considered here is equivalent to the condition of plane 


Jasset has j 


sence of external forces, on the basis of phy sical arguments. 


stress, assumption dad). It is sufficient to note that the expansion 


method is introduced to facilitate the analysis. Using the Kirch- 
hoff-Love hypothesis, Fliigge [9 Bleich and DiMaggio [16 


17] have obtained a strain-energy expres- 


, and 


Langhaar and Carve 


sion for a circular cvlindrical shell without introducing any power 
However, for plane stress an analysis without 
difficult 


final section appropriate strain-energy eXpressions for a 


series eXpansions 
the use of a series « \pansion would be ver 

In the 
thin circular evlindrical shell are given for the two cases of plane 


ind without the inclusion of the Kirchhoff-Love hy- 
pothesis These 
those derived by Basset [8 
Levine 13), 


the various ipproXi mations made by 


stress, with 


strain-energy eXpressions are compared with 
Love [1], Fligge {9], Langhaar [7 
Kennard 10, ll, 12 


these investiga- 


Salerno and ind illustrating 
the effect of 


tors 


The Stress-Strain Relations 
The 


stress components by Hooke’s law in the form: 


strain components ol the shell are given in terms of the 


ho, /E 
wok 


MO yy a) /E ery = Alt 
K 21 + 
BE 21 + w)o,,/E 


Introducing the condition of plane stress referred to in the 


previous section, ¢,,, 7,,, and o,, are negligible in comparison with 
the other stress components, and equations (1 become 
po, /E 
po,,)/E 
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From these expressions it follows that 


The Components of Strain of a Thin Elastic Shell 


From Love {1 l, p. 527, equation 30), the components of strain 


can be derived in terms of the displacements of the shell. IRgnor 
ing quadratic and higher power terms in the displacements, as 


the resulting components of strain are: 


i] > ( 1 Ou 
R ' 1 Oa 1 0a 


n.) 


sumption (6), 


OA ( 1 Ow 
iB op B op 


“ he rm 


OA 


> 


3 Op 


OB 
iB Oa 


1 ov oA OB 
B oo iB op iB oa 


ire defined by the linear element of the middle surf 
= A*%da? + Bp? 


and are connected to the principal radi of curvature by 


) Pe) ( 1 OA ) ; iB 
“as\B Bp] RR 
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trons 


1 OB 
1 0a 





n) ( =) _ 1 oB r) (=) _ 1 oA ¢ n dA) 

0a R: R, da’ og8 R, R, 08 - i. (> ; ; - R, Tr AB a3 ( 
The components of strain are thus expressed in terms of six com- > — 
ponents of deflection; that is, u, v, and w, the deflections of the = — <¢, — ( } ) 
middle surface, and &, 7, and ¢, the deflections of an element of the Bop \ B op R 
shell not in the middle surface with respect to the middle surface. oe 
These latter deflections describe the warping of cross sections of i ( es ) ’ 
the shell. AB da\ A da R/S 

Before proceeding to derive the strain-energy expression from 

these components of strain, it is usual to simplify the strain com- 
ponents by introducing three additional conditions by which &, 7, 
and ¢ can be eliminated. These conditions are determined by 
physical considerations and must adequately describe the state = | re) ( 1 Ow i ) 
of deformation of the shell. For example, they can be the condi- | : J A Loa \ B ap R, 
tions of plane stress (¢,, = 0,, = 7,, = 0), or those of the Kirchhoff- 
Love hypothesis (& = 7 = ¢ = 0), or any similar set of conditions o-4 ( 1 ww ) 
which satisfy the state of deformation of the shell. B OB \A da R, 


1 or u OA | 


The State of Plane Stress ~ Ri ( da ~—C«&BW®SOCAAB )] f 


The three conditions of plane stress are given by assumption 1 }- z] Of 1 Ow 
(d) of the introduction. Using these conditions the last three a eee Riv” = [2 ( Ata 
equations of (4) become: 
" 1 28 ( 1 ow 2 ) 
~ a A da\ B OB" R; 


aa oo zz T vy 


a2) (1 — Bp) 
B ( or u OA ) j 
82 ... 2 ; AR;\ da B as / ii 


* f1—(G/R)1 B08" Rf 


on £ oBl 
08 R: AB dal 


l §— Al 

es eae Jil oF | EY 1 da AB aos 
[1 —(2/R,)] (A da " Rif 

l 1 o€ n OB) 


In order to eliminate &, , and ¢ from the strain components the 1 —(2/R:)| 1B 2B AB da | 


following power series in z are introduced :* 


t 


where ao*, bo*, and cy* are zero by definition. 
@ wo . “fn ¢ . . 
‘ The reason for this somewhat artificial separation into the co- 
= n : = Aad _— . ° . 
s ts Unt 7 > Unt efficients a, and a,*, and so forth, will be seen in the next section. 
n=1 n=1 - . , <2 ; . , » 
Substituting (7) and (8) in equation (6) and equating coeffi- 
cients of powers of 2, 


1 Ow, 
= u, = 0, 


f= > W,_2" : 2A da 
n=1 
l Ow, 
Similarly, the components of strain are expanded as a power series 2B 0g 
in 2, i.e., 
a 
> , (a, + a,*)2” 


n=0 


D> (bn + ba*)z" } 2;e<->s 4a, + > = — (a + we + , )j 
n=0 2( (1 = G3 R, R, { 


= The first three coefficients in the expansions for the strain com- 
> i (ce, + €,*)z* ponents ¢,,, ¢,,, and e,, are now determined in terms of the 
=—s middle-surface deflections u, v, and w, and are given in the Ap- 
where pendix. 
The advantage of this method of approximation by power series 
ce a as ) = in 2 is that for thin shells only the first few terms in the series need 
= = GR) 


. 7 ; mY 
be retained. (z only appears in the expansions as I ) , where L 


4 


) is the minimum of the two radii of curvature and lengths of linear 


2 Since £, n, and ¢ vanish at the middle surface (2 = 0), the first — 
term in their expansions must be linear in z. 3? See Green and Zerna [4]. 
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Pao 24 (4 
AB 8 \B 


, elements, and for a thin shell ; <1).3 


4 





Kirchhoff-Love Hypothesis 


The Kirchhoff-Love hypothesis also contains a set of conditions 
by which the strain components can be expressed in terms of the 
middle-surface displacements. The two assumptions (e) and (f) 
in the introduction, which comprise the hypothesis, imply that 
£=7={=0. Therefore using these conditions in equations 
(8) and (9) it follows that 


n=0 


where a,, 5,, and c, are unchanged and are given in the Appendix. 


The Strain Energy of a Thin Elastic Shell 
From Love [2] the strain energy per unit volume of the ma- 
terial in terms of the strain components is: 


uE 


9) 


Using equations (2) and (3), that is, the plane-stress conditions 


o,, = 0, equation (12) becomes: 


2 


Therefore the total strain energy of the deformed shell is: 


E ff ‘ ba 
11-5707" ”* 


element of volume 


AB (: - 


where the 


dV = 


: )(1 eam ) dadBas 
R,, R, 


and the limits of integration are taken over the undeformed shell. 


Introducing the power-series expansion for the strain components, 


h 
equations (8), and integrating over z between - and oe the total 


- ~ 


strain becomes: 


Eh ¢ (1 
* AB » 2 + by? + Quay + 7 
2 a oll © \ 


Eh? 
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ay + pb 


Col Cy F at) | faaas l4 


where higher power terms in A are neglected. The first integra 
on the right-hand side is the energy of stretching, and the second 
integral is the energy of bending of the shell. 

The strain-energy expression under the assumptions of th 
Kirchhoff-Love hypothesis is obtained in the same manner using 
the strain components (11), i.e., 


+ Qpuaghy + 


+ by? + 2 aoa: 


Discussion 
} 


In this paper, the 
been developed from the components of strain using the ass imp 
tions (a) to (d). 
not the onlv assumption that can be used to describe the com 
deflections 
pressure is 


strain-energy expression for a thin shell has 
As pointed out previously, assumption (d) is 


ponents of strain in terms of the middle-surface 
However, for a thin shell, the external (or internal 
small compared with the stresses which will develop in the plane 
of the middle surface and hence the state of deformation is likel 
to be close to the state of plane stress. For this reason assump- 
tion (d) is introduced. 

The fact that the actual state of deformation cannot, in general, 
be identically plane stress allows further assumptions to be made 
which simplify the results. Thus assumptions (e) and (f), which 
together form the Kirchhoff-Love hypothesis, are included and 
the components ol strain (8) and the strain-energy expression (14 
tal *=6,.* =c,* = 0. It should be re- 


are simplified by taking a, ® x 


membered that the state of plane stress and the Kirchhoff-Love 
hypothesis are incompatible unless an additional condition is 


satisfied, i.e., 


In general this restriction is too rigid and it is preferable to 
consider assumption (d) or assumptions (e) and (f) as being ap- 
proximate. Green and Zerna [4] and Reissner [5, 6] have ques- 
tioned the validity of such a procedure. They contend that as- 
sumptions (e) and (f) imply neglecting terms in the bending 
strain-energy expression and the accuracy of this expression is 


therefore open to doubt. This criticism is certainly true if, in fact, 
the criterion of the state of deformation is plane stress; the 


starred terms in the energy expression (14) express the difference 
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in bending energy between plane stress and the Kirchhoff-Love 
hypothesis. 

Other investigators have also realized the inconsistency of the 
Kirchhoff-Love hypothesis under the condition of plane stress. 
For example, Vlasov [18] relaxes assumption (d) and considers 
S = —_ 
= a= 


strain in terms of the four displacements u, v, w, and w*. 


*~ 


O and ¢ = w*z. Thus he obtains the components of 
How- 
ever, for thin shells he takes w* = 0. 

The strain-energy expression (15) might express the actual 
state of deformation as accurately as equation (14) which was ob- 
tained from the conditions of plane stress without the Kirchhoff- 
Love hypothesis. The ability of the various strain-energy expres- 
sions obtained by different sets of assumptions to describe the 
physical state of the shell is therefore uncertain, no matter to 
what degree of approximation the results are taken. This ques- 
tion will most probably be resolved by application of the strain- 
energy expressions to specific examples. It has also been sug- 
gested, reference [8], that investigations on the vibrations of thin 
shells might differentiate between the terms appearing im the 
various energy expressions. The procedure which uses only as- 
sumption (d) leads to the complicated and unwieldy strain-energy 
expression (14), and for the reasons given above the results need 
not describe the actual state of deformation more accurately 
than expression (15). 
energy expression (15) is likely to be of most practical use in cal- 


In the opinion of the authors, the strain- 
culating the behavior of thin shells. 


The Circular Cylinder 


The important case of the circular cylindrical shell is obtained 
by using cylindrical polar co-ordinates (2, 9), i.e., 


B= 


The coefficients in the Appendix then reduce to 


a ay —W., (ly 


0,00 — W,6 


a 


Us26 + 


where u, = and soforth. Direct substitution of these values 


into the strain-energy expression (15), which includes the 


Kirchhoff-Love hypothesis, gives: 


Dy / e ia 
W =- Eh —_ J y.2 + " . _ _ opus (vga — w) 
2(1 — yp?) } a’ a 
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2a? 


The differential equations obtained from the strain-ene rgy eXx- 
pression (16) by variational methods are the same as those ob- 
tained by Fligge [9]. 

In the more complicated expression (14), which does not con- 


tain the Kirchhoff-Love hypothesis, the following additional terms 


appear in the bending strain energy: 


Eh'a TS ue ( A w\? 
24(1 — pw?) J, Te! b)*a? ™ a ) 


lia 


Other authors have derived strain-energy expressions for a 
thin circular cylindrical shell several of which differ from equa- 
tion (16), and in the succeeding paragraphs the results of these 
authors will be examined to illustrate the various approximations 
made. 

Before going on the detailed investigation of the work of the in- 
dividual authors, two approximations used by the majority of 
them will be mentioned: 

1 In the components of strain e,,, ¢,9, ¢90, only constant terms 
and terms linear in z are retained; i.e., terms of order z? and higher 
are omitted. 

2 In the element of volume dV, the expression for the length 
of a circumferential fiber (a — z)-d@ is taken as a-d@. 

Basset. A strain-energy expression for a thin circular cylindri- 
cal shell is obtained by Basset [8] using the hypothesis that the 
normal stresses across the thickness of the shell are at least of 
order h?, This hypothesis is equivalent to the condition of plan 
Basset’s 
strain-energy expression is identical to the sum of the expressions 
(16) and (16a). 

The strain-energy expression obtained by Love for a 


stress up to the order of approximation considered. 


love. 
circular cylindrical shell 


Eha § ., (uw —w)? , mp 
w= x1 — u) ys T a? - 4, (V6 
(1 — be) ue 2} Eh?a 
+> - = cL. © - > a. de + - 
2 (0.4 Yb a * $40 = 


(we + w)? | 2uw, 
4 a 2 (u 6a r v@ 
a a 


a1 — { 
+ , (wo + v, 7 dxdO 


a? 
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differs from equation (16) in the bending-strain-energy term. 
This is because Love makes two additional approximations. The 
most important one is, in expanding the components of strain 
he takes 1/{1 — (z/a)] = 1. This approximation produces errors 
in the terms linear in z in the components of strain eg and e,s, 
a? instead of —(weg + w)/a? and cq = 
These errors are 
The other 
approximation which Love uses is the approximation 2. 

Fiugge. The strain-energy expression (16) was first obtained 
by Fliigge [9] and has been checked in a recent report by Bleich 


that is, bh; = wee + ve 
2(w,9 + v,)/a instead of ug/a? — 2w,e/a — v,/a. 
pointed out and corrected by Osgood and Joseph [19]. 


and DiMaggio [16]. 

Langhoar. When expanding the components of strain in terms 
of z, Langhaar takes e,, and e,, 
tradiction to his assumption that the strains vary linearly through- 
out the thickness; ¢ 


up to linear terms in z but in con- 


is taken up to second-order terms in z (see 


zy 
equations (11) of reference [7]). However, in obtaining the 
second-order term in z in the shear strain e,, Langhaar omits some 
relevant terms, and the values he obtains, c,’, say, differs from the 
value of c. given in the Appendix. Furthermore, Langhaar makes 
the approximation 2 when integrating the strain energy per unit 
volume. These assumptions imply that a2, be, and the last two 
brackets in equation (15 


thus: 


are neglected, and ¢ is changed to cy’, 


2ua h 


| drdy 17) 
This expression is identical, apart from the notation used in this 
report, to the expressions obtained by Langhaar, equations (9 
and (10 


lerence [7] 


’ , 1 ue 
vlinder, ¢2’ = a a ae i the energy expres- 
-a* a 


reduces to: 


ot re 
For the « 


sion (17 


Eha 5 ' ve 
m= FS _ a’ 


) 2 
=) t drd@ 4 
aj | 24 


‘) Lana, 
a/\ 
which is the strain-energy expression for a circular cylindrical shell 
obtained by Langhaar, equations (14) and (15) of reference [7]. 

Salerno and Levine. Basing their work on the paper of Osgood 
and Joseph [19], Salerno and Levine obtain the expression: 


Eha f .. (vw —w)? 2p 
4 us? + - + u 
2/1 — p? 4 .~ a’? . 


a} | 24(1 — p*), 


Fl 2 
(wee + w)* 


(ve — w) 


2(1 
: + — Wee (Wee + W) + 
a 1 
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for the strain energy. The difference between this equation and 
equation (16) is entirely accounted for by the fact that Salerno 
and Levine make both the approximations 1 and 2 given above. 

Kennard. Kennard derives a strain-energy expression (equa- 
tions (la) and (1b) of Reference [11]}) for a thin circular cylindri- 
cal shell using the basic work of Epstein {15]. This expression, 
ignoring external work terms, is the sum of expressions (16) and 
(16a) and thus the same as that obtained by Basset. However, 
Kennard makes further approximations which are based on the 
argument that several terms in the bending-strain energy can be 
ignored since they are small compared to the extensional strain 
energy and vanish when the extensional strain energy is iden- 
tically zero. These approximations can be carried out in various 
ways and a strain-energy expression which Kennard obtains in 
equations (1), (2), and (3) of reference [12], is equal to the ex- 


pression (16) with the following additional bending strain-energ) 


terms: 


Eh'a j 2u 
24(1 Mw) J. Te pias 
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APPENDIX 


Using equations (7), (9), and (10) the first three coefficients of 


the power-series expansions (8) are: 
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E. H. KENNARD 


Consultant, 
David Taylor Model Basin, 
Washington, D. C. 


A Fresh Test of the Epstein 
Equations for Cylinders 


Objections that have been raised against Epstein’s equations of motion for uniform 
cylindrical shells and the author's extensions and conclusions from them are considered. 
A direct proof is offered that the equations must hold, and further reasons are given for 
believing that they can be used in practice, at least as a basis for obtaining rationally 
founded approximations 


I. THREE recent articles [1, 2],' the author discussed 
and extended Epstein’s equations for thin, uniform cylindrical 
shells. 
tions of motion and of equilibrium for practical use were sought, 
and the best approximate expression for the energy. The basic 
method was to expand stresses and displacements in powers of 
the distance from the median surface and to satisfy the three- 
dimensional equations of motion only as far as second-order 
terms. The validity of this method has been questioned, however, 
Professor Naghdi even dismissing it as ‘‘meaningless” [3]. Re- 
consideration of the theoretical basis is therefore in order. The 
two objections that have been advanced will be considered in 


By simplifying the complete equations, approximate equa- 


turn 

1 The consistency of the approximations made has been questioned 
[4]. The consistency may be somewhat obscure in the author’s 
publications, in which maximum condensation was sought in 
order to save space. A special complication arises from the 
limited aim of all thin-shell theory, which is not to deal with all 
motions of the cylinder but only with those in which variations 
through the thickness of the shell play a subsidiary role so that it 
It is 
also necessary that the motion vary axially or circumferentially 
over the shell relatively slowly, so that little change occurs in a 
distance of the order of the thickness. Concentrated loads are 
thus excluded, except in so far as appeal can be made to Saint 


suffices to deal with the motion of the median surface alone. 


Venant’s principle. 

For such motions, there would seem to be little doubt that all 
dynamical variables can be expanded in differentiable series in z, 
the distance from the median surface, and that a valid approxi- 
mation can be made by consistent abbreviation of these series. 
However, the equations also will contain h, the shell thickness, 
and h/2 is of the same order as z, since |z| < h/2. Hence true 
consistency requires keeping terms in zh or h? whenever 2? is 
kept, zh? or z*h or h*® along with z’, and so on. 

Further complication results from the fact that simultaneous 
differential equations are involved. The general equations of mo- 
tion contain z-derivatives of the stresses; hence to satisfy the 
equations of motion through the second order (h?, zh, or z*), the 
expressions used for the stresses must be complete through the 
third order (zh*, z*h, 2°), in all terms containing z. The general 
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formulas for the stresses, in turn, contain 2-derivatives of the 
displacements; hence the displacements should be complete 
through the fourth order, in terms containing z. The third and 
fourth-order terms in the displacements will then produce un- 
balanced residuals when the series for the displacements are 
substituted in the acceleration terms in the equations of motion 
(written in terms of displacements). To balance these residuals, 
still higher orders would be necessary in the stresses and, for 
If, however, the equations of 
second 


consistency, in the displacements 
motion are to be satisfied only through terms of the 
order, these residuals may be ignored. No better criterion of 
approximation seems to be available; it is impossible to have all 
relations neatly satisfied through the same order of small quanti- 
ties. 

The most convincing way to test the results for consistency is 
probably to substitute the abbreviated series for stresses and dis- 
placements in the three-dimensional equations of motion and 
note whether these are in fact satisfied through the required 
order. This has now been done for the case of a cylinder loaded 
only on the ends, and the principal points in the work will be 
shown in what follows. To shorten the mathematical expres- 
sions, the cylinder radius R will be taken in this paper as the unit 
Then the approximate 
equations of motion for the median surface, Equations (14a, 6, c) 
[1], whose validity is to be tested, take the form: 


of length, and & will be written for h/2 
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Here u, v, w are the axial, circumferential, and outward radial dis- 
placements of a point (z,s) on the median surface, z being the 
axial and s the circumferential co-ordinate, and subscripts denote 
differentiation; J = p/E,, v is Poisson’s ratio, and @ = 1/(1 — v). 
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Three-dimensiona! equations of motion in convenient form are 
given as (6a, 6, c) in reference [1]. Therer = R + z, but for our 
use we expand through the second order, writing, since here R = 
1, 


1 
—mil—-s+ s, 
, 


1 
— = 1 — 2z + 32° 
rt 


By using the equations labeled (la, b) and (4) in Reference [1] 
for 01, 02, and 7, only the stresses ¢3, 7;, and 72: need be retained 
here, representing, respectively, the radial tension and the shear 
stresses in planes through the cylinder axis or perpendicular to it. 
Then the three-dimensional equations can be written, to sufficient 
accuracy, as follows: 


= U,, + (1/2)(1 — »)U,,(1 — 22 + 322) 
+ (1/2)(1 + »)V,,(1 — 2 + 2%) 
+ wW,(1 — z+ 22) + Go, +7,’ +7, 


(1/2)(1 + v)U,,(1 — z + 2?) + (1/2)(1 — v)V~,, 
+ (V,, + W,)(1 — 2z + 32") + Ovo, + 7,’ + 27, 


—vU,(1 — 2 + 2%) — (V, + W)(1 — 22 + 32?) 
+o’ + (1 — &)o+7,.,+ 7, (2c) 


Here o = o;/E,, 7, = 7:/E,, T, = T2/E,; U, V, W are displace- 
ments at a general point (z, s, z); differentiation with respect to 
z is denoted by a prime; and terms containing z or z? and also 
either 7, T,, or 7, have been dropped because, as will appear later, 
these three stresses are themselves of the second or higher order 
in z and k jointly. 

The stresses o, 7,, 7, are necessarily functions of (z? — k*) since 
they vanish at both faces of the shell (g = +k). Series for them 
in terms of median displacements were cited in Equations (12d, e, 
f) in reference [1] but only through the second order, which was 
adequate for the indirect method of calculation there employed. 
Extended through the third order, in correspondence with the 
original deduction by Epstein, the series are as follows: 
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The expressions given for U, V, W in Equations (12a, b, c) of 
reference [1], correspondingly extended, may be written: 
U =u — zw, + (1/2)z2*6r(u,, + v,, + w,) 


+ A;z3 + Aszk? + Agzt + Ay*k? (4a) 


= 9 + z(v — w,) +> (1/2)2*Ov (uz, + Ves + w,) 
+ Byz* + Bazk* + Byt + Byz*k* 
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(4b) 


W = w — 26v(u, + v, + w) 
oe t+ Ovu, + Ovv, + Ou 
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+ (1/2)27O6v(w,, + w 


The A, B, C coefficients are of little interest here and have not 
actually been calculated. 
patibility in mind, to make sure that these constants can be 
suitably chosen. If the stress formulas (2) and (3a, 6) in reference 
[1] are converted into formulas for o, 7,, and 7, in our present 
notation, it will be noted at once that each formula contains a 
single z-derivative, W’, U’, or V’.. Furthermore, if the series for 
U, V, W is substituted in these formulas, it will be found that 
terms free of A, B, C give only z*-terms, the z and constant terms 
canceling. 
that, via the z-derivatives in the stress formulas, the z*-terms in 
U, V, W will correct the z*-terms to agree with our expressions 
for the stresses. For example, A;z’ in our (4a) gives 3A,2? in U’ 
and thereby corrects the z*-term in 7, to agree with our (3h). 
Similarly, Az, Bz, and C; can be chosen to supply the k*-terms in a, 
T,, and 7, These terms in z* and zk? in U, V, W will also 
modify the z* and zk*-terms in o, T,, and 7,; the latter terms can 
then be brought into agreement with our series for the stresses by 
proper choices of A;, Bs, C3, As, By, Cs. Terms of the fourth order 
are thereby introduced into the stresses but these we ignore. 


It is necessary, however, with com- 


Hence the coefficients A;, B,, C; can be chosen so 


The supposed median equations of motion (la, 6, c) can now 
be tested by substitution in the general equations of motion. In 
the left-hand members of the general equations (2a, b, c) we sub- 
stitute for U, V, W the expressions obtained by differentiating 
Equations (4a, b, c) twice with respect to the time, and then sub- 
stituting for a, 7, i from the assumed median equations (la, 6, c). 
In the right-hand members of the general equations, on the other 
hand, we substitute the expressions for o, 7,, 0, U, V, W as 
given in (3a, b, c) and (4a, b,c). When this has been done, it is 
found that the left and right members of the general equations of 
motion do in fact agree as far as terms of the second order in z 
and k, these being terms either free of z and k or containing z or z?, 
or k*, Third-order terms in zk? and z’ and fourth-order terms are 
to be ignored. 

It must be confessed that the author actually determined the 
three coefficients of z(z* — k*) in o,, T,, and 7, so as to procure 
the agreement in question. Nevertheless, the fact that the same 
three coefficients procured agreement in both z? and k*-terms in 
the three equations of motion constitutes a check of the approxi- 
mate median equations (La, b, c). 

It seems useless to take space here for further details of this 
process of substitution. As a sample of the results, however, the 
final expression that was obtained for both members of the / 
equation (2a) may be cited: 
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It would seem that the consistency of the approximations made 
in obtaining the Epstein equations is thereby demonstrated 
Independently of the original mode of deduction, the conclusion 
seems justified that the median equations as stated in (la, b, c) 
must be approximately satisfied by any motion that can be ade- 
quately described in terms of the displacements of the median 
surface (provided there are no loads on the faces of the shell). In 
such cases the residual higher-order terms that remain in the 
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equations of motion must be relatively small. For z and & are 


much less than unity, since h/R must be assumed small and here 
R = 1. It is true that additional subscripts z or s occur in some 
of these higher-order terms. If, however, the motion varies but 
little in a distance equal to k, as must be assumed, then, if P is 
any dynamical variable, koP/Oz and kOP/0s must in general be 
much smaller than P?, By use of these criteria all residual terms 
can be shown to be small as compared with terms of second or 
lower order. The argument is not mathematically rigorous but 
seems to be in harmony with general practice in validating ap- 
proximations 

If, therefore, there exists such a thing as equations of motion 
correct through terms in h?, for uniform cylindrical shells loaded 
only on the edges, it would seem that they must be Equations (la, 
b,c). Furthermore, the general method having been thus vindi- 
cated, until evidence to the contrary is forthcoming, the author 
believes that 
are similarly valid, and that the »yractical simplifications therein 


the further results reported in references [1] and [2] 


proposed deserve consideration. 

2 The general equations thus obtained are, however, of such high 
order that the solution is not fixed by the available boundary conditions |5|. 
This feature might be inconvenient if the complete equations 
were actually to be used in calculations; even if it is admitted 
that a given motion must satisfy the equations approximately, 
the equations may not suffice for the mathematical determination 
of the motion 

It was suggested in reference [1] that this difficulty may per- 
haps be overcome by restricting the solution of the equations to 
the class of motions for which the equations can be shown to be 
valid; namely, those in which conditions vary little over the shell 
in a distance equal to half its thickness. It seems to be a reasona- 
ble hope that a consistent application of this criterion, in com- 
bination with the boundary conditions, will serve to fix the solu- 
tion in all practical cases. 

This hope was verified in a very simple case in reference [1] 
It is difficult to verify in general terms, but the following addi- 
tional case is easily treated. 

Consider the free vibrations of a finite cylinder with etids per- 
Following the usual procedure, assume 


pendicular to the axis. 
( 'e k cos 


displacements of the form, n being an integer or 0, u = 
ns sin wt, v = Cre*/* sin ns sin wt, w = Cxe* E cos ns sin wt. 
Substitution in Equations (la, b, c) and cancellation of common 
factors leaves three homogeneous equations in C,, C:, and C3, and 
the determinant of the coefficients of these equations, evaluated 
and set equal to zero, vields a long equation of polynomial form in 
\. In sufficient detail for our purpose, this equation, multiplied 
through by 64(1 — v)**, can be written as follows: 
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PyA\4 + PA? + P, 
where ?, to Ps stand for polynomials in @, v, k*, n, and w* 

Now, if k*? is small enough, it is clear that the two largest roots 
for A? will be determined chiefly by the terms in A" and A® and 
will be nearly the roots of the abbreviated equation, 12y?2\? 
36(1 — v)? = Oor A? = 31 v)*/y*?, whence |A) = 7/3(1 
v)/v > 1.7. For such large values of |X|, however, e” k changes 
in a distance Ar = h/2 = k bya ratioe™® = e*!7, which is much 
For such deformations the equations would not be 
There re- 


too large 
valid. Therefore these two roots must be rejected, 
main then 8 values of A furnishing 8 independent solutions which 
can be suitably combined (for certain values of w) to satisfy the 
8 boundary conditions, $ at each end. 


For equilibrium (w = 0), this argument is satisfactory. As w 


increases, however, k? must be restricted to smaller values to 


make the conclusion obvious. If w is too high, the solutions un- 
doubtedly will pass out of the allowed class of motions, but exact 
exploration of the situation is difficult 

The possible use of perturbation theory also may be noted. 
The trouble arises from the presence of fourth-order derivatives 
such as u,,,, OF v,,,, in the u and v equations. The equations 
might be solved for a first approximation with fourth-order 
derivatives left standing only in the w-equation; then, for a 
correction, let them be solved again with the first approximation 
substituted in the terms that were omitted. The correction thus 
made should turn out to be small. 

This whole question is probably academic, since the only prac- 
tical use for the general equations is likely to be as a basis for a 


consistent derivation of simpler, more approximate expressions. 
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Axially Symmetric Buckling of Shallow 
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Spherical Shells Under External Pressure 


A formula for the initial buckling loads for clamped, shallow spherical shells under uni- 
form external pressure is obtained by combining the solutions of two linearized versions 
of the original nonlinear problem. One of these versions ts a linear eigenvalue problem, 


while the other is the bending problem for a shallow cap in the linear theory of elasticity. 
The formula, which is obtained in a simple manner, yields buckling loads that are in 
better agreement with experiments than previous approximate solutions to the non 


linear problem. 


a a shallow spherical shell, clamped along 
the edge and under the action of uniform external pressure. For 
values of pressure increasing from zero, the shell will at first de- 
form in a rather continuous manner. This process persists until 
the external pressure p reaches a certain critical value per 
called the initial buckling load. At this value of pressure the shell 
no longer deforms in a continuous manner but jumps or snaps into 
another nonadjacent equilibrium configuration. The pressure 
to which the shell jumps is called the final buckling load. The 
purpose of this paper is to determine the values of per for various 
shell configurations. 

A series of experiments has been conducted by Kaplan and 
Fung [1]* on clamped, shallow, spherical shells under uniform 
external pressure. Not only were the initial and final buckling 
loads determined, but measurements were made of the vertical 
deflections at various points of the shell for several different values 
of the pressure. As previously noted [2, 3], there is an interesting 
interpretation of these experimental results. In Fig. 1, three 
graphs of the vertical deflection » versus the polar angle @ are 

1 The research reported in this paper was performed under Contract 
AT (30-1)-1480 with the United States Atomic Energy Commission. 
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shown. For low values of p [a parameter that characterizes the 
geometry of the shell, see equation (5) and the text following 
this equation for the definition of p)}, the shell deformed as in Fig 
l(a), with a maximum deflection at the center 6 =0. This will 
be called mode of deformation I. For pin the range 20 < p < 55, 
the shell deformed in mode of deformation II, as shown in Fig 
1(b). This mode has the maximum deflection point between the 
center and the edge of the shell. For values of p greater than 55, 
mode III was observed, Fig. 1(c). In this mode, the maximum de- 
flection is again at the center. Two important facts about this 
behavior are: There exist certain transitional values, p equal to 
approximately 20 and p equal to approximately 55, for which the 


20 <p<55 











Fig. 1 Modes of deformation 





Nomenclature 


Young’s modulus 


vertical displacement 


polar angle 


shell thickness 

2/3(1 — v?) 

external pressure, positive in- 
wards 

initial buckling pressure 

loading parameter, see equa- 
tion (4) 

value of loading parameter 
corresponding tO Per 

radius of middle surface of 


shell 
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radial component of displace- 
ment 

reduced slope of middle sur- 
face = a — 6 

slope of tangent plane to de- 
formed surface with hori- 
zontal plane 

a@/A 

y + P# 

stress function, see equation 


(2 


O/A 

semiangle of shell opening 

Poisson’s ratio 

geometric parameter 
equation (5 

7/6 

constant 

longitudinal and circumferen- 
tial stress on middle surface 

azimuthal angle 

Pp 
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mode of deformation changes. Associated with a change in mode 
there is a change in sign of the curvature at 6 = 0 for the graphs 
of detlection versus 6; that is, in Fig. 1, the curvatures at 6 = 0 
for modes I and III are positive, while for mode II the curvature 
is negative. Therefore there should be values of p for which the 
curvature at the center vanishes. These p are defined as the 
transitional values p;* (¢ = 1, 2, 3,...). 

When the experimental initial buckling loads are plotted against 
p rather than the geometric parameter A of Kaplan and Fung [1] 
[p = (2 \*], it is found [2] that there is an oscillating or peak- 
ing behavior of these buckling loads as a function of p, Fig. 2. In 
Fig. 2, Per is the critical value of the loading parameter, related 
to the physical pressure p by equation (4). The circles are the 
experiment il values, while the solid curve indicates the trend 
in the data. It is important to notice that the peaks in the initial 
buckling loads occur for those values of p at which there is change 
in mode of deformation; i.e., for the transitional values p;*. 
Except for a few specimens, the experimental modes of deforma- 
symmetric. 


tion were axiall Kaplan and Fung attributed the 


exceptions to large initial asymmetries in the specimens. In 
conducted by Kléppel and Jungbluth [6],* 


on nonshallow spherical shells, the specimens deformed unsym- 


other experiments, 


metrically with the buckle forming at the boundary. As a conse- 
quence of experimental data, Kléppel and Jungbluth concluded 
that the unsvmr 


and thickness variations in the specimens that were especially 


netrical buckling resulted from initial stresses 


large near the boundary 
Thus in theoretical treatments, attention has been directed 
Several approximat« solu- 


toward axially symmetric solutions. 


tions have been given for the nonlinear boundary-value prob- 
lem for the axially symmetric deformations of clamped, shallow, 
spherical shells. The results for a perturbation type of solu- 
tion, with the nondimensionalized radial displacement at some 
mation parameter [4], and & power-series sol ition 


i 


point is pr rt 
[3], are also shown in Fig. 2. The initial buckling loads pre- 
dicted by the perturbation solution and illustrated by the dashed 
line are in agreement with the experiments only in the neighbor- 
hood of p = 20 For increasing values of p, the agreement be- 
comes poorer. Furthermore, the perturbation solution fails to 
reveal the peaking be havior of the buckling loads as a function of 
p 

The results from the power-series method for the modes of 
deformation are essentially in agreement with the experiments 
The initial buckling loads predicted by this 
The 
value of the buckling load for a prescribed p lies somewhere in 
It can be ob- 


of Kaplan and Fung 
method are indicated by the short vertical lines in Fig. 2. 


the open interval spanned by the vertical line. 
served that the power-series solution yields buckling loads which 
are in good quantitative agreement with experiments. In addi- 
tion, the peaking trend in the buckling loads is evident from this 
solution. The disadvantage of the power-series approach is that 
it yields discrete results rather than a continuous variation with 
p; that is, buckling loads can be computed for only one value of p 
atatime. Furthermore, for larger p and P, the number of terms 
in the series and the number of iterations required for con- 
vergence of the numerical procedure become quite large. The 
calculations thus rather Although the 
effects of initial imperfections have been neglected in these in- 


become cumbersome. 
vestigations, this in no way implies that such effects are not im- 
portant. 

In this paper a simplified approach to predicting initial buckling 
This approach is based upon the solutions to 


One 


loads is presented 
two linearized versions of the original nonlinear problem. 
3 The author is indebted to a reviewer for bringing this reference to 
his attention 
‘The effect of initial imperfections will be discussed in a future 
publication. 
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Fig. 2 Comparison of previous theoretical and experimental initial 
buckling loads 

of the linearized versions is an eigenvalue problem while the other 
corresponds to the linear elasticity problem for the bending of a 
Although the method is rather crude, it 
yields, in a simple manner, results which are in good agreement 


shallow spherical shell 
with the experiments. Finally, a semiempirical formula is given 
for determining initial buckling loads. 


The Nonlinear Problem 


The definitions of geometrical quantities associated with the 
spherical cap are shown in Fig. 3. The polar angle @ and the 
angle & that the tangent plane to the deformed surface makes 


with the horizontal 


may be normalized as follows: 


6 = A@; 


@ = Aa 1) 


where A is the semiangle of opening of the shell. If a stress func- 


tion ¥ is introduced such that 


06 


Ek’? hy wth dy 
" ee - 2 2 


where 0° and 4° are the longitudinal and circumferential mem- 
brane stresses, then the nonlinear differential equations for the ro- 
tationally symmetric deformations of a spherical cap are, as given 
in [3] 


La = play + P6*); Ly = p(@ — a’). 


L is the linear differential operator, 
6 did 
dé @ dé 
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Fig. 3 
Shell geometry 


h= ; thickness 


/ 


Y 


and P and p, the loading and geometrical parameters, are defined 
by the following relations: 


; h \? 
p= 2x’? ( ;) P 


R 
= (k) ~ "7? A® a 
h 


where 


» 
in — os : 

3(1 — pv?) 
and p is the uniform external pressure. The geometrical parame- 
ter p is also proportional to the ratio of the shell rise and the 
thickness. 

Associated with the differential equations (3a, b) are the fol- 
lowing boundary conditions: At the center 6 = 0 there is rota- 
tional symmetry; while at the edge 6 = 1 the shell is clamped 
and the displacement is zero. Mathematically this may be ex- 
pressed (see reference [3]) as 


a(0) (6a) 


a(l) = 1; [ = (6b 


Thus the complete formulation of the nonlinear boundary- 
value problem consists of the differential equations (3a, b) and 
the boundary conditions (6a, b). In reference [3] an approximate 
solution based upon a power-series expansion of @ and ¥ in terms 


of # has been presented for a large range of P and p. 


The Linear Problems 


Rather than attempt a direct solution to the nonlinear bound- 
ary-value problem, the initial buckling loads P., are determined 
from the solutions to two linearized problems associated with 
equations (3a, b) and (6a, 6). The first of these problems, which 
is a linear eigenvalue problem, will be called Problem A; the 
second one, which is the linear elasticity problem for the bending 
of a shallow spherical shell, will be called Problem B. 

Problem A. To obtain the differential equations for Problem A, 
it is convenient to make the following change of dependent 
variables: 


=y+8, 7 = 00 (7 
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so that y is proportional to the slope. Then the equilibrium equa- 


tion (3a) becomes 
Ly = 6p(yo + of + PO 
It will now be assumed that o may be written as 


og = 0° + b0(8 ) 


where o° is a constant, and 6¢ is small compared to a°. By equa- 


tions (2) and (7), this is equivalent to assuming that the stress is 


constant, correct to higher-order terms. From the results of the 
numerical solution of (3), this is not an unreasonable assumption 


By substituting (9) into (8) and neglecting higher-order terms, 


there results 
A / 
-po j= tikes - ° 8 
p 92 f l 


The second of the boundary conditions of (65) is replaced by the 
condition that the total vertical force along the edge @ = 1 is 
equal to the vertical force produced along the edge by the external 
This condition yields the result that at @ = 1, 


d?y 1 dy 
de 6 dé 


pre ssure 


1] 


Setting 


iZ 


becomes 


(11) and (12), 


The linear boundary-value problem formed by equation (13) and 


and by substitution of equation (10 


dy 1 dy 
de 64 


the boundary conditions 


40) = yil) =O 14 
obtained from (6a, b) with the aid of (7), provides a rough ap- 
proximation to the original nonlinear problem (3a, 6) and (6a, b 

The assumptions that have been made in deriving this approxi- 
mation problem are based on a consideration of an analogous be- 
havior between the spherical shell under external pressure and the 
beam column. The analogy is not complete in the sense that, in 
the beam column, the lateral and end loads may be varied inde- 
pendently, while, in+he shell, the stress boundary condition (11 
at @ = 1 is dependent on the external pressure P. Essentially, the 
assumption (9) and the condition (11) replace the clamped spheri- 
cal shell under external pressure, in a first approximation, by a 
shell that is clamped along the edge @ = 1, and loaded by a uni- 
form force proportional to ¢°. This shell deforms by contracting 
until some 
the shell 


into a smaller spherical segment (0 = const, y = 0 
critical value Pe of o° is reached. At this value of a 
may buckle into nonspherical states 

This eigenvalue problem, defined by equations (13) and (14), 


has nontrivial solutions 


j= CF wh 15 


for a discrete set of values w, (n = 1, 2, .) of w satisfving the 


equation 


J; » =f) lb 


where J;(w9) are the Bessel functions of the first kind of order one 
The trivial solution satisfies the compatibility equation (3) 
Therefore from the definition (12) the 
initial buckling loads may be expressed as a function of p by the 


under assumption (9 


equation 
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In the P yields a family of equilateral 


hyperbolas. 


’ p-plane , equation 17) 
Each member of the family represents a different 
mode of deformation. The problem now is to determine those 
values of p for which the solution moves from one member of the 
family to another; i.e., for which values of p there is a transition 
from the w,-: hyperbola to the w, hyperbola. Since these p 
represent the point of change from one mode to another, they are 
the transitional values p,;*. They will be determined from the 
solutions of Problem B. 

Problem B. This is the linear elasticity problem for the bending 
of a shallow spherical shell under uniform external pressure. By 
considering infinitesimal displacements from equilibrium, neglect- 
ing higher-order quantities in equation (3a, b), and then sub- 
stituting 


a=y+06 and y =T — PO 


into the resulting differential equations and the boundary condi- 


tions (6a, b), the following boundary-value problem of the linear 


bending theory is obtained: 
‘ld : did 
pl 4 
d6 6 dé 


= 0) 


To 


Loh 


The solution to this problem y = y,(9; P, p) may be obtained 
in terms of the Kelvin functions ber 6 and bei 6 [ber & = ReJ,- 
vs bei & = ImJo(i/*E)]. It depends parametrically on /’ 
and p. The mode of deformation is independent of P, and varies 
only with the geometrical parameter p. The p,;* have previously 
been defined as those values of p for which the curvature of the 


, c 
S$’ 


deformed state vanishes at @ = 0. Since y is proportional to the 


slope, the p,;* are the roots of 


dyp 
dé o=0 


20 


For the boundary conditions (19a, b) the condition (20) reduces to 


d 
— ber Z = 0 21 
1Z 


where 
») 


The first three roots of (21), transitional values 


p.* = 25.8, ps 158.5 23) 

The two linear problems A and B are independent in the sense 
that they do not supply contradictory information in the same 
area. Problem A was formulated so as to obtain approximate 
values of the buckling loads considered as a bifurcation point in 
It therefore could not be expected to yield accurate 
information concerning deformations. On the other hand, 
Problem B should yield reasonable results concerning modes of 
deformation and cannot be expected to supply results with 
Combining the solu- 


the solution 


respect to the bifurcation phenomenon. 
tions to Problems A and B, equations (17) and (23), the initial 
buckling loads for a clamped spherical cap may be evaluated from 
the following formula’: 


' w,?/p for 0 < p < 25.8 
Pa w.*/p for 25.8 < p < 78.2 24) 
w;?/p for 78.2 < p < 158.5 
* In this formula the lower limit in p for which buckling is possi- 
ble should be substituted for zero. 
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where [5] 


@, = 7.016, w, = 10.174 


o,= 3.832, 


Comparison With Previous Results and Experiments 


The values of the initial buckling loads, equation (24), ob- 
tained from the approximating linear theories, are indicated by 
the solid curve in Fig. 4. For comparison, the results of the per- 
turbation and power-series solutions as well as the experimental 
results of Kaplan and Fung are also shown in Fig. 4. It can be 
observed that the simplified method given in this paper yields re- 
sults which are, especially in comparison with previous solutions, 
in excellent agreement with the experiments. The major point of 
disagreement with the experiments is the numerical values of p,* 
The values computed by this theory are greater than those ob- 


served experimentally. Two possible explanations of this are: 


1 The p,;*, equation (23), are computed for a shell that is 
clamped on the boundary, see (19b). In a physical experiment 
it is impossible to provide exact clamping on the edge; the actual 
condition on the edge is somewhere between clamped and simply 
supported. 

2 The differential equations 
computing the p;* are based on the assumption of a shallow shell 
The resulting p,* in (23) may be in error for the larger p since these 


18a, b) which were employed in 


values of p correspond to shells that are nonshallow. 


To illustrate point 1, consider Problem B for a simply supported 
edge. With the boundary conditions (19b) replaced by those of 
simple support, it can be shown that the equation corresponding to 

21) whose roots yield the p,;* for this case is 


\ 2Z bei Z + 1 — v)(ber, Z bei, Z) = 0 20) 


where Z is defined in equation (22). The first two roots of this 


equation are 
i, p2* = 62.3 
“a CLASSICAL THECRY FOR SPHERE 
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Fig. 4 Comparison of initial buckling loads 
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Thus by considering a nonclamped edge, the values of p,* are 
decreased. It may be noticed from Fig. 4 that the experimental 
pi* is bracketed between the clamped and simply supported p,*. 
This justifies the conjecture concerning the effect of variation of 
boundary conditions between theory and experiment. The 
further disagreement between theory and experiment in p,* is 
probably caused by the nonshallowness of the shell for this value 
of p. 

On the basis of this evidence, the following semiempirical 
formula is offered in place of (24) for computing the initial 
buckling load for clamped, shallow spherical shells*: 

( w,?/p for 0 < p < 20 
{ w.*/p for 20 < p < 56 
| @3?/p for 56 < p< N 


Pe = 


where w, are given by equation (24a), and N is to be deter- 


mined from experiments 
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The End Problem of Cylinders 


G. Horvay When self-equilibrating rotationally symmetric normal and shear tractions 


Metallurgy and Ceramics act on an end face of a cylinder, stres sue which decay with distance from th 

Research Department, endas e~ %*, where a, 1s the il part of an eigenvalue parameter ‘ The analys 

General Electric Research Laboratory, ts carried out in a variational a 
Schenectady, N. Y. 

Mem. ASME. 


the method ts based on Sadowsky-Stern 
berg stress functions ,(s, r) which are dified as to identically satisfy the 
librium equations. The factors F,(r) of the functions ® = G,(s)F,(r) or ®, 
° H1,(s) F,(r) (k = 2, 4,6,...) are polynomials of degree k , which are orthog 
J. A. Mirabal in a ‘‘generalized sense’; their appropriate derivatives consi‘‘ule s,(r) and t 
at Ti The polynomials s,(r), &(r), of degrees k and k + respe ely, form two « 
Advanced Engineering Program, " $ pee ; PS of . 
. if Iric Ss ‘ 
General Electric Company; . : ITU SEL) 
on six months’ assignment in the end tractions may be expanded The factors G,(s), H,(s) of the stress func 
Metallurgy and Ceramics are € x pone nttally decaying stnusotdals; i . 1S appropruale for the mor mal load 
Research Department. ? 


” 
y rotationally Sy. 


plete sets of tractions in terms of which ar 


proble m. iH, st) for the shear-load lem The function ?, leads, for 1 > 
oe . > = 
to the fundamental variational eigenvali » = 269 + 11.34, as contrasted 


rigorous value y2 = 2.72 + 1% 1.35. 


a end problem of full and hollow thick-walled lations 
circular cylinders has long withstood all attempts at development 
of an adequate approximate analysis. A cylinder, free from trac- 
tions on its curved surface, is subject to radially symmetric shear 
end tractions 7°(r) and normal end tractions ¢,°(r) which are 
self-equilibrating, i.e., which satisfy! 


el 
f o,°(r)rdr = 0 and one stress equilibrium equation 
0 


oo, oT oO, — 
One desires to determine the ensuing stresses and displacements i - =o 
throughout the cylinder. The results are of interest in punch a 
problems, thermal-stress problems, shrink-fit problems, and are automatically satisfied, while the second equilibrium equatior 
numerous other applications in which the stress and displacement 
distribution near the end of a cylinder is of concern. ta or = ®@ 

The symbols ¢,, o,, og denote the axial, the radial, and the oz or r 
hoop stress components, respectively, 7 is the zr shear stress, w 
and u the axial and radial displacements, Fig. 1. If, as we shall 
assume, the length of the evlinder exceeds 3, the interactions of the 
effects at the two ends may be neglected, and the cylinder may 
be regarded as semi-infinite. In this paper we shall restrict our- It is readily seen that 
selves to the full cylinder. The problem of the hollow cylinder 


is satisfied provided one imposes the condition on£& that it be bi- 
harmonic, 
(4 


J yr) 


is analogous, involves no new fundamental principles, but is 
much more laborious 

Strangely, a rigorous solution of the end problem is readily ob- 
tained—in principle. If one relates the stresses and displace- 
ments to the well-known “Love function,” £, in the manner 
given in reference [1],* one finds that both the compatibility re- r(z, 0 


is biharmonic, and satisfies 


1 We shall use the cylinder radius as the distance unit, the double 
shear modulus as the stress unit. We use the word ‘‘traction”’ in the 
sense of “boundary stress.”’ The superscript ° refers to the z = 0 
cross section. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30—December 5, 
1958, of THe AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society Manuscript received by ASME Applied Mechanics 
Division, May 31, 1957. Paper No. 58—A-24. Fig. 1 The cylinder 
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On choosing ¥ as a solution of the eigenvalue equation 


Jy) _ 2(1 — v) 


—i + 2 5b) 
J,*(¥y) 7? 


& is seen to satisfy also the second condition for a free boundary 
surface 


6c) 
It follows from equilibrium considerations that the stresses as- 
sociated with £,—the Love function belonging to yx—which act 
on any cross section, are self-equilibrating. (We denote the roots 
y = a + i@ of (5b) with positive real and imaginary parts by 2, 
Ys Ys,... Itis seen that —y and +7,on; are also roots.) It is 
plausible, though not proved, that the real and imaginary parts 
of £, constitute a complete system of functions for the solution of 
the problem. 

All these steps have been carried out in [2];* the value of the 
first root, Y2, also was stated. The same derivation was discovered 
subsequently also in [3] which preceded [2] by some years, and in 
[4] which followed [2] by some years. Murray, in his paper [3], 
states the values for y. and y, when v = 0.3, as 


Y2 = 2.72 + 71.35 
= 6.08 + 7¢ 1.6 


Why then, if the exact solutions £2, of the problem are known, 
is the method not used? There are two reasons: (a) The labor 
involved in calculating the complex roots y, and the correspond- 
ing stress and displacement expressions isenormous. (6) The real 
and imaginary parts of &, give rise to two sets of 0,°(r) and r°(r 
end tractions which are hopelessly intermingled. This prevents 
the use of conventional Fourier expansion techniques, where one 
seeks to expand a prescribed @,°(r) in terms of a set of tractions 
s,(r) without giving rise to shear tractions, or expand a prescribed 
T(r) in terms of a set of tractions ¢,(r) without giving rise to 
normal tractions. The difficulty is but poorly circumvented by 
writing the given ¢,°(r) and 7°(r) distributions as linear aggregates 
of the normal and shear tractions that may be derived from &,, 
and determining the coefficients in these expressions by least- 
error schemes. 

The object of the present paper was to introduce a method, 
albeit approximate, which operate .n the real, permits a separa- 
tion of the a,° and r° end effects, and utilizes the conventional 
techniques of Fourier expansion. Whether such an approximate 
method is suitable for practical problems depends, of course, on 
the degree of approximation achieved. The principal criterion 
which we have available is the comparison of the approximate 
eigenvalues* 

¥2 = 2.6914 + 71.3351 (Sa 


Y. = 5.5888 + i 2.4642 (8b 
Ye = 9.3717 + 13.9577 (Se 


obtained by our variational technique with the true ones, Formu- 
las (7). The approximation is obviously inferior to that of the 
corresponding rectangular-strip problem [5, 6], undoubtedly, be- 
cause the product representations with which our variational 
method operates are poorer approximations to the true eigenfunc- 
tions of the cylindrical problem than they are for the Cartesian 

‘In the reference, both » and » were inadvertently denoted by the 
same symbol ug. 

4 The last digit shown in ye is uncertain. 
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case... The shortcomings of the present approach become par- 
ticularly glaring when one tries to verify the compatibility rela- 
tions, as is done in Fig. 7. This figure contrasts the u-displace- 
ment derived from Strain (2a) with that derived from (2b), and 
the w-displacement derived from Strain (2c) with that derived 
from (2d). The disagreement is great, but until the task of cal- 
culating and tabulating the true Eigenmodes (5) and their 
derivatives is undertaken systematically, the variational approxi- 
mation appears to be the only means of furnishing results for the 
end problem which may be used in a semiquantitative manner. 
The principal usefulness of the present paper consists, in the 
authors’ opinion, in its contribution to the clarifieation of the 
objectives and techniques of the variational method. 


The Variational Stress Function 


It may be verified by substitution that the equilibrium Equa- 
tions (3a, 6) are satisfied identically if we write 
o, = V*¢ —¢, + (1 — 2), + r® 


atr 


— ®,, 


V’¢ 


2y ®,, ~ r®,,, 


+ (4 —2+r 


eT r®,,, -20 = v)®,, = rv, 


T=- 
Furthermore, when ¢ and ® are harmonic functions, i.e., 
Vie = 0, V*h = 0 10 


then the compatibility Relations (2) are also satisfied, and Expres- 
sions (9) reduce to the formulas given by Sadowsky-Sternberg 
7]. For this case the displacement expressions take on the form 

u= —¢, + r@,, _ 
w= —¢, —r®,, — 4(1 — vr), 


The reasoning that led to the selection of the stress Expressions 
(9) is outlined in Appendix 1. 

The objective of our variational approach is to write the com- 
plementary energy expression 


~ 1 1 
ut on f wf a1 (o, + o@ + @,)? 
0 g her Fr 
» 


— 0,09 — (oO, + Gg), + | r dr 12 


in terms of the Stresses (9), using the product-function approxima- 
tions 

g(z,r) = g(z)f(r), P(z,r) = Glz)Fir) ‘13 
where f(r) and F(r) are so selected as to satisfy the radial bound- 
ary Conditions (6).6 Integration of Expression (12) over the 


$ Physically this means that, while for the rectangular-strip problem 
there exist characteristic boundary stresses which propagate down the 
strip with little distortion (more accurately, the stresses are ex- 
tinguished before they are much distorted), and are produced, cor- 
respondingly, by almost factorizable exact stress functions, the 
cylinder distorts the stresses as they propagate. (Therefore in the 
case of the cylinder, a factorized single stress-function approximation 
produces relatively poor results.) 

6 We shall be concerned with end tractions o,°, r° expressed as poly- 
nomials in r. Correspondingly, we shall require that also f(r) and 
Fir) be polynomials. 
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radial variable, followed by taking the variation 6l* = 0, leads 


to Euler equations for g(z) and G(z) which have constant co- 


efficients. g(z) and G(z) are thus established as exponentially de- 
or increasing) functions. 


r to the 


caving 
Proceedin 
Products (1: 


proposed program, substitution of the 
into the stress Expressions (9) gives 


1 — 2y)F jC’ 


It will be noticed that Expressions (14) do not contain third G 


derivatives.’ Note also that (for both subscripts f and F 


t/r 15 


Physical intuition, furthermore, suggests that for loading of the 
(to be defined later) the 


cylinder by “pure modes” s,(r), t,(r 
associated g,(2 


Therefore g,(z 


A 


decay should be expressible as 


g, = AG, + BG,’ + CG,” + DG,’” 16a 


Ske 


The simplest choice is 


(164 


It will be found adequate. Thus the stress Expressions (14a 


simplify to 


The boundary conditions for G(z) are 


0 


= given, 7°(r 


en T° = r)= given, o,°%(r 0 LSe 


The svmbol H(z 
priate to Conditions (18c); 
general discussion and for the specific functions appropriate to 
Conditions (18)). 

From symmetry considerations ¢,, o9, ¢, must be even func- 


will be used for the specific functions appro- 
the symbol G(z) will be retained for 


’ The appearance of third derivatives of G in Formulas (14a) would 
be embarrassing; it would lead to a 6th-order differential equation for 
G. The existence of only two physical boundary conditions at z = 0, 
one for or) and one for 7°(r), suggests that the Euler equation 


should be of 4th order 
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and G,(z) functions should have identical laws of 


odd in r 


must he odd 


tions of r, and rT must be Correspondingly, f 


s(r) must be even in r, t(7 In particular 


10 t 19a 


To satisfy boundary Conditions , c) we furthermore require 


(1) =f F’( 1 — 2v)F(I 0 (19 


and to prevent our solution from becoming trivial we demand 


oe(z, 1) # 0, g,(z,1) #0 19¢ 


It is gratifving to observe that satisfaction of the requirements 
(0) = t(1) = O insures, by Equ ition (15), also satisfaction of the 
Condition (1) of self-equilibration. 
Substitution of the Stresses (17) into the energy integral (12), 


and integration over r gives 


On setting the variation of L’* equal to zero, one is led to the Euler 
equation 


ac!’ — ®G" + CG =0 (20¢ 


The solutions ot Equation 20h which correspond to the 


boundary Conditions (18) are: 


o,° = given, 


= given, ¢, 


where 


2(ae + & 
aat Hu 
7 2 | i(t | 


is the root of the equation 


(22h 


ay* — By’ 
which has positive real and imaginary parts. Note that if y is 2 
root, then so are —y and Yeon; 
This concludes determination of the z-variation of the ap- 
proximate stress Function (13), (166). This determination is 
really not complete until the coefficients @, ®, and C are known 
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numerically. This in turn requires selection of functions f(r), 
F(r) in accordance with Conditions (19). More specifically, we 
are seeking polynomials f(r), f(r) which are able to produce nor- 
mal tractions 0,°(r) = 

N2(2r? — 1), Ne = 
N,(6r4 — 6r? + 1), 


V6 
N, = 


S,(r) = 
Vv 10 


S,(r) 
Se(r) N,(20r§ — 30r4 + 1277 — 1), Ne =v 14 
or shear tractions 7°(r) = 


T(r) a N2(r3 = r), N; = © 24 


2r), N= 


vy 24 


Ns = 


T,(r) = N,(5r5 — 7r? + 


Vv 240 | 


Ts(r) = No(7r? — 13r5 + 7r? — 1), 
The tractions listed are self-equilibrating; they satisfy Conditions 
6a, b), and are orthonormal in the sense that 


| ae | 
S.Syrdr = J T.T 7dr = 
ts ik 0 i+k 


[The Relations (24) are not requirements but merely conditions of 
convenience.] However, there is really no guarantee that poly- 
nomials f(r), F(r) of the desired nature actually exist. In other 
words, there is, at this point, no assurance that the variational 
problem may be solved in the proposed manner. 


The Case g(z)(r) =0 


It is shown in Appendix 2 that of the various plausible simplifi- 
cations that may be introduced in Formulas (17), such as placing 


f=0, F=0, f=AF + BF’ 
(A and B are suitable coefficients) the first one appears to give 
the best results. In this section we shall consider the Case (25a) 


in detail. 
Let the cylinder be subject to the end load 


jlhi=k 


24 
O,i zk 


(25a, b, ce) 


o,(r) = 2r? — 1, 7°(r) = 0 26a, b) 


One finds, on writing 

F(r) = Ao + Aor? zg Ay 
and determining the three coefficients A; from the two equations 
provided by comparing the s(r) derivative of F(r) with o,°(r), and 
the equation provided by placing in (17), o,(z, 1) = 0, that 


7 3.0 


: 8 — 9v + 2y? 
F,(r) = — i eas 
16(1 — 2v)(38 — v)(2 -—v 

r? + 
8(2 — p) 


Specifically, for y = 0.3 one obtains 


1 
F,(r) = 32 [r* — 3.176471r? + 8.058824] 


10°@, = 10.22845, 107®, = 1.117238, @C, = 1/12 (29) 
Subscript 2 indicates that the quantities stated are associated 
with the eigenvalue yz. The value of ye = a: + i: is given in 
Equation (8a). One notes that the distributions produced by 


the function F,(r) 


1 


9 


(r? — r), so(r) = 2r? — ] 3Va, b 


L(r) = 2 
are, apart from the normalization constants, identical with the 
fundamental tractions T:(r), S2(r) of Equations (23). 

The variation of a2 and § with v is plotted in Fig. 2. Although 
only the range 0 < v < 0.5 is of practical interest, the range 
was extended somewhat on both sides to provide a better illustra- 
tion of the dependence of y2 on v. 

The question arises as to the rule for the choice of the next poly- 
nomial F,(r). If we choose the traction [see Formula (23b)] 


T,(r)/Ng = 58 — 7r* + 2r (3la 
as the defining one, we find® 
Fi(r) = 0.112613 [ré — 2. 2.61176r? — 0.01503 | 
Ys = 5.197 + 12.768 
If we choose the traction [see Formula (23a) } 
Si(r)/N, = 6r* — Gr? + 1 
we obtain the somewhat different results 


Fi(r) = 0.0225225[r* — 3.08333r4 
+ 3.26471r? — 1.67157] (32b) 
Ys = 5.202 + 42.193 (32c) 
8 All numerical results presented hereafter will be based on the value 
= 0.3. 











-.5 ie} 


3 
v 


Fig. 2 Dependence of eigenvalue 72 = a2 + if: on Poisson's ratio v 
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Obviously, it would be unjustified to give preference to either 
the Method (31) or the Method (32). Soa search was made for 
suitable laws of orthogonalization. The various trials are dis- 
cussed in Appendix 3. All but one gave results that were un- 
reasonable, or the definitions themselves were unreasonable. 
The one definition which appears flawless is: The coefficients in 
the polynomial 


»”) 


Ag‘ Pucea 0 Agsar* *? (do) 


Fi(r) = Ao + Agr? 4+ 


are defined—except for a normalization constant—by the require- 
ments that 


34a 


Anis = 0 


= extremum 


Correspondingly, on adopting the normalization® 


one finds 


Fi(r) = r§ — 2.9792r* + 2.9340r? — 0.8325 
F,(r) = r® — 3.1494r* + 3.4593r4 — 1.4839r? + 0.2403 35) 


The corresponding eigenvalues y, were listed in Formulas (8 


k 


The distributions ¢,(r), s,(r) associated with F2, F,, and F, are” 
to(r) = 21.6000(r? — r 
30a 


86.4000(r? — 1/2) 


= 44.400(r5 — 1.4494r* + 0.4494r) 


= 266.40(r* — 0.9662r? — 0.1498) 


75.20(r7 — 1.8595r*° + 0.9936r? — 0.13427 


- 601.6% — 1.3946r* + 0.4968r? — 0.0335) 


. . . . . . . . . 


is unnatural, but no other rule is available. We 


*The Rule (34¢ 
ligit in F's than is believed reliable 
is adopted here also for F2 


show one 
” The Normalization (34c 
retain for F2(r) and 83 the ne 


more 
I lsewhere 
we find it preferable to ormalizations 
of Equations (29), (30 





Fig. 3 
and shear tractions: 
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Illustration of first three characteristic nermal and shear tractions: 
or) = Silr)/Se, rr) = Tle) /Tx normalized to unity peck stress. See Equations (36), (23). 


In Fig. 3 we plot the characteristic tractions 


o,°(r —7°(r) = t(r)/t, 


and the orthogonal tractions [see Equations (23 


W%er\ = & “ 
o,\") = eT) / Sky 


normalized, for better comparison, to unit maximum ordinate. 
Sa, Ie 3 7’, represent the absolute peaks of the respective dis- 
tributions.) 

Now we are also in a position to recognize the procedure for th 
general problem, where the cylinder is loaded by arbitrary self- 


equilibrating end tractions. One expands these in terms of the 


orthonormal Polynomials (23) by the ordinary Fourier-expansion 


technique, then rearranges the results in terms of the “pure 


modes” ¢,(r), s,(r) by means of the formulas 


10°72(r)/N2 = 4.629634 


1077'(r)/N, = 11.2614 1.142%, 


10°74 (r)/Neg = 9.309, + 0.0374 + 0.315t, 


102S2(r 


/N2 
N, 


102S,(r = 2.25238 0.234582 


102S.(r)/Ng = 3.32 - 0.7918, + 0.0318, 


In this fashion the problem is reduced to an expansion into the 
H,(2)F,(r), G,(z) F,(r) functions. 
In regard to the determination of the polynomials Fy(r), Fe( 


the following may be said: Using the temporary normalization 


B, = C, = 1, we wrote 
Ber 
24 Cyt + Ce* + Cy 


then expressed By and B, in terms of Bs (Co and C, in terms « ; 


10 


or) = silr)/Sc, —7%Xr) = tlr)/te, and first three orthogonal normal 
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and (Cs) by means of the two conditions 7(z, 1) = o,(z, 1) = 0." 
We then varied By (or Cs and Cs), calculating @ in each case from 

Equations (206), (22a), until it reached a maximum. A starting a = minimum 
estimate was obtained by averaging the coefficients in Expres- 

sions (31) and (32b) (averaging corresponding coefficients for the f Ce.cgrdr = 0 
F, case). Then the approximate location of Bz (or of Cs and Cs 

which produces a maximum @ was explored by means of an IBM- Y, = minimum 
650 programmatic calculator, using 8-digit floating-decimal ac- : 1 
curacy. Finally, the calculations were refined, using desk calcula- , f 
tors which carry 10 digits. A very considerable loss of signifi- 


Crdyrdr = 0 
) 

; 2 . ; 3 Qa = maximum 
cant figures was experienced in the calculations, and F¢(r) of 


was found to have only marginal accuracy = maximum 


Equation (35) 
Eigenvalues higher than y, cannot be determined without using 
multiple-precision machine computation schemes. At this stage 
of the development there did not seem justification for such an 
extension of the investigation. 

In Fig. 4 we plot the variation of a, and §, with By/B.. The 
lettered abscissas correspond to the orthogonalizations 


1! In this fashion we obtained the relations 
Co = 6.61111C, + 17.29630C,5 — 2.53704 
Cy = —2.05556C, — 3.48148Cs — 0.314815 
The B-expressions are obtained by replacing C above by B, and . 


placing Bs = 0. See Equation 


| Yet @g+i By 


—_—— — ASYMPTOTE 


Fig. 4 Eigenvalues 7, obtained by various 
orthogonalization rules, Equations (39). Note: 
One coefficient, say, B:, in Fi(r) = By + Bor 
+ Byrt + Ber® may be chosen arbitrarily; two 
coefficients, say, B), B,, are determined by 
boundary conditions r({z,1) = o. (z, 1) = 0; 
the fourth coefficient (8;) is fixed by the orthogo- 
nalization rule. 
































DETERMINATION OF Q, 


9.0 


a6" 9.37 ee 


Fig.5 Contour map of a. Variation of «> 
with the coefficients C;/C. and Cs/C. of Fa(r) = 
Co + Cor? + 2... + Cor®. Co, Co, Cy are deter- 
mined by normalization and boundary con- 
ditions. ‘ 


: 
‘4 








\ 
@2*2.69 a,+5.59 
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In a similar way we sketch in Fig. 5 the variation of ag over the 
interesting portion of the C./C2, C,/C--plane 


The Case of » = 0.5 


Owing to the the factor | 2v in many de- 


Formula (28), it first 


appearance ol 
nominators, e.g., in the constant term of 
appears as though the method would break down when v = 0.5. 
Actually, no difficulty arises, since the function F(r) always ap- 
pears with a multiplier of 1 — 2v, while the derivatives of F (which 
may not have a multiplier of 1 — 2v) no longer contain the con- 


stant term. Thus when vy = 0.5, Expression (28) becomes 


and the corresponding igenvalue is 


Y¥: = 2.780 + 7 1.167 


Stress and Displacement Distributions 


In Fig. 6(a) we plot, versus r, the stresses 0,(0, r), o@(0, 7 


a,(0, r), and r(0.35, r) produced by the traction s:(r) = 2r? — 1, 
30), for the cross-section z = 0 and z = 0.35, respec- 


In Fig. 6(6) we plot, 


Equation 
tively, where these stresses are the largest. 
versus z, the stresses o,(z, 0), o@(z, 0), o,(z, 1), r(z, 0.58). (r= 
0.58 is the location of the maximum shear stress.) Since the 
stresses are products of an r-factor and a 2-factor, they do not 
change (in our approximation) their shape as they travel down 
the cylinder but merely attenuate. 

In Fig. 7 we plot the displacements u(0, r), w(0, r) as produced 
by se(r These displacements were obtained from the stress- 


strain relations in two different ways. The expression 


(4la 


, ; 
- [o, — v(og + @,)|0dr 
> V 0 


gives the radial displacement in the end face as obtained from 


Equation (2a), 


41b 


gives the axial displacement as obtained from Equation 


The constant term w,;;(0) is inserted into the Expression (42), 


as to make Formulas (424) and (42a) agree for r = 0. As a 


warning against the use of Formulas (11)—which apply only 


when ¢, ® are rigorously harmonic—we include, as deterrents, 


also curves of u(r) and w(r These curves give the z 0 


boundary values of Formulas (11), on using ¢ , P = G,(2) F. 


Equations (21), (29 





10 











-1.0 





Fig. 6(a) Variation of stresses with r, produced by traction o,"(r) = 
s(r) = 27? — 1. Shear stress is shown at z = 0.35, other stresses at 
z=0. 





Fig. 6(b) Variation of stresses with z 
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to -1.23 at r #10 
Fig. 7 Displacements produced by traction o,(r) = s2(r) = 2r? — 1 
atz = 0. wi, ull, WI, WII, WII are based on Equations (414, b), (42b, 
a). wu, w) are based on inapplicable Formulas (11) . 
Fig. 7 
very poorly obeyed.'® 


demonstrates that the compatibility relations are but 
Another interesting observation is that the 


value atr = 


1 of = (u; + ur), if accepted as the correct value for 


— 


u°(1), leads, by Equation (415), to the hoop stress o@°(1) ~ —0.12. 
Correspondingly, o°(r) should rise from its minimum at r = 0 
to close to zero at the surface in about the same way as ¢,°(r) 
does. This suggests that the o@(r) curve of Fig. 6(a), which ter- 
minates in the value o@°(1) = —0.5, is appreciably in error. The 
other stresses of Fig. 6 are believed to be in error to much lesser 
extents. 

There is a simple explanation for the unreliability of the ap- 
proximate g@(1). From equilibrium Equation (3a) one finds 
that on the surface of the cylinder 


og = 0o,/dr (43) 


Thus the surface value of o@° depends on the rate of the radial 
stress variation. The slight loop which the a,° stress encloses, be- 
tween r = 0.85 and r = 1 with the r-axis in Fig. 6(a), is re- 
sponsible for the unreasonably large negative value of o@°(1). If 
o, were altered slightly, so as to approach zero with a positive 
slope, i.e., from below, o@°(1) would be positive. If a,° came in on 
a horizontal tangent, o@° also would reach zero Thus a small 
change in ¢,° may considerably modify the o@° stress near the 
surface. It is thus seen that a 3-term polynomial whose coeffi- 
cients are determined by so many more vital considerations, such 
as obeying boundary conditions and equilibrium conditions [in 
particular Equation (43) ], doesn’t quite have the desired flexibil- 
ity to take care of minor exigencies such as producing—at the 


same time—a good value for og%(1). (This difficulty has no 


13 Correspondingly, there does not seem to be justification to in- 


clude in this paper further figures (of the type of Fig. 6), to illustrate 
the stress distributions produced by tractions fs(r), sa(r), . . . 
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counterpart in the rectangular-strip problem.) A greater number 
of disposable coefficients for the r variation, perhaps through re- 
tention of the fo(r) polynomial, would alleviate the difficulty 
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APPENDIX 1 


Search for a Family of Variational Stress 
Functions With Exponential z-Dependence 


In contrast to the “end problem of rectangular strips’ [5] 
I I 


the Mathematical Theory 
276 


Pipe Bundle 
ASME, vol 


“Stresses in 


19, TRANS 


“Some 


Potentiels,”’ Gauthier- 


where all the steps are “obvious,”’ once a person knows how to go 
about solving the problem, there is little, even in retrospect, that 
is obvious in the solution of the cylinder problem. Some proce- 


dures—which seem to be the logical choices—end up in dead 
ends;'* others, artificial and perhaps even unreasonable, give re- 
sults which are acceptable. In order to provide guidance in 
problems of similar nature (to those who think they may benefit 
from the authors’ experiences) the steps that lead to the choice 
of stress function pair g, ® as defined by Equation (9), to the ¢ 
and ® Relations (25), and to the orthogonalization Condition 


(34b) are outlined briefly in Appendixes 1, 2, 3. 
14 In the sense that they lead to unreasonable eigenvalues, as com- 


pared with Results (7 
assessing the suitability of a proposed method 
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this comparison is our principal means for 





What we require of an adequate approximate method is the 


following: 


a) It should assure, by definition of the selected functions, 
automatic satisfaction of the stress equilibrium Equations (3), 
without restrictive Conditions such as (4) or (10). This makes the 
complementary-energy principle available as a variational ap- 
proach. 


b) It 


6b, c), without limiting the generality of the solution; e.g., by 


should allow satisfaction of the boundary Conditions 
causing also o¢(z, 1 0. 
c) It should lead, for the 


differential « juation, 


axial function, to a 4th-order Euler 


with constant coefficients. This would in- 


sure that the 2-variation of the stresses is exponential, and that 


there are exactly two types of boundary conditions that may be 


prescribed itz =U; n imely, that of normal loading or displace- 
ment), and that of shear loading (or displacement 

(d) It should allow separation of the normal and shear end 
tractions into two complete sets of self-equilibrating polynomials. 

(e) It should provide good approximations to the true eigen- 
values. 

(f) It should give rise to displacements which are reasonably 
compatible. 


The most commonly used function in problems of this type, 
the Love function, violates requirement (a) since it is not a stress 
a displacement function.“ Furthermore, 


function but merely 


if one assumes for the Love function the ‘obvious’ approximation 


F.(r) = Ao 4 Agsor®*? (Al 


Ag? + ...4 


L r,(2)F, 
it is found that conditions (6), (c), (d) are also violated."* 

This suggests that perhaps a two-function approach, like the 
well-known Boussinesq method (see [8] and [10]), may be a 
preferable starting point. This approach, however, is likewise 
unsuitable, both because of the requirement that the Boussinesq 
functions (call them, say, ¢ and W) be harmonic functions—this 
eliminates the possibility of working with product representations 
of the type’? g = g(z)f(r), Y = G(z)F(r)—and because the explicit 
appearance of z in the Boussinesq stress expressions will cause the 
Euler equation for the axial functions g(z), G(z) to have variable 
coefficients. 

Having exhausted the more familiar functions, the authors 
consulted Prof. M. A. Sadowsky" concerning the availability of 
axisymmetric two-function stress expressions, of the Boussinesq 
type, but containing explicitly the variable r rather than the 
variable z. Professor Sadowsky provided the authors with two 
such sets of functions, the Timpe functions ®, WV, see [9], [10]; 
and the ¢ and 7 functions developed by himself and Sternberg 
7) 

In order to meet the equilibrium and compatibility require- 
ments the Timpe functions must satisfy V°*® = 0, V7°¥ — 2W,/r 
= 0. On the other hand, the Sadowsky-Sternberg functions ¢, 7 


We use the term “stress function’’ for functions which auto- 
matically satisfy the stress equilibrium Equations (3), and the term 
‘displacement function" for functions which automatically satisfy 
the compatibility Requirements (2). In this the original 
Sadowsky-Sternberg functions ¢, ®, [the YV* terms are omitted in 
Equations (9)] are ‘‘conditional stress-displacement functions,”’ for 
they become bona-fide stress functions and displacement functions 
additional requirement of harmonicity. 
Past experience variational displacement functions indicates 
that one should endeavor to avoid their use. Very complicated dis- 
placement functions produce results which do not compare in ac- 
results obtained from relatively simple stress functions 


sense 


only when they obey the 


wit! 


curacy wit! 
5b 

6 Verification of the violation of conditions (e), ({) was not under- 
taken, but the violation may be taken for granted 

7 The of available harmonic product functions g(z)f(r) 


where f(r It is hopeless to get 


variety 
is a polynomial, is palpably small. 
anywhere with them. 
18 Mechanics Department, Rensselaer Polytechnic Institute, Troy, 
N. Y. 
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must both be harmonic functions. For this reason the latter set 
appeared to the authors as preferable, and was selected for the 
problem on hand. The indebted to Professor 
Sadowsky for making these unpublished functions 
in Lecture Notes form 
Formulas (9) were finally obtained by doctoring up the Sadow- 


authors are 
printed only 


available to them, 


sky-Sternberg stress formulas with suitable Y* terms, so as to 
satisfy the stress- quilibrium equations a itomatically 


APPENDIX 2 
Search for Suitable r-Dependence for Stress Functions 


namely, that g(z 
G(z), suggests that the r-variation of the g¢ = g(z)f(r) and ® = 
G(z)F(r) functions also should be related. The Simplifications 


(25a, b, c) appear especially attractive. 


The success of the Simplification (16d), 


Case (a) was investi- 
gated exhaustively in the main text of the paper. When Case (+ 


is handled similarly one finds for 


f(r) = (l—r*)*) Ye = 2.9150 + 7 1.3530 A2b, 


This result is unexpectedly good considering the fact that the 
stress distribution associated with a harmonic Sadowsky-Stern- 
berg function ¢ is characterized by the highly restrictive condi- 
tion o, + og + o, = 0. It suggests that considerable improve- 
ment in the solution of the end problem should be expected by 
joint use of the ¢ = g(z)f(r) and ® = G(z)F(r) functions. 

What are attractive g and ® combinations? In this respect 
we were guided by the important role played by the orthogonali- 
zation Condition (A10b) in the problems of the rectangular strip 
[5] and the sector [11]. The expression (20b) of @ takes on a 
greatly simplified form (a ‘‘diagonal”’ form) in two cases 


rF’ (A3a) 


. l 
ja - —s ~ = 


- 


f= 


—(1 — 2v)F — crF’ A3b 


In the first case we eliminate the cross product FF’ in the @ ex- 
pression, obtaining 
1l+p ; 
- r3F’? | dr \4 


For the normal traction o, 1 the F(r) polynomial 


then becomes 


There result, for y = 0.3, four real eigenvalues 
Yo = +3.738, +1.257 


Evidently, the Choice (A3a) is unacceptable. 


In the second case, @ reduces to 
l 
| [ rF'%dr (AG 
/0 


Since only the derivatives of F(r) now appear in the various ex- 


@=|(1+ yell -—e 


pressions, one satisfies the requirements 7(z, 1) = o,(z, 1) = 0 
by writing 


19 Obtained from Formulas (9) by omitting the V2, V24, and V?4, 
terms, and making the replacement 4, — » 
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F’(r) 


= ar(l — r?)? A7a) 


The values of a, ¢ are finally determined from the requirement 
that s(r) of Equations (14), (17) should reduce to o,9 = 2r? — 1. 
One then finds 


A7b) 


AZ) 


¥: = 5.042 + 7: 


The Results (A5b) and (A7c) are disappointing. The authors 
discontinued further search for appropriate joint use of the func- 
tions f(r) and F(r) and the corresponding improvement of the 
fundamental mode, because they felt that, within the time al- 
lotted for the project, other matters, such as investigation of 
higher eigenvalues, was of greater urgency. So the investigation 
proceeded to the higher modes based on the F,(r) functions alone. 
But the authors believe that the subject of joint use of f,(r) and 
F,(r) calls for further study [12]. 


APPENDIX 3 
Search for a Suitable Rule of Orthogonalization 


An uncertainty as to the correct orthogonalization procedure 
was observed—in much milder fashion—also in the case of the 
rectangular strip some years ago. Correspondingly, the ‘‘mode”’ 
fa(y) of 4 was defined in the rectangular-strip case [5], not by any 
consideration based on orthogonal shear or normal tractions, such 
as Methods (31) or (32), but by the independent requirement that 
f, be orthogonal to fe 


el 
f falyf(ydy = 0 (AS 


Orthonormalized shear and normal tractions 7, 7, 7%, .. ., Se, 
S;, Sy, . . . also were introduced [6], mainly for the purpose of 
providing functions that are suitable for Fourier series expan- 
sions; but the basic tractions were those derived from fo, fs, fs 

However, if we 
19) and 


namely, —f2’, —fs’, —| 
determine F,(r) in the cylinder problem by Equations 
the orthogonality condition 
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l 
f F(r)Fy(r)rdr = 0 
0 


we obtain the unreasonable value 


Ys = 2.895 + i 1.898 (A9 


What then is the condition in the cylinder problem, equivalent 
to Condition (A8)? 
value equation for the rectangular strip is of the form of Equation 
(22b) with coefficient @ having the expression 


-) 
@= f Piidy 
1° 


It suggests a generalization of the law of orthogonalization to 


As a first approach we note that the eigen- 
A 10a 


Qin = 0 Al0h 


+ nm 


where @,,,, is the coefficient @ of Equation (225) formed with the 


mixed product f,f,, and, if need be, the appropriate derivatives.* 


In fact, in the more complicated sector problem [11, 13 
very Definition (A106), unguided by Relations like (A8), 
made the method successful for the higher modes. But on trving 
to adopt Definition (A10b) to the cylinder problem by writing? 


‘2 

a... = 1 —vp)r- rF., 
}2 
/J 0 ™ 


pe ey 
°F, 
' 


it was the 
which 


one obtains the unreasonable value 


Ys = 3.917 + 12.623 Al2 
Less obvious orthogonalization rules are C, E, G, A, L of 

Formulas (39). The corresponding results are plotted in Fig. 4. 

The only law that seems to be distinguished by unique properties 

is that of a, = extremum, as represented by abscissas B and F in 

Fig. 4. 

for rectangular strips the definition (A10/ 


*® Obviously, gives 


Qam A100 


i.e., it leads back to the Law 
2! For the case g(z)f(r) 
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The Stresses in a Thick Cylinder Having 


MASait’!\?0 SEIKA 


Assistant in Mechanical 
Engineering Department, 
Tohoku University, 
Sokurakoji, Sendai, Japan. 


hole 


Square 


problem is investigated by the complex-variable method, 


Muskhelishvili 


method of perturbation. 


“yi 
pared with the result 


Ti problem of the stress distribution in a circular 


ring compressed by the two equal and opposite forces acting on 
the boundary | 
l, 2, dj." 
elliptical cylinder was investigated by G. E. Hay [4] with the 
help of the complex-variable method and the method of perturba- 


is been considered by a number of investigators 
The corresponding problem for the case of a hollow 


tion. The author also treated a similar problem by the method of 
successive approximation [5]. 

In the present paper, the problem of determining the stresses 
in a thick cylinder having a square hole with rounded corners is 
treated by use of the complex-variable method, associated with 
the name of N. 1. Muskhelishvili {6}. The loading applied to the 
general cross section of the cylinder is supposed to be normal to 
the outer boundary and to consist of the two equal and opposite 
concentrated forces. The procedure for the derivation of the 
solution is analogous to that of Hay [4], and the parametric co- 
efficients included in the solution are determined by the method 
of perturbation 

Numerical examples also are worked out to clarify the stress 
distribution in the cylinder, and comparison is made with the re- 


sults availabk 


Method of Analysis 


Let us suppose that the loading system applied to the outer 
boundary of the cross section of a cylinder consists of the two 
equal and opposite concentrated forces acting along the z-axis, 
Fig. 1. The magnitude of these forces per unit length of the cylin- 
der will be denoted by P. 


Numbers in brackets designate References at end of paper. 
Contributed by Applied Mechanics Division and presented at 
Annual Meeting, New York, N. Y., November 30-December 5, 
THe AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
January 10, 1959, for publication at a later date. Discussion 
ed after the will be returned 

Norte: 1ents and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Manuscript received by ASME Applied Mechanics 
Division, June 7, 1957. Paper No. 58——-A-22 


the 
the 


1958, of 


until 


recel\ closing date 


Staten 


Societ, 


This paper contains a s¢ lution for the stress distribution in 


with rounded corners under the 


a Square Hole Under Concentrated Loading 


a thick Cylinder ia 
condition of concentrated loading 
rf 


associated with the name 


The unknown coefficients included in the solution are determined | 


? 


! examples of the soll 


Numerical 


‘ 2 
2a e b ut a 
ition are wrRed OUl a) 


“ 


s available 


Now, we shall introduce the mapping relation 


z= aC = R(¢4 ) ( >, O 
4 


where PR and m are real constants. Denoting 
¢ = e**'®, then we have 


R(e* cos B + 3a cos 38), 


R(e* sin B 


r= me 


y = me~°* sin 38 2 


where 0 S< a SkandO <8 Ss 2r. This relation maps the cross 
section S of a cylinder in the z-plane onto the region s bounded 
by concentric circles with radii e* and 1 in the (-plane as shown ir 
Fig. 1. 

The corresponding components of stress can be expressed as 


+ O63 = 2 Ge e) + & Fe : 2 


We have now to form the two functions ®(¢) and W(¢) so that the 
given boundary conditions are satisfied. 
Then the boundary condition can be written in the form 


= const = K 
k and 0 


onas= 


6 piane 
a” 


Fig. 1 Conformal mapping of cross section 





Nomenclature 


rectangular co-ordinates 


curvilinear co-ordinates 


= functions of complex variable 


¢ 
s - 
§ 


é 


mapping function 
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= real parameter 


normal stresses 
shear stress 

real constants 
applied force 
indicates 


overbar, conjugate 


complex 
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where 


of) = SOPH w(H)dle, WO = SW(ow(Hdt (6) 


A detailed consideration of the stress distribution due to the 
two equal and opposite concentrated forces acting on the outer 
boundary as shown in Fig. 1, following the procedure as used by 
Hay [4], leads to the expressions 


aa P — ef 
AS) = oF log tte 


eg el + me~**) i 


{2 — ew pi 


P 


wT 1 — 3me-* 


vig) = 


Because of the symmetry of the stress distribution in the cross 
section, the unknown coefficients a, and b, included in the fore- 
going series must be real. 

When we denote e® = o, Condition (5 


k yields 
wet) (2 r(¢ K 
+ = 9 +y¥{—)-= 
w'(e*/a) ’ o vTae . 


9), we obtain 


on the outer circle a@ = 


y(ero) 


Substituting Equations (7) and (8) in Condition 
an identity involving logarithmic terms and series. The logarith- 
mic terms vanish if 

K = (1/2)Pi on upper half of circle a = f, 

K (3/2)Pi on lower half of circle a = k; 
the series vanish if 


(2n—Dkg " 


en tDkg — 3me@-Dkg, , — (2n — le 
— (2n + 3)me 
2(1 + 3m2e-**) 


1 — 3me-* 


an +7)kq n+2) + e~ 2n+1)k}, 


6me-*(1 + me-* 


1 — 3me-* 


— 2me-*6_,,, (10) 


O,n 


where n = 0, +1, +2, 
On the inner circle a = 0 Condition (5) yields 


ao) ae l 7 1 "I 
g(a) + ——— @ -|}+y = K (11) 
w'(1/a) o o 


11), we 


and 6, ,, means Kronecker delta. 


Substituting again Equations (7) and (8) in Condition ( 
obtain an identity involving series and terms involving log (1 + 
e-*g). Since k > 0, these logarithmic terms can be expanded in 
powers of a. The various powers of ¢ in the foregoing identity 
then vanish if K = Pi and 


a, — 3may-2 — (2n — 1l)a_, — (2n + 3)ma 
where 
1 


Py = 
(2n + 1)e@atve (2n 


1 | 6m(1 — me-*) 

, + 

3e%* e*(1 — 3me-*) 
4m 


salita e*(1 — 3me 


21 — me~*) 


e*(1 — 3me-*) 


6m(3 + me-*) 


5e*(1 — 3me-**)’ 
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1 m 


= + ' 
P-n e(2n—3)k 


e(intie 
{ / = 
2in + (nm — 2)me-*} 


(2n — 11 — 3me~*)e(*—vs 


cont.) 
__ 6m{(n + 2) + nme-*} 


= 2,3,4,. 
(2n + 3)(1 — 3me—*)e(2n +308 - 3,4, 


Eliminating b-;.1:) between Equations (10) and (12), we obtain 
(1 — e~(int2)k)\o(2n +1 "a. — 3m(1 — e-(42-6 ke 2n-7 
— (2n — 1)(1 - 


— (2n + 3)m(1 


‘a, 2 
2n—1 kq a 


2n +7 kq 


nv? 


1 


(2n + leis +2 


& = 


3me — 


q = —(1/3)e 


q-1 = 2 — € ak (3/5 me~* 


, 


‘ i = 
l Qin + (n — 2)me-*} 

j~a= — — 
as (2n 1)(1 — 3me-* 


> L ¢ ' a 
6m} (n + 2) + nme~* 
t ‘ 


2n + 3)(1 — 3me-* )e* 


The infinite set of Equations (14) is to be solved for the un- 
knowns a,. It will be recalled that the constant m in these equa- 
tions is a measure of the roundness of the corners of the inner 
boundary, while the constant / is a measure of the relative thick- 
ness of the wall of the cylinder. Once a, have been determined, 
the unknown coefficients 6, can be found from Equations (10 


Determination of Coefficients 


Now, we find that there is no simple means of solving the in- 
finite set of Equations (14) successively. However, when m = 0, 
this set of equations can be solved successively. 
m = 0 is that of the cross section bounded by concentric circles, 


Since the case of 


and since m appears linearly in Equation (14), it seems logical to 
attempt a solution of Equation (14) by a perturbation method in 
which m is the perturbation parameter. 

As the first step in the solution, we write Equations (15) in the 
form 


qi. = >. qn "m* 


r=0 


where gq,” are independent of m. We then seek a solution 


Equations (14) in the form 


where a,“ are independent of m. Substituting Equations (16 
and (17) in Equation (14) and equating to zero the coefficients of 
the various powers of m, we have 


. 

(l —_ ein +2) Qn +1 kg i Qn 
« 

din Gk )e 2n Dkq,, 


= 2q, + 3(1 —e 


+ (2n + 3)(1 — e*)e—("* 


where n = 0, +1, 
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the following recurrence f« 


gil 


+ 
a 


ations determine the unknown coefficients a, com- 


These eq 
ple tely. 
To find the 


coefficients b,, we use Equation (10); viz., 


+ Z)e%a,., en(in+Dkg 0 
1 me ~“*a,,; Sme (4a tk _ gs 


+ 2h, (n = 0, +1, +2,.. 
3m%e we e* (1 


3me~* Jer! , 
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it the foregoing solution is valid in so far as 
Is convergent The prool of cor 


rather difficult to achieve, although it seems unlikely from the 
will be 


It miay be noted th 
the Series (17 vergence seems 


physical considerations that there divergence whet 


0s im 1/3. 


Numerical Examples 


Let us turn to the numerical examples of the solution For 
Then the shape ol the 


= 2/15. Fig. 3 


example, we may choose the value k = 1. 
cross section of the cylinder is shown in Fig. 2if m = 2 


shows the shapes of the inner boundary (@ = 0) for several 
values of m. Referring to these figures, the ratios p/d, d/D, and 
D'/D for several values of m are tabulated in Table 1. Hence the 
outer boundary a = k = 1 may be considered practically as a 
circle. Moreover, when m changes its sign, the figure of the cross 
section is rotated :45 deg around the origin. 


Ratios p/d, d/D, and D'/D 
0 1/15 2/15 3/15 4/15 
0.5 0.188 0.0722 0 0238 0 00046 O 


0.368 0 392 O 416 0.440 0 464 0 45S 
l 0.997 0 995 0 993 0 990 0 OSS 


Table 1 


Fig. 3 Shapes of inner boundary (a = 0) 


Numerical computations are carried out and we obtain the 
Figs. 4 and 5 show the distributions of 
0g in the cylinder for the cases of m = 2/15 and —2/15. The dis- 
tributions of og along the rim of the hole for several positive or 


stresses in the cylinder. 


negative values of m are shown in Figs. 6 and 7. 
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Fig. 4 Distribution of «3 in thick cylinder for m = 2/15, k = 1 
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Fig.6 Distribution of «3 along rim of hole for positive values of m 
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The Wedge Under a Concentrated Couple: 
ELI STERNBERG F A Paradox in the Two-Dimensional Theory 


Professor of Mechanics, 
Division of Applied Mathematics, 
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The classical two-dimensional solution for the stress distribution in an elastic wedge 

W. T. KOITER which is subjected to a concentrated couple at the vertex, breaks down when the opening 
; angle 2a of the wedge satisfies the equation tan 2a = 2a, i.e., when 2a is approxt 
Te eee mately 257 deg. As the foregoing critical opening angle Jay is approached, all of 
Delft, Holland. the nonvanishing components of stress become infinite throughout the field, while the 
solution displays no obvious pathological characteristics for other values of the wedge 

angle. It is the purpose of the present paper to account for this peculiar singular be 

havior and to show that the solution under examination has physical significance only for 

wedge angles below the critical angle; for opening angles in the range 2as < 2a < 2r, 

the notion of a “‘concentrated couple’’ at the vertex of an elastic wedge, ts found to be 

inherently deficient in meaning. The present investigation, as a by-product, augments 


the supply of counterexamples to the traditional version of Saint Venant's principle. 


Introduction. Nature of the Paradox with the stresses ¢, and 7,9 in (2), tend to infinity at all points of 


the region occupied by the wedge when @ approaches a+, where 


, . Qs is the (unique) real root of the transcendental equation 
& well-known generalized plane-stress (and plane- ? (ane ' 


strain) solution corresponding to an elastic wedge which, in the tan 2a = 2a (O<a<7m), 
absence of body forces, is acted upon by a concentrated couple at 
the vertex and is otherwise free from surface tractions, was ap- and is thus approximately given by 
parently obtained first by Carothers [1]'; the same results were wads 
later independently reached by Inglis [2]. elicits 

onsider a wedge of opening angle 2a (0 < a < m), whose ver- This somewhat mysterious breakdown of the solution at 
tex is at the origin of the Cartesian co-ordinates (z, y) and of the 
polar co-ordinates (r, @), the z-axis being coincident with the axis 
of the wedge, Fig. 1. Let Q be the moment of the couple applied 
at the vertex, and suppose that Q > 0 if the couple is counter- 
clockwise. The solution given in [1] and [2] is generated by the 
the biharmonic Airy function 

Q(26 cos 2a — sin 26) ’ 


2(sin 2a — 2a@ cos 2a) 
and the associated field of stress appears as 


2Q sin 20 
(sin 2a@ — 2a@ cos 2a) 
Q(cos 2a — cos 20 


(sin 2a — 2a@ cos 2a@ 


in which ¢,, og, and 7,¢ denote the polar components of normal 
and shearing stress, respectively 
As is evident by inspection, the Airy function in (1), together 


1 Numbers in brackets designate References at end of paper. 
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Division, June 11, 1957. Paper No. 58—A-15. Fig. 1 Wedge, co-ordinates, and replacement loading 
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physically significant, opening angle of the wedge goes unnoticed 
in [1] and [2]. Furthermore, the solution under discussion has 
since been cited repeatedly in the treatise literature, as, for ex- 
ample, in [3], [4], [5], [6], and [7], without any restriction of the 
wedge angle and without comment on the peculiar singular be- 
havior at a = a+. Incontrast, Fillunger [8] notices the break- 
down, but dismisses it with the remark that “this behavior is 
reminiscent of so-called singular trusses.’’? 

With a view toward resolving the paradox and clarifying the 
source of the difficulty just referred to, we first list certain proper- 
ties possessed by Carothers’ solution for 0 < a < © (@ # as), 
which underly the traditional formulation of the problem: 


(a) The stresses (2) conform to the two-dimensional equilibrium 
and compatibility conditions, throughout the wedge region (0 < r 
< ©, -—a<6@< a). Moreover, the stress field is regular in the 
closed region (0 < r < =, —a@ < @ < a), except for a point- 
singularity at the origin, and the stresses vanish at infinity, i.e. 


as r- : (oO) 


o,, F0, Te —> O 

(b) The boundary is free from surface tractions, i.e. 
oo(r, ta) = T(r, ta) = 0 (O0O<r< @); (6) 
(c) The singularity at the origin has as stress resultant the 
prescribed couple of moment Q. In order to make this statement 
explicit, let T be a circular arc of radius r, centered at the origin, 
lying wholly in the wedge region, and terminating at @ = +a 
(Fig. 1). Next, let X(r), ¥(r), and M(r) be, respectively, the 
Cartesian components of the resultant force, and the resultant 
moment about the origin, of the tractions acting on that side of T 


Thus 


which faces the vertex. 
a ° 

—r (a, cos 0 — rT. sin O\d8, 
=@ 


X(r) = 


Y(r) = 


a 
—r f (o, sin 6 + 7.4 cos 9)dA, 
=@ 
a 
—r? 7948. 
vv ~a@ 


M(r) = 


X(r) = Y(r) = 0, M(r) =Q (0 « (8)3 

The classical uniqueness theorem does not deal with this type 
of formulation of a problem in elastostatics; moreover, the 
theorem does not hold in the presence of singularities of the kind 
encountered at the vertex of the wedge and involves regularity 
assumptions concerning the behavior of the solution at infinity 
which are more stringent than (5). One is, therefore, entitled to 
ask whether conditions (a), (b), and (c) uniquely characterize the 
solution.‘ 

Clearly, the traditional formulation of the problem is incom- 
plete if (and only if) there are stress fields which meet (a), (b), but 
possess a self-equilibrated singularity at the origin, characterized 
by 


X(r) = Y(r) = M(r) = 0. (9) 
Such stress distributions indeed exist for all values of @ in the 


“Dieses Verhalten erinnert an die sogenannten Ausnahmefach- 
werke.” 

3 In view of (a) and (b), Equations (8) imply that the tractions on an 
arbitrary regular arc which lies in the wedge region and connects the 
two sides of the boundary are statically equivalent to a couple of 
moment Q. 

‘The analogous uniqueness question concerning the conventional 
formulation of concentrated-force problems in elasticity theory, was 
raised in [9] and treated extensively in [10]. 
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range 0 < @ < 7@, as is to be anticipated, and we shall have occa- 
sion to exhibit relevant illustrative examples later on. For the 
time being, we merely note a consequence of this fact: there is an 
infinity of solutions to the problem in its conventional formul!a- 
tion through requirements (a), (6), (c). 

The question then arises, to which,.if any, among this infinite 
aggregate of distinct ‘“solutions’’ of presumably the same prob- 
lem, one is to give preference, and on what grounds. In attempt- 
ing to settle this issue, we are guided by the physical realities 
underlying the fiction of a concentrated couple. This leads us to 
consider the modified problem in which the faces of the wedge are 
subjected to a distributed loading (“replacement loading’), ap- 
plied to two finite load segments—each issuing from the vertex 
the entire loading being statically equivalent to a couple of mo- 
ment Q (Fig. 1). If the idealized notion of a concentrated couple 
applied to the vertex of the wedge is to be both meaningful and 
useful, the corresponding solution must coincide with the limit of 
the solution to the modified problem, as the load segments are 
contracted to the vertex, while the moment Q is held fixed; more- 
over, the result of this limit process must be independent of the 
particular mode of distribution of the replacement loading. 

For 0 < @ < as, the limit process just described indeed yields 
Carothers’ results (1), (2), whose physical validity is thereby 
confirmed for wedge angles below the critical angle 
< m, on the other hand, the appropriate limit of the solution to 
the modified problem is found to exist only for a special, arti- 
ficially restricted, class of replacement loadings. Finally, if a = 
a», the limit in question fails to exist regardless of the choice of 
It follows that the classical solution for 


If Qs ~ a 


the replacement loading. 
a wedge under a concentrated couple at the vertex is devoid of 
any useful physical significance when the wedge angle equals or 
exceeds 2a. 

The foregoing conclusion once more suggests the need for 
caution in the application of loose statements of Saint Venant’s 
The root of the paradox will be traced ultimately to 


encountered in 


principle. 
the existence of solutions of the field equations 
the succeeding analysis—which, for a < a@ < 7, clear the wedge 
boundary from tractions, possess a self-equilibrated singularity at 
the vertex and whose stresses decay less rapidly at infinity than 
those appropriate to Carothers’ solution, the singularity of which 
has a couple as stress resultant. The fact that such stress fields 
exist is in striking contradiction to the conventional statement 
of Saint Venant’s principle. 


Statement and Solution of the Modified Problem 


In dealing with the modified wedge problem described at the 
end of the preceding section, we shall, for the sake of simplicity, 
confine our attention to the case in which the distributed surface 
tractions are normal to the boundary and antisymmetric about 
the wedge axis. With reference to the notation introduced earlier 
(Fig. 1), the governing boundary conditions then become 


or, a) = —oe(r, —a) = p(r) (O< 
pr) = 0 (a 
T(r, @) = Te(r, —a) = 0 (0 


Here p(r) is the replacement loading, assumed to be continuous 
for 0 < r < a, while a is the length of each of the two load seg- 
ments. The requirement that the entire loading have a vanishing 
resultant force is equivalent to 


a 
f, p(r)dr = 0, 


5A related ‘“‘counterexample”’ was exhibited in [9]. It should be 
emphasized that neither example is in conflict with a rigorous formula- 
tion of the principle initiated in [11] and established in [12]. 
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whereas the resultant couple has the moment Q provided, 


a 
2 f rp(rjdr = Q. (12) 
) 


The modified problem thus reduces to the determination of an 
Airy function @(r, 9) which satisfies the biharmonic equation, 


a) 1 oO? |}? 


or |r? Ob aint i” 


throughout the region (0 < 7 g a), and is such that 


the associated field of stress 


) 1 O@ 
Te = » (14) 
Or r 06 
In addition, the 
stresses must vanish at infinity, as indicated in (5). To (5) we 
regularity requirement that the improper 


conforms to the boundary conditions (10). 


adjoin, finally, t 
integrals 


This necessarily hold since 
iny radial line issuing from the vertex, and lying 


-a<@<a (15) 


be convergent condition must 


the tractions o1 
in the wedge region, must have a finite resultant force. 

The foregoing problem belongs to a general class of wedge 
problems which is most conveniently approached with the aid of 
the Mellin transform and which has received repeated previous 
Apparently, the earliest treatment of this kind was 
13]; further contributions, by essentially the 

[14], Tranter [15], and Majer 


present application, we make use of Tranter’s 


attentior 
Brahtz 
are due to Shepherd 


given by 
same 

16}.6 In the 
general formal solution, which is also sketched by Sneddon [17]. 


means 


The Mellin transform’ of a (suitably restricted) function f(z), 


is given by 
dz, (16) 


if s designates the transform parameter, while the corresponding 


inversion integral formal] appears as 


, ee+ia 
271 


(17) 
e—i« 
Now let $(s, 9) denote the Mellin transform, with respect to 


r, of the Airy function @(r, 6), Go, #9, and p shall 
designate the corresponding transforms of r’¢,, r?a@, r*7.9, and 


r2p. Thus 
f dlr, 0 8 ldy . 
7 J 


° 


G(s, @) = Z ofr, @)rt*'dr, 


whereas ¢ 


vw 


(? «x 
G(s, 0) = I. ae(r, O)r**'dr, 
) 


#o(s, 6) = f, Ter, O)re*dr; | 


. a 
p(s) = p(r)r* * dr. 
0 


€ See [16] for a list of references to various elementary solutions of 
wedge problems, characterized by special loading conditions. 

7 For general discussions of the Mellin transform see, for example, 
Sneddon [17], Titchmarsh [18], and Doetsch [19]. 
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Moreover, by (11), (12), 
f(-1)=0, 29(0) =@. 21 


It follows from (18), (19), (20), with the aid of integration by 
parts,’ that the transform of the compatibility condition (13 
assumes the form 


da? 
df? 


while the transform of (14) becomes 
F da? ) » ; 
¢, = om f g 
Mr d@? y ?, , 


In accordance with (19), 


s(s + 1)¢, 


(20), the boundary conditions 


carried into 


Gol 58 aj=- Gol 8, a 


#.6(3, a) = ,6(8, a)j=0U 
The general (antisymmetric) solution of (22) is given by 


sin s6 + B(s) sin (s + 2)6, 


$(s, 0) = A(s 
where A(s), B(s) are as yet arbitrary functions of s, and (23 
imply 
sin sf 


— Bis 4 


é, = 


r 


—As(s + 1 
1s +4 


Sin | 


Gy = As(s + 1) sin 36 + Ba(s 1) sin (s + 


#4 = As(s + 1) cos 86 


Substitution from (26) into the transformed boundary conditions 
(24), yields 
p(s (s + 2) cos (s + 2)a 
As -——— : : B 
a(s + 1)G6( 8, a) 


pi 8) COS sa 
(s + 1)G(s, a 
where 
sin 2a — sin 2(s + l)a (28 


G(s,a) =(s +1 


In view of (27), (28), the transformed Airy function in (25) and 
the transformed stresses in (26) are now fully determined 


On applying the inversion formula (17) to equations (18) and 


1 otto 
. f or ~*ds; 
271 


/“Ct~—t@ 


(19), we reach 


, 9) = 


o{r, 6) 6,r~*~*ds, 


’ 


Call, #) 


T(r, 8) tr~*~*ds. 


1 : 
2ri 
/7c~-t@ 


The formal solution given by (29), (30) depends upon the choice 


of the line of integration Re(s) = c in the s-plane. The solution 
is not affected by the particular choice of c, as far as the stresses 
are concerned, if the line of integration is varied within one and 
the same strip of regularity common to the integrands in (30). 

* The details of these computations are indicated in [15], and need 
not be repeated here. 
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We now seek to determine the selection of the appropriate strip of 
regularity, which is dictated by the requirement that the im- 
proper integrals listed in (15) be convergent. 

To this end, we observe, on the basis of (25) to (28), that all of 
the integrands in the stress formulas (30) are meromorphic func- 
tions of s, whose poles must coincide with zeros of G(s, a). On 
the other hand, G(s, a) vanishes if and only if 


(s + 1) sin 2a — sin 2(s + l)a = 0, (31) 


and a root s of (31) is a simple zero of G(s,a) unless 


sin 2a — 2a cos 2(s + lha = 0. (32) 


On setting 


f=&+in=8+1, (33) 


equation (31) becomes 


¢ sin 2a — sin 2af = 0, (34) 


or, equivalently, 
& sin 2a — sin 2a cosh 2an = 0, 
(35) 
7 sin 2a — cos 2a@& sinh 2an = 0. 


According to (31) to (35), G(s, a) has a simple zero ats = —1 
and possesses no other zeros on Re(s) = —1. It follows from 
(25) to (28), by virtue of the first of (21), that all of the trans- 
formed stresses are regular ats = —1. Hence (19) assure the re- 
quired convergence of the two integrals (15), provided the line of 
integration is taken within the strip of regularity containing s = 
—1. Moreover, such a choice of c, say c = —1, is seen to be 
sufficient for the vanishing of all stresses at infinity, as stipulated 
in (5). It is not difficult to show that this determination of the 
line of integration is also necessary if the preceding regularity 
conditions are to hold. 

It should be noted that s = —1, although a regular point of the 
integrands in (30), is a pole of order one of the integrand in (29). 
Clearly, the stress function ¢ can change at most by an inessen- 
tial additive linear function” of the Cartesian co-ordinates as the 
line of integration traverses s = —1. This completes the solution 
in integral form of the modified wedge problem under considera- 
tion. 


*It should be mentioned that certain aspects of the characteristic 
equation (31) were investigated by Williams [20] and Mitchell [21] in 
connection with the study of stress singularities which may arise at 
angular corners of plates in extension. 

© This function is actually found to be proportional to r sin 6 = y, 
as is readily seen from the residue at s = —1 of the integrand in (29). 


% 
‘ 
-os j| 
~O4 1 


-o3 | 


-o2 | 


<— Case 3 





Asymptotic Behavior of Solution to the Modified Problem 


For the purpose of a detailed study of the solution to the modi- 
fied wedge problem, it is expedient to evaluate the definite inte- 
grals in (29), (30) with the aid of the theorem on residues, by 
completing the contour in the half-planes Re(s) > —1 and Re(s) < 
—1, according asr > a andr <a. In view of the main objec- 
tive of the present investigation, we need to examine merely the 
asymptotic behavior of the solution as r—> ©, which governs its 
behavior in the limit as a — 0 while r and @ are held fixed. 

We aim, therefore, at the residue expansions, in the half-plane 
Re(s) > —1, representing the integrals given by (29), (30) for r > 
a, and here need to be concerned only with the appropriate leading 
terms which dominate the behavior at infinity of @ and of the as- 
sociated field of stress. The leading terms in question are con- 
tributed by the residues at those poles of d, 6,, , and *,9, 
which lie closest to the line Re(s) = —1. The poles referred to, 
in turn, stem from the zeros of G(s, a) which are situated in the 
region Re(s) > —1 and have the smallest real part. We are thus 
led to examine a relevant portion of the spectrum of roots of 
(31). 

As seen from (31), s = 0 is a zero of G(s, a) for every @ in the 
physically significant range 0 < @ < 7; furthermore, by (32), 
this zero is simple unless a meets (3), that is, unless a coincides 
with the critical angle as, given by (4). The location and 
character of the remaining zeros of G(s, a) depend on the value 
of the wedge angle 2a. In this connection, three major cases 
need to be distinguished according as 0 < @ < Gs, Ge <a <7, 
and @ = Ge. 

It follows from (33), (35), that all roots of (31) are either real or 
occur in conjugate complex pairs; also, for fixed a, two distinct 
roots which are not conjugate complex must have distinct real 
parts. Consider the zeros of G(s, a) which lie in the half-plane 
Re(s) > —1 and are either real or have a positive imaginary part 
Let these zeros, in the order of increasing real parts, be designated 
by 81, 8, 8, ..., each zero being counted once regardless of its 
multiplicity. Elementary considerations, based on (31) to (35 
and (3), now yield the subsequent classification. 


Case 1: O< a<as. Here, 


s = 0 (real, simple zero). (36) 
Thus in the present case there is no zero of G(s, @) in the strip 
—1< Re(s) <1. 

Case 2: ae <a<7. In this instance, 


(real, simple zero), 


l 
> <a = Na <0 


(real, simple zero). | 


Fig. 2 The zero s; of G(s, a) as a function of a 





Oo! 


578 / December 1958 


Transactions of the ASME 





Hence G 
location depends on a; a graph of A(@), which is the largest nega- 


s, a) has one zero in —1 < Re(s) < 0, whose specific 


tive root of (31), is contained in Fig. 2. 
Case 3: 


a@ = as. This transition case is characterized by 


8) 0 (real, double zero). 35) 


Here, as in Case 1, G(s, a) has no zero in the strip —1 < Re(s) 

0. Fig. 2 shows s; as a function of @ for the full rangeO <a<7 
We are now in a position to determine the desired leading terms 

in the residue expansions appropriate to the solution of the modi- 

fied wedge problem. To this end, we note with the aid of (36 


(37), (38), that the improper integrals in (29), (30), forr> a, 


coincide with the limit as R — of corresponding contour inte- 
grals, if the path of integration is taken to be the boundary of a 
semicircle of radius P?, centered at s = k 1<k< —1/2), the 
base-diameter being on the line Re(s) = k. Since this contour is 
traversed in a clockwise sense, each integral in (29), (30) equals 
—2z7i times the sum of the residues of the integrand at the poles 
In Case 1 and Case 3 only the residues at s; are 
found to be relevant as far as the asymptotic behavior of the solu- 


$1, 82, 83 


tion is concerned; in Case 2, the residues at both s, and s; are 
essential to our purposes. 

At this stage it is expedient to introduce the dimensionless 
radial co-ordinate 


p= (O<p<e (39) 


r/a 
1 dimensionless load function ¢ defined by 
¥ , - . 


2a? 


¢(p) = Q p(r). (40 


In accordance with (11), (12), p(r) is statically equivalent to a 


couple of moment Q if and only if 
1 
‘ pe(pidp = 1, 


a 
rl 


20), (39 


¥\p dp - 0, 


while from , (40), 


l 
¢(s [ p’*'e(pidp = 
/0 


We now cite directly the results of the residue computations 
just described, making use of the dimensionless notation given in 
(39), (40), (42). The details of these tedious routine computa- 
tions, which involve (25) to (30), (36) to (38), and (3), may safely 
It should be emphasized that all of the following 
formulas for stress functions and components of stress are valid 
only for r > a, i.e., for p> 1. 


2p s) 


42 
Qa’ : 


be omitted. 


Case 1: O< a<as. Asp— —, and for fixed a, 


Q(20 cos 2a — sin 24) 
¢ = : + 


2 (sin 2a — 2a@ cos 2a 


o(1) 


2Q sin 26 sas 
= “T op w * 


9 . 9 a2 
~-Q@ — «<Q COS <a)p 


og = Op 2 . 
(cos 2a — cos 20) | 
— + o(p~?). | 
a? (sin 2a@ — 2a@ cos 2a)p? 


The symbol o for “order of magnitude less than . . .”’ is used in its 
standard mathematical connotation. Thus f(z) = o(z") as 


z—> © means that 


f(z)/z*—~> 0 as zr, 


(45) 
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Case 2: a T As p- » and for fixed a, 


2)a sin XO 


2)0 


A + 2) cos (A 4 
A cos Aq sin A 


sin 2a 2a cos 2(A + 1)a)p* 


(26 cos 2a sin 26 
al 
J 


2 (sin 2a@ 2a cos 2a 


QA(A)[(A + 4 
-~(X+2 


2a?\sin 2a 


cos A@ sin (A + 2)0 
cos (A + 2)a@ sin A@ 
2a@ cos 2(A 4 


2Q sin 26 


1 )a|p*** 


a*(sin 2a@ 2a@ cos 2a)p? 


Qg(A)[(A + 2) cos (A + 2) asin AO 
A cos A a@ sin (A + 2)6) 
2A + 1 


2a?(sin 2a — 2a cos 


Qe(A (X + 2)[eos (A + 2)a@ cos XO 
cos A@ cos (A + 2)6) 


, > 
) 2a cos 2(A + 1)alp*t* 


2a*|sin 2a 
(cos 2a — cos 26 


a*(sin 2a 2a cos 2a)p? 


In agreement with (42), the function ¢(A 
g 


(47 
. A+1 
£ p’*“¢(pidp, 


Asp-— 


appearing in (46), 
is given by 


and AJ is defined as in (37 


Case 3: @ = M& , and for fixed a, 


a) a 
¢ = la? = =. (3le'(0) — log p)(20 cos 2a — sin 26 
2a? sin 2a 


— 36 cos 20 + 4 sin 20 — 580 cos 2a 


— 6a6 sin 2a} + o(1); 


, 


Q " 


[12¢(0 


‘a eee Te 
12a*q@? sin 2a p? , 12 log p — 1) sin 26 


+ 126 cos 26 — 66 cos 2a} + o(p~*), 
(26 cos 2a — sin 26) 
4a*aq? sin 2@ p* 


Q i. 


tt 


+ o(p 


12a*a? sin 2a p? 


— 6 log p + 1)(cos 2a cos 20) 


+ 66 sin 20 — 6a sin 2a} + ofp? 


Here 


- lp . 
20) = — = f ¢(p)p log p dp. 
0 


ds (m0 


Discussion, Resolution of the Paradox 


In discussing the asymptotic expansions appropriate to the 
solution of the modified wedge problem, and established in the 
preceding section, we recall that the length a of each load seg- 
ment, as well as the loading p(r), are assumed fixed for the 
present; thus p = r/a— = is equivalent tor — , for the time 
being. The order-of-magnitude estimates contained in (43) to 
(50) can readily be improved by recourse to higher-order terms in 
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the corresponding residue developments. Such a refinement is, 
however, peripheral to our main objective. 

For Case 1 (0 < @ < @s) only the leading terms, which stem 
from the simple zero s; = 0 of G(s, a) and dominate the behavior 
at infinity, are shown explicitly in (43), (44). These terms, as is 
seen on comparing (43), (44) with (1), (2), are identical with the 
analogous formulas in Carothers’ solution and hence possess 
properties (a), (b), (c) listed in the introductory section. The 
dominating terms under consideration involve the resultant 
moment Q, are otherwise independent of the load distribution, 
and are characterized by stresses which are of the order r~? as 
The remaining terms in the residue developments (43), 
(44), which are not exhibited explicitly, individually conform to 
conditions (a) and (b), but satisfy (9), i.e., belong to self-equi- 
librated singularities at the vertex; the corresponding stress 
fields decay more rapidly, as r > , than do the stresses in (2). 

For Case 2 (as < @ < 7), the first two terms, which are, re- 
spectively, residues at the simple zeros s, = A(q@) and s: = 0 of 
G(s, @), appear explicitly in the expansions (46), (47). The 
second terms coincide with the analogous leading terms in Case 1, 
and are thus identical with Carothers’ results. They are here, 
however, no longer the dominating terms. In contrast, the 
dominating terms, which arise from the residues at s; = A(a@), are 
generated by an Airy function proportional to 


r—> ©, 


a (A + 2) cos (A + 2)a sin AO — A cos A@ sin (A + 2)0 


Q = , 
[sin 2a — 2@ cos 2(\ + 1)a]r* 


, 
(52) 


where J is the root of (31) lying in the interval —1 <s <0. This 
biharmonic function generates a stress field which has properties 
(a), (b), and possesses a self-equilibrated singularity at the vertex, 
as is easily confirmed with the aid of (7). Nevertheless, the field 
of stress associated with @ in (52) is of the order r~*~? as r > @, 
and hence decays less rapidly than does the stress field in (2), 
whose singularity has a couple as stress resultant. Furthermore, 
we note from (47) that the terms which dominate the behavior of 
the solution at infinity in the present case involve not only the 
resultant moment Q but, in addition, depend on ¢() and thus 
upon the specific distribution of the replacement loading. As 
pointed out in the introductory section, these conclusions con- 
tradict the conventional statements of Saint Venant’s principle. 

Case 3 (a@ = as), provides the transition from Case 1 to Case 2. 
Here again only the leading terms, which stem from the double 
zero s, = 0 of G(s, a), are shown explicitly in the residue expan- 
sions (49), (50). These terms, according to (49), are generated 
by an Airy function which may be written in the form 


d = ¢: + os, (53) 
where 


Q 


12a? si = [3 log r (sin 26 — 20 cos 2a) 
-Q@*° 81Nn 2<@ 


ai = 


— 30 cos 20 + 4 sin 20 — 50 cos 2a — 6a@sin 2a], (54 


_ Qie'(0) + log a) 
4a? sin 2a 


2 (20 cos 2a — sin 28). (55 
Both ¢; and @¢2 are individually biharmonic. Thus the double 
zero s; = 0 gives rise to two independent solutions of the field 
equations. The stress distribution associated with ¢,, for a = 
Qs (tan 2a = 2a), has properties (a), (b), (c), which underly the 
conventional formulation of Carothers’ problem; the correspond- 
ing stresses are of the order r~* logr asr— ©. The Airy func- 
tion 2, in turn, yields a field of stress which meets (a) and (6), 
satisfies (9), and is of the order r~2 as r— ©. We observe from 
(53), (54), (55), that the terms dominating the behavior of the 
solution at infinity here, which are generated by ¢,, as in Case 1, 
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are independent of the load distribution and depend merely on the 
resultant moment Q. 

We consider next the limit of the solution to the modified wedge 
problem as the length a of each of the two load segments tends to 
zero. In this connection we emphasize first that one is here, 
strictly speaking, concerned with the limit as a — 0 of a one- 
parameter family of solutions to the field equations (depending 
on the parameter a), which corresponds to a one-parameter family 
of loadings p(r, a), defined forO < r< ©,0<a<b. Thus p(r) 
in the boundary conditions (10), and in the appropriate subse- 
quent equations, needs to be replaced with p(r, a). 

Let the family of loadings here involved admit the representa- 
tion 


-O(p), p= (Os p<», O<ac<b), (56)" 


2a? a 


P(r, a) = 


where ¢(p) is a (dimensionless) load-distribution function which 
does not depend on a ezplicitly, vanishes for 1 < p < ©, and is 
continuous in the interval 0 <p <1. Thus only the scale of the 
loading is permitted to change as a is varied.'? Finally, let ¢(p) 
satisfy (41) so that the loading is statically equivalent to a 
couple of moment Q. Under these assumptions, Equations (43), 
(44), (46), (47), (49), (50) remain valid if the limit as p> © is 
interpreted to mean that a — 0 while (r, 6) are held fixed, pro- 
vided the symbol o(p ~?) in (44), (47), and (50) is replaced by o(1). 
We are thus led to the following conclusions: 

In Case 1 (0 < @ < as), (44) imply that the solution to the 
modified wedge problem, as a — 0, tends to Carothers’ solution 
(1), (2), for every choice of the load distribution ¢(p) consistent 
with (41). Moreover, it is not difficult to show that the present 
conclusion continues to hold if the replacement loading is no 
longer supposed to be normal to the boundary. This establishes 
the validity of the classical solution for a wedge under a concentrated 
couple at the verter, if the opening angle is confined to the range" 
0 < 2a < 2a. 

In Case 2 (as < @ < 7), as is apparent from (47), (48), the 
solution to the modified wedge problem tends to Carothers’ solu- 
tion (1), (2), as a —~ 0, only if the load distribution ¢(p), in addi- 
tion to (41), meets the subsidiary condition 

1 , 

f, pt+lo(p)dp = 0. 5 (57) 
If (57) does not hold, the limit under consideration does not exist; 
i.e., all components of stress become infinite throughout the field 
as a-—~0. Condition (57) does not admit a useful physical in- 
terpretation. Furthermore, since A in (57) is a function" of a, 
this artificial restriction of the load distribution depends on the 
wedge angle and cannot be met with a single distribution for the 
entire range Q@+ < a@< 7. 

In Case 3 (@ = as), we conclude from (50) that the limit, as 
a — 0, of the solution to the modified problem fails to exist, 
regardless of the choice of the load distribution ¢(p), since log 
r _ 

It follows from the foregoing discussion that the classical solu- 


asa-—>U 


tion corresponding to a wedge under a concentrated couple at the 

11 Note that 
of the family of loadings p(r, a), in contrast to (40), 
tion of ¢(p) for fixed p(r) anda 

12 This restriction is by no means essential. It would be sufficient 
for our purpose to require that p(r, a) vanishes fora <r < ©, is con- 
tinuous with respect to r in the interval 0 < r < a, and that a*p(r, a 
remains uniformly bounded as a — 0. 

13 Tt should be recalled that the replacement loading used in the 
modified wedge problem was restricted to be antisymmetric with re- 
spect to the wedge axis. This restriction is essential. If the replace- 
ment loading is permitted to possess a symmetric component, it can 
be proved that Carothers’ solution is reached in the limit as a —~ 0 
< 


56) represents an assumption concerning the structure 
which is a defini- 


only for wedge angles in the range 0 < 2a r. 


and Fig. 2. 


See (37 
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vertex——which displays a formal breakdown merely for a = Qs—is 
devoid of any useful physical significance for opening angles in the 
range 2a < 2a < 2m. Indeed, the very notion of a “concentrated 
couple’ applied to the vertex of an elastic wedge is inherently de- 
ficient in meaning for this range of the opening angle. 
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Note Added in Proof 


Comments received by the authors since preprints of the fore- 
going paper have become available reveal that the phrasing of the 
conclusions regarding the range of validity of the classical solu- 
tion (1), (2) to the problem of the wedge under a concentrated 
couple at the vertex is misleading and in need of modification 
Thus, it is stated in the Summary and body of the paper that 
the present analysis confirms the validity of Carothers’ solution 
for wedge angles in the range 0 < 2a < 2a. This statement is 
based on the limit behavior as a ~ 0 of the solution to the modi- 


fied wedge problem if the replacement loading is restricted to be 


Journal of Applied Mechanics 


antisymmetric about the wedge axis. As pointed out in Footnote 
no. 13 of the paper, once the replacement loading is no longer 
so restricted, Carothers’ solution (1), (2) is reached in the limit as 
a — 0 merely for 0 < 2a Z @, while this limit fails to exist for 
2a > 7. Clearly, the limit definition upon which we have based 
the idealized notion of a concentrated couple at the vertex of the 
wedge, is general only if the result of the underlying limit 
process is fully independent of the particular mode of distribution 
of the replacement loading. Consequently, the validity of the 
classical solution under discussion must be confined to the range 
0< 2a 2m. 
are bounded throughout the wedge region except, of course, in 


For this range of the wedge angle the stresses (2 


the neighborhood of the vertex. 
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Ductile Fracture Instability in Shear 


It is postulated that fracture occurs in an elastic-plastic, nonwork-hardening material 
subject to pure shear when a critical shear strain ts attained throughout a critical volume 
This postulate ts combined with the classical equations of plasticity to 
predict when cracking will initiate from a notch at nominal shear stresses below the 


yield stress, when the crack will become unstable on increase of stress, and when unstable 
cracking will occur if a notch 1s cut while a constant nominal stress is maintained 
Tests on aluminum foil under biaxial tensile stress show results similar to those pre 


dicted by the theory. 


I. 1923, Griffith [1]? presented a theory which pre- 
dicted the conditions under which a crack in an elastic material 
would become unstable and grow without further increase of ap- 
plied stress. While this theory gives quantitative results for the 
fracture of glass, it is not directly applicable to ductile metals. 
The difficulty is that if the elastic theory is used to calculate the 
stresses around the crack under typical loads of, say, half the yield 
load, it is found that material within about one eighth crack length 
of the tip of the crack is above the yield point. Actually, plastic 
flow will occur, upsetting the stresses and strains predicted by the 
elastic theory. While experimental work such as that by Sorensen 

2} and White [3] has shown that the stress required to produce in- 
stability of a crack varies approximately inversely as the square 
root of the crack length, as predicted from Griffith's elastic equa- 
tion, it has not proved possible to determine the constant of pro- 
portionality (which Griffith found to involve the surface energy 
for a brittle material) from other properties of a plastic material. 

The energy concepts so useful in elasticity are less useful in 
plasticity, where the energy absorbed depends not only on the 
present state of strain but also on the prior history. In other 
words, more energy may have been soaked up in the plastic zone 
than would be calculated from the observed strains at any given 
time, and the strains themselves are not uniquely determined 
by the current values of the stress. A detailed elastic-plastic 
analysis is necessary to determine the extent of this dependence 
By the time this analysis is carried out there 


on previous history. 
Such an elastic-plastic analy- 


isno need for the energy concept 
sis is difficult to obtain for cases involving tension, but the shear 
case is much simpler. The distributions of stress and strain have 
been found around a sharp notch in the face of a semi-infinite body 
subjected to pure shear by Hult and McClintock [4]. The maxi- 
mum shear strain occurs directly ahead of the notch and on the 
same plane. 

Experiments on repeated torsion of fully plastic bars have 


! This research was in large part supported by the United States 
Air Force through the Air Force Office of Scientific Research and 
Development Command, under Contract No. AF 18(600)-957. It 
was done in part at the Massachusetts Institute of Technology Com- 
putation Center, Cambridge, Mass. 
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Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Appied Mechanics 
Division, July 1, 1957. Paper No. 58—A-12. 
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shown that cracks progress from a notch on surfaces of maximum 
shear strain [5]. Thus the shear configuration of the crack rela- 
tive to the applied stress, shown in Fig. 1, will persist as the crack 
The plastic strain resulting from an incremental growth 
It is the object of this 


grows. 
of the crack has been found by Hult [6]. 
paper to use these results on the distributions of stress and strain, 
along with a fracture criterion, to predict when cracks will grow 
from the root of the notch as the stress level is increased, and 
when these cracks will become unstable and grow catastrophically 
without any further increase in stress. The corresponding theory 
will be developed for the case in which the stress is applied first 
and then the notch is sawed or cut while the material is under 


constant nominal stress 


Basis of the Theory 


The growth of a crack will be thought of as consisting of a series 
of steps. First, the stress on the notched specimen is increased 
until a point of incipient fracture is reached. Fracture then 
occurs for an incremental distance during which time the redis- 
tribution of stress in the neighborhood of the crack will cause a 
further increase in the total accumulated plastic strain there. It 
this increased strain due to redistribution of the stress is not 
enough to leave the material in a condition to satisfy the fracture 
criterion, further growth will not occur until the applied stress is 
increased. The process of increasing the applied stress and then 
cracking with’ associated straining on redistribution of stress is 
repeated until a stage is reached in which there is enough increase 








end 


Fig. 1 








A notch subjected to shear 
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in strain on redistribution of the stress to satisfy the fracture 
criterion. Under these conditions no further increase in applied 
stress is required and the crack will become unstable 

To carry out an analysis of this problem, it is necessary to have 
expressions for the strain due to increase of stress at fixed notch 
or crack depth, for a fracture criterion, and for the strain resulting 
from the redistribution of stress while the crack grows. In work- 
ing out the strains, it turns out that the applied and residual 
stresses enter in only in so far as they affeet the ratio of the 
radius of the plastic zone ahead of the crack, AR, to the crack 


depth ec: 
P= R/e 


Thus in the analvsis which follows, the plastic-zone ratio, P. 
rather than the applied stress will be used as an independent varia- 
ble, and only at the end will the applied stress associated with P 
be examined 

Variation of Strain With Plastic-Zone Ratio at Fixed Crack Depth. 
The distribution of the plastic strain ahead of a sharp notch or 
erack under increasing plastic-zone ratio, i.e., increasing stress, 
with fixed crack depth has been given by Hult and MeClintock 
[4]. They used the usual equations for an elastic-plastic, non- 
work-hardening material, and found that the plastic zone lay 
completely ahead of the notch as shown in Fig. 1. This result, 
while not immediately obvious, can be visualized from the mem- 
brane-roof analogy. The plastic strain is associated with 2-dis- 
placements of planes radiating from the crack front. The maxi- 
mum strain occurs on the plane of the crack. It was found that, 
as the plastic-zone ratio is increased by dP, the plastic-strain in- 
crement at ahead of the crack tip is given in terms of 
the crack ce pthe 


1 point 
the vield stress k, and the shear modulus G, by 


k ¢ 


’ 


“aP 


It is convenient to choose a notation for the rate of change of 
Partial 
derivative notation is unsatisfactory since the strain at a given 


strain with plastic-zone ratio at fixed crack depth 
point turns out to depend not only on the crack depth and 
plastic-zone ratio, but also on the history of the loading process, 
so that the order of differentiation is important. The notation 
adopted here consists of a prime (’) to denote rate of change, a 
subscript to denote the variable, brackets around subscripts to de- 
note the quantities held constant, and parentheses around the 


variables on which the rate of change depends: 
dy 
dP 


Before any cracking has occurred the notch depth will be con- 
stant at, say, ¢ 


limits of integration are, respectively, the current 


, and Equation (2a) can be integrated. The upper 
and lower 
plastic-zone ratio and the plastic-zone ratio at which the plastic 
zone first swept over the point in question, Py = r/co, giving 


ea ( r ) 
P - (2b 
Gor Co 
Fracture Criterion. In a nonwork-hardening material subject to 
pure shear, the stress is constant after the yield point is reached, 
As a first 
approximation one might postulate that fracture would occur 
when the strain reached some critical value, y,. But it will be 
noted that Equation (26) indicates a strain infinity at the very 
tip of the crack for any finite size of the plastic zone, and so the 
postulate that the fracture depends on only strain would indicate 
fracture as soon as any stress at all was applied. A way out of 
this predicament is afforded by the observation that the strain 


so any fracture criterion must depend on the strain. 
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infinity has no physical meaning because it occurs in an in- 


finitesimally small region of material. In establishing a fracture 
criterion it is probably better not to consider the maximum strain, 
but rather the average strain over some small region Certainly 
we know from unnotched torsion tests that fracture will occur if a 
region of moderate size is brought up to at least a critical value of 
the strain Probably the 
brought to the critical strain is of the order of the subgrain size 


size of the region which must be 
or slip-line spacing, for within these regions the strain is no 
Neuber [7 


concept in considering the elastic behavior of notches 


used a similar 
It is dif- 


longer even statistically homogeneous 


ficult to determine the average strain over a small region, how- 
ever, since the distribution of strain to either side of the crack is 
not known eacept for very small stress levels Therefore for the 
present purposes, the fracture criterion will be based on the strain 
directly in front of the crack, as follows: 

Fracture is assumed to occur when all the material for a dis 
tance p directly ahead of the crack has reached a cumulative value 
of the plastic strain equal to a critical value, ¥ ;. 

The structural size constant p should probably be related to 
the grain size (10~' to 10°* em) or the subgrain size or slip-line 
spacing (10~*to 10°'em). For this paper the size constant p will 
be chosen as a unit of length, so the macroscopic dimensions 2 and 
c will be of the order of hundreds to millions. This fracture cri- 
terion has been used in studying the growth of fatigue cracks 
under fully plastic torsion [5] 

Variation of Strain With Crack Depth at Fixed Plastic-Zone Ratio. 
The further plastic strain at a point resulting from an incremental 
growth of the crack has been developed by Hult [6]. (See also 
Appendix.) This problem differs from those usually studied in 
the mathematical theory of plasticity, in that the shape of the 
boundary changes while the applied stresses remain constant, 
but the analysis still involves the usual equilibrium, stress-strain, 
The result is that the rate of 
as the crack ad- 


and strain-displacement equations 
change of strain at the fixed pointzr(=c +r 
vances at constant plastic zone ratio is 

; : l cP 

Mt 4 - l . In 
GceP r r 

It will be noted that if the strain were a unique Tunction of crack 
depth and plastic-zone ratio, the order of cross differentiation 


would be immaterial: 


d*y(c, Py? 
ocoP 


o*y(c, P, 7 
oP ox 


But here the order of cross differentiation is significant: 


o] 0 
> # y c. IP. rI(¢, P. 
oc oP 


Analysis for Increasing Plastic-Zone Ratio 


Consider a specimen with an initial sharp notch of depth « As 
shear stress is applied to this specimen a small plastic zone forms 
and then grows from the tip of the notch. The plastic strain at 
any point within this zone increases as the zone grows. According 
to the criterion of fracture, fracture will begin when the plastic 
strain a unit distance ahead of the notch reaches y,. Under these 
conditions the strain distribution ahead of the notch is indicated 
by the lowest solid line of Fig. 2. 

Now consider the growth of the crack by an amount de. If 
there were no further plastic strain associated with the growth of 
the crack, a point a unit distance in front of the new tip of the 
crack would now be in material in which the plastic strain was less 
than vy, by the amount (Oy/0z),, pde, shown in Fig. 2. But 
actually, there is some plastic straining ahead of the crack as the 
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Fig. 2 Accumulation of strain 
during crack growth 


Accumulated Plastic Strain 


pe P= in 
) A 
Cotdc ep=| 


Distance, x - 


crack grows. This is shown in Fig. 2 by the difference between 
the lowest dotted line and the lowest solid line and can be de- 
scribed as Y’e,;p,z)dc. If this plastic strain due to the growth of 
the crack is smaller in magnitude than that given by the strain 
gradient, (Ovy/0zx),, pde, then the fracture criterion will no longer 
be satisfied and further increase in the plastic-zone ratio, i.e., 
stress, will be necessary to make the crack progress. This in- 
crease in plastic-zone ratio can be found by equating the required 
strain increment to y’p,{-,z;dP. A similar situation holds at each 
stage of the advance of the crack so that the condition for the 
growth of the crack is 


( oY ) ‘ 
— de a Ye tp, 2ide + Y'P.te. 21dP =Q@Q at r=1 (4) 
oz e,P 

The plastic-strain gradient at a unit distance in front of the 
current tip of the crack, which appears in the first term of Equa- 
tion (4), has been building up ever since the plastic zone first 
swept by the point in question. As indicated in Fig. 2, there was 
an initial strain gradient caused by the stress applied before the 
crack started to grow. Then this gradient was increased further 
by the plastic strain occurring during the first elemental growth 
of the crack. This difference in strain gradient is indicated by the 
difference in slope between the lowest solid and the lowest dotted 
line of Fig. 2. Then there was a further increase in strain gradient 
due to the increase in applied stress required to prepare the crack 
for growth by a second incremental amount, de. Then a still 
further increase in gradient caused by the second incremental 
growth of the crack, another by the second stress increase required 
to prepare the crack for a third incremental growth, and so on. 
Thus we may describe the gradient obtained when the crack has 
reached to within one structural unit of the point in question by 
the following equation, in which the variable crack depth is de- 
noted by &: 


oY oY “| 2 : 
= — ( IP. 2)) 
( or ) P (2 ).., * f ER era 


er dP : 
a (Y’P.té. 21) dg (5) 
x d 


g 

The various terms in Equations (5) and (4), respectively, will 
now be evaluated. The initial strain gradient appearing as the 
first term in the right-hand side of Equation (5) depends on the 
extent of the plastic zone, Ro = coPo, when the crack first begins 
to spread. This radius is found from the integrated form of the 
equation for strain due to applied stress at constant crack depth, 
Equation (2b), evaluated at the unit structural distance ahead of 
the root of the notch, i.e., at r = 1: 


3. 


k 
% = @ (coPo — 1) (6) 


From Po found in the foregoing, the first term in the right-hand 
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side of Equation (5) will now be evaluated, giving the strain 
gradient ahead of the notch at the stage of incipient cracking. This 
is found by differentiating Equation (2b) with respect to z (or 
r since r =  — cand cis held constant). In particular, we shall 
be concerned with the point which is a unit structural distance 
ahead of some subsequent notch depth c, so that r = c + 1 — e. 
This gives for the initial strain gradient 


ra) k (2 k+1 ' 
or G r 


k (Gy,/k + 1) 
G (ec + 1 — ¢o)? 


The first term under the integral of Equation (5) gives the rate of 
change of the strain gradient with crack growth when the crack is 
a distance r = c + 1 — & away from the point in question. This 
is found by differentiating Equation (3) with respect to x (or 
again, r = z — c since c is constant): 


a k ( EP(E) ) l 
(y’ i=- 1+h 
dz Y e.1P, G es tl1—é/(e+1— &) 


The second term under the integral of Equation (5) is the rate of 
change of strain gradient ahead of the crack due to the increase in 
plastic-zone ratio required to make the crack grow. This term is 
found by differentiating Equation (2a) with respect to z (or aguin, 
r) and evaluating it atr = c + 1 — €: 

° dP 


(Y’P.te. 21) :- 
a oO a ! 


The second term in Equation (4) is found by evaluating Equation 


(3)atr=1: 
k k 
= (1 +P) 4 In cP | de 
GceP G 


is found from Equatior 


, 


—— 
The third term in Equation (4) 
evaluated at r = 1: 


ke 
dP 


y'pt. zaP = 
shies G 


Now Equation (5) is substituted into Equation (4), and 
Equations (7) through (11) are also inserted, giving an integral 
equation for the plastic-zone ratio P in terms of crack depth c 


k (Gy,/k +1) 
G (c +1 — ce)? 


k 
G cP 


G 
The next to the last term can be simplified for practical cases by 
neglecting 1/cP and 1/c, since, as mentioned before, the radius of 
the plastic zone, cP, and the notch or crack depth c will be 
hundreds to millions, in terms of the structural size units. With 
this approximation Equation (12) can be simplified by defining a 
new group, y, as: 


ke dP 


l 
4 + In cP 
a nc )4 i 


iP 
(c) = IneP + ¢- 13) 
dc 


With this change of variable Equation (13) can be written: 


Gy,/k + 1 
(c + 1 — c&)* 


In (c + 1 — eo) 
ae 


¥(c) = 


c+1— Co 


© WEdMdE 


(14) 
a @t+i- & 


+ 
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This integral equation yields the group W as » function of the 
crack depth c in terms of the initial notch depth co and the initial 
ratio of plastic strain at fracture to yield strain, Gy,/k. Once 
the group W has been evaluated from Equation (14), the plastic 
zone ratio P can be determined by integrating Equation (13). 
Numerical calculations indicate that the cracking does not be- 
come unstable until after the crack passes through the plastic 
zone present when cracking first begins. When this initial 
plastic zone has been cracked through, the lower limit in Equa- 
tion (14) must be changed to the crack depth at which the plastic 
zone first began to affect the point in question, which is a unit 
structural distance ahead of the current crack depth. As indicated 
in Fig. 3, this radius is given implicitly by 
oP(o)=c+1—aq (15) 
Thus beyond the initial plastic zone, the following integral 
equation applies for the group y: 


c ( 7 
+f wee 
ea oS = EP 


The relation between the plastic-zone ratio and the applied 
stress has been found by Hult and McClintock [4] for the case in 
which there is no crack growth. At low and high stress levels 
the relation for a sharp notch becomes 


In oP(e:) 


16) 
oi P(e) ( 


Ve 


= (7/k)* as t/k ~0O (17a) 


P = R/c 


P = R/e = 4/n{1 — (7/k)*) as tT/k > 1 (176) 
At intermediate stress levels a numerical integration is required, 
the results of which are given in Fig. 2 of [4], and may be ap- 
proximated within 2 per cent by the following interpolation be- 
tween Equations (17a) and (176): 


7 \* (4/m)(7r/k)? 
r = R c= l + 
k 1 — (r/k)? 


The relation between stress and plastic-zone ratio has not been 
found for the case in which crack growth is occurring, because of 
difficulties associated with the residual stresses which develop. 
Two facts indicate that the radius of the plastic zone may not be 
affected seriously by these residual stresses: (a) The residual 
stresses do not affect the total shear force transmitted across the 
section ahead of the crack, nor the stress within the plastic zone 
which must, of course, equal the yield stress. (6) Since the residual 
stresses will tend to be concentrated along the sides of the crack, 
they will be a long way from the elastic area ahead of the plastic 
zone and hence may be expected to have small effect. Therefore 
pending a more careful study it will be assumed that Equations 
(17) hold even in the case of a growing crack. 


(17¢e) 


Analysis for a Notch Cut Under Fixed Stress 


Consider a semi-infinite specimen to which a shear stress is ap- 
plied at infinity and in which a notch is then cut while the applied 
stress is held constant. This leads to the same configuration as 
shown previously in Fig. 1, but the strain history is different. 
The question now is whether or not, if the notch is cut to a cer- 
tain depth, it will become unstable and grow by itself without 

‘further cutting. 

Fracture is assumed to occur when the plastic strain at a point 
a unit structural distance ahead of the notch first reaches the 
fracture strain. The plastic straining at a point first begins when 
the plastic zone reaches that point, as shown in Fig. 3. The rela- 
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Fig. 3 Growth of 
plastic zone 


tion between the crack depth at which this occurs and the crack 
depth when the crack is a unit structural distance from the point 
in question is given by 


aP+aqa=c+1 (18) 
The plastic-zone ratio P is assumed to be practically constant 
since the applied stress is constant. The plastic strain developed 
at the point in question while the plastic zone sweeps over it is 
found from Equation (3), where r = c + 1 — &: 


k efi 
a S. Pé 


A change of variable in the second term of the integral to » = 
1/(c + 1 — &), integration according to No. 439 of [8] and 
evaluation of c,; from Equation (18) yields 


In? P(e + 1 


P+1, oP +1 In? (P + 1) 


r+ 1 2 

J ( .. y 20) 

n? \P +1, 
The left-hand side of this expression is the ratio of plastic strain at 
fracture to yield strain, which for ductile materials is of the order 
of 100 to 1000. The last two terms in the right are of the order 
of magnitude of unity for large values of P, and are much smaller 
for small values of P and thus may be neglected. The third term 
on the right may be neglected in comparison to the second when 
the crack depth c is hundreds to millions of structural size units. 
On the assumption that the first term goes to unity for small P and 


n 


large c, one obtains 


e = elA@ys//k—-1)) “7p — | (21) 
ror to J 

which is valid only for c > lor? < ¢ 2(G7s/k-0)'"* although it 

still may be that P >1. To verify that the first term was in fact 

negligible, substitute the result into the first term of Equation 

(20): 


P 1 
Be l 


c(P + 1) 
I 
P e+ 1 


] (P 4 1 )(el2(@rs/k-1))'* /p — 1) 
n : 


P el2(@7s/k—1))'/* /p 
Since P< exp [2(Gy,/k — 1)]'/*, this may be approximated by 


P+1 
In (P + 1) 


For small values of the plastic-zone ratio P this approaches unity. 
For large values of P this is smaller than the third term, which had 
been dropped already. Thus the approximation leading to Equa- 
tion (21) has been justified. 

Equation (21) not only gives the notch depth at which cracking 
ean first occur in front of a cutting tool; it also gives the point of 
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instability, for as the crack grows deeper, the strain a unit struc- 
tural distance ahead of the crack becomes larger than the fracture 
strain, since the right-hand side of Equation (20) increases mono- 
tonically with ce. 


Discussion of Theoretical Results 


The first conclusion which will be drawn from the foregoing 
analysis is that, for deep notches, the stress for incipient fracture 
varies inversely as the square root of the notch depth, just as in 
the case of the Griffith equations. The actual relation, as found 


from Equations (6) and (17a), is 
¥ i/ 
eG ey 
k k Co 
(Here the notch depth co and the structural size unit p are given 
in dimensional form for emphasis.) Equation (22) indicates that 
the size of the notch influences the stress at which cracking will 
begin; of two geometrically similar specimens of the same ma- 
terial, the larger will begin to crack at the lower stress. For 
smaller initial notch depths, Equation (17a) no longer holds, but 
the relation could be obtained from Equation (17c) and Equation 
(6). 

The second conclusion is that this cracking could be observed 
even when the nominal stress is appreciably below the yield 
strength. The less ductile of the engineering metals have a ratio 
of plastic strain at fracture to yield strain of about 100. The 
structural size, which is probably related to the subgrain size or 
the slip-line spacing, is certainly smaller than 10°? em, and 
probably more like 10~* to 10-*cm. But taking the larger figure, 
which also represents nearly the limit of the sharpness of a 
machined notch, and taking a notch depth of 1 cm, one finds from 
Equation (6) that the plastic-zone ratio for initial cracking would 
be no more than unity. According to Equation (17c) this would 
only require that the applied stress be 68 per cent of the yield 
strength. Thus it should be quite possible to find evidence of 
cracking before the nominal stress exceeds the yield strength. 

The third conclusion is that initially the crack is stable; that is, 
after the first incremental growth of the crack, an increase in 
stress is required in order to produce further crack growth. This 
can be concluded by noting that initially, at c = co, Equation 
(14) reduces to Yo = 1 + Gy,/k. Thus from Equation (13) the 
initial value of dP /de is given by 


dP _— Cl + Gy,/k) — In (I + Gy4/k 
le}, Co 


(22) 


th 


Thus (dP/dc) is always positive. Since the plastic-zone ratio P 
increases monotonically with applied stress from Equations (17), 
the applied stress must increase with increasing crack depth. 
This rate of stress increase is not small; if the logarithmic term in 
Equation (23) is neglected, it turns out that (dP/dc) = P, so that 
the plastic-zone ratio about doubles while the crack grows by one 
structural unit. Numerical calculations indicate that this rate of 
increase falls off rapidly. 

The next question is whether the rate of increase of plastic-zone 
ratio, i.e., applied stress, falls to zero before the applied stress 
reaches the yield stress. In other words, can instability occur be- 
fore the part becomes fully plastic? By considering the instabil- 
ity that can occur during cutting a notch under constant load, 
one can develop a strong suspicion that instability will occur also 


under an increasing load. For if, under increasing load without 


cutting, the crack grows through the distance of one plastic zone 
after the load has risen to that value which would cause instability 
at that length on cutting at constant load, then the strain dis- 
tribution ahead of the crack must be as bad as in the case of cut- 
ting under constant load, which was bad enough to produce in- 
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But the foregoing argument is the kind one uses to 
More concrete evidence 


stability. 
develop his theories, not to prove them. 
is given by the results of integration of the equations relating the 
plastic-zone ratio to the increase of crack length, Equations (12) 


through (16). 

The results of such an integration, carried out on the IBM 704 
computer, are shown in Fig. 4 for three values of the initial notch 
depth, and for a ratio of plastic strain at fracture to yield strain 
of 10. Also shown on Fig. 4, by dashed lines, are the loci of in- 
stability for cracks cut under constant load for ratios of the plastic 
strain at fracture to the vield strain of 10 and 20. As discussed 
previously, at first rather large increases in applied stress are re- 
quired for crack growth. Instability occurs when the curves be- 
come horizontal, and for the cases calculated it occurs somewhat 
beyond the locus of instability of cracks cut under constant load. 
The difference is not large, because the crack has grown through 
one plastic zone (R/p = cP/p) at almost the final value of the 
plastic-zone ratio, so the history of the material near the tip of the 
crack is almost the same as if the crack had grown at constant 
plastie-zone ratio. 

With the program used in computing, it was not practical to 
carry out computations for larger values of y,. But since in- 
stability on loading a precut notch seems to be related to the 
instability on cutting at constant load, some idea of the order of 
magnitudes involved may be found from Equation (21 Again, 
assume a ratio of plastic strain at fracture to vield strain of 100, 
and assume a ratio of nominal applied stress to yield strength of 
0.68, giving a plastie-zone ratio of 1. now finds that the 
crack depth required for instability is e@”)* or about LO! 
The smallest estimate of the structural 


One 
times 
the structural size unit. 
size unit, corresponding to 1000 atomic spacings, was 10 * em 
Thus a crack at least 10 em, perhaps several meters deep, would 
be required for unstable cracking of a ductile material in pure 
shear. This confirms our experience with normal sizes of shaft- 
ing, in which unstable shear fracture is not a problem! 


Experimental Results 


In the absence of experimental data on shear cracks, these 
theoretical results may be compared with preliminar Vv experiments 
run on aluminum foil biaxially stressed in tension, using the same 
material and apparatus as White [3]. Panels 36 in. sq were 
extended biaxially with grips which were stiff in the direction of 
loading but free to adjust laterally to the transverse motion of the 
foil. Cracks the 0.00025-in-thick, H19 temper 
aluminum foil with a razor blade. Some creeping of this material 
was observed both in ordinary tensile tests and in the notched, 
biaxial tests, and variations in testing rate may contribute to the 


were cut in 


scatter. 

The results of these experiments are shown in Fig. 4 for four 
different values of the initial crack length. Also shown in Fig. 4 
are three points of instability attained on cutting a crack under 
constant load. It will be seen that the shapes of the curves are in 
good agreement with the theoretical calculations Photomicro- 
graphs at X 10 of the region ahead of the crack showed a dimpling, 
or roughening of the surface, with a characteristic size of 0.004 + 
20 per cent. The strain immediately in front of the crack was 
measured over this gage length by noting the increase in spacing 
of lines lightly scratched on the foil before loading, and was found 
to be about 0.06 + 20 per cent. A similar figure is obtained by 
assuming that the fracture arises from a necking between ele- 
ments of length 0.004 in., and that during the necking the 
elements separate by the thickness of the foil, 0.00025 in. The cor- 
responding average strain is 0.07 + 20 per cent. Taking the 
former figure along with a yield strength of 25,000 psi and a 
modulus of elasticity of 10’ psi gives a ratio of plastic strain at 
fracture to vield strain of 25 + 20 per cent. In plotting the re- 
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sults, the half length of the crack was used, so that experiments 
with 6-in. cracks were plott« date p TOO 

It will be noted that the experiments agree more closely with 
the theoretical curve calculated for Ys 


10 than with that for y, 
20. 


Further experiments, aimed at a closer observation of the 
foil and its properties, are under way, along with tests on circum- 
ferentially notched bars in torsion. In this latter case the state 
least ipproximates that of the analysis, and the 
process should be one of lracture, rather than the localized neck- 
in the foil. On the other hand, 


instability will oceur until the bar is almost 


of stress at 


ing which takes place it does not 


appear likely that the 
fully plastic 


Conclusion 


Even the 


tensile 


with qualifications about comparing the shear 


data, the encouraging. For 
both theory and experiment, the eracks tend to form and to 
While 
with the longer 
cracks, the per cent Increase in length of the cracks is less. Thus 
the larger of two geometrically similar specimens will crack first 
and the crack will become unstable after relatively less growth. In 
short, the larger 


theory with 


results are 
become unstable at lower stresses, the longer the crack. 
there is more crack growth before instability 


specimen will be less ductile. For both the 
theory and experiments the locus of instability under increasing 
stress is somewhat above the locus of instability on cutting at 
fixed stress. And finally, the order-of-magnitude estimate from 
the theory is in agreement with general experience that ordinary 
sizes of shear cracks are not unstable in torsion below the yield 


strength. 
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thus -~--. Three experimental points at a 
stress ratio of 0.28 are shown by arrows. 
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APPENDIX 


Derivation of Complete Equation for Strain on Crack Growth at Con- 
stant Plastic-Zone Ratio. Hult gives as Equation (11) of his pub- 
lished article [6] the following equation for the rate of strain with 
crack growth in the plastic region: 


December 1958 / 587 





Y'e.:P.2:(c, Pr) = Y'etp,2i(e, P, R) + 4 In 4 (24) 
Gr r 

The strain change referred to here is the component dy,, = 
d(0w/dy) along the z-axis, the component dy,, = d(Ow/dzr) being 
zero along the z-axis. The first term on the right-hand side of 
Equation (24) refers to the rate of change of strain with crack 
growth at the fixed point which is just being swept over and left 
behind by the elastic-plastic boundary. The first step in evaluat- 
ing this term is to show by continuity arguments that the rate of 
change of strain with crack growth is continuous across the elas- 
tic-plastic boundary. If this term were discontinuous, progressive 
growth of the crack would leave a series of strain distributions 
such as shown in Fig. 5. The hypothetical discontinuity in y’..;p, 2) 


dy 24($*) Se 


*¥c,[R x] 9 





“ Pdx x 
X-ct+R 


Fig. 5 Hypothetical strain increments at elastic-plastic boundary 


is converted to a discontinuity in slope of y by integration 
with respect to dc. This discontinuity in slope leads to a discon- 
tinuity in (0*w)/(drdy) and hence in dy,,/0y. Hence either side 
of the z-axis there will develop a discontinuity in y,, itself. Such 
a discontinuity would not develop with the continuous distribu- 
tions of the stresses, so the assumed discontinuity in ’..,p, 2 
cannot exist. The first term on the right-hand side of Equation 
(24) can therefore be evaluated in the elastic region, where it is 
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found by considering the increase in strain at a point initially dX 
in front of the elastic-plastic boundary as the boundary ad- 
vances to that point: 


1 (or 
’..1p.21(¢, P, Ride = —— | -— ve dX 
Y'e.1P, a(¢, P, R)de G (= ¥ 


In terms of the stress potential @ which in the elastic region satis- 
fies V*@ = 0 this can be written 


1 a dX 1 a% dX 
- (P,z ( ’ P, fi paw a = ~* ve 
Var ats . G oy? de 


(25) 


G oz? de 


But the curvature 0°¢/dy? is continuous across the elastic-plastic 
boundary, and in the plastic region where ¢ = —kr the curvature 


is 
=) " 
oy? yo. Rk 


Finally, if the plastic-zone ratio P stays constant, i.e., the stress 
is approximately constant, the co-ordinate of the plastic zone is 
X =c+R =c(1 + P) and hence 


dX 
-=1+P 
de 


—k/R (26 


Combining Equations (24) through (27) yields finally 


ik 
i = —(1+ P)+s 
a * ce * 


Essentially, the foregoing equation was stated by Hult [9], but 
the derivation depends on the continuity arguments given here. 


Transactions of the ASME 





Relief of Thermal Stresses Through Creep 


Equations are developed for analyzing the effects of thermal creep on stress distribution 
In formulating these elastoplastic equations, the tensile test stress-strain creep data are 
extended to compound stresses by means of the Mises-Hencky hypothesis. The various 
equations are manipulated to yield a numerical procedure by means of which the stres 
and strain components are computed successively at the end of various time intervals 
In these calculations it is assumed that the initial creep rates remain constant durin, 
each tine interval. The resulting equations are applied to the axially symmetri: 
problem of relief of thermal stresses in an infinitely long cylinder which is quickl 
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heated to a parabolic temperature, and maintained at that temperature. 
The calculation is reduced to repeated solutions of a certain second-order 


General Engineering Lohoratory, 


tre neglected. 
General Electric mpany. : egg 


ordinary differential equation. 
stresses caused by the creep. 


End effects 


Curves are plotted showing the gradual relief of the 
The methods developed are illustrative of a procedure 


which may be followed for other stress-creep problems 


1 Introduction 


l. the following a study is made of the relief of 


thermal stresses through creep. General nonlinear partial dif- 
ferential equations are set up for the local rates of creep and the 
resulting rates of change of stresses. The analysis is then applied 
in detail to the case of a long cylinder with a radial temperature 
distribution. As a result of the radial symmetry and the inde- 
pendence of the axial distance, the partial differential equations 
are reduced to ordinary differential equations in functions of the 
radius, though they still remain nonlinear in the dependent varia- 
bles 

It is assumed that the cylinder, initially at a constant tempera- 
ture and free from stresses, is quickly brought up to a radial 
temperature distribution and maintained at that temperature for- 
ever after. The resulting thermal stresses cause creep whose rate 
depends in a complicated way on the stress, the temperature, 
total local plastic creep or deformation. The 
problem considered is the calculation of the manner in which this 


as well as the 


creep reduces and modifies the thermal stresses. 

To formulate the laws of plastic flow or creep for the material 
in question, we assume that many tensile tests have been carried 
out, and the results are available in the form 


e” = F(a, t, T), 1) 


where e” represents the total creep or plastic extension of a tensile 
specimen at a temperature 7’, subject to a tensile stress 0, and ¢ 
is duration of the test. For a fixed 7, equation (1) leads to a 
family of curves shown schematically in Fig. 1, each curve relat- 
ing to a particular stress. 

From (1) one may determine the rates of creep 


de” dF(o, t, T) 


dt ol 


’ 
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that is, the slopes of the curves in Fig. 1. By eliminating ¢, on 


obtains 


° 
thus expressing the creep rate in terms of the total creep (and 
stress and 7’). 

While as derived, equation (3) applies only if e has been pro- 
duced by keeping ¢ constant, it will be assumed that this relation 
applies no matter how e” has been attained (provided T is con- 
stant). Such a relation is sometimes called an “equation of 
state.”’ 

Physically, such an equation of state (3) implies that the rate 
of creep or rate of change of plastic strain depends only on the 
instantaneous values of the stress and the plastic strain, and thus 
is dependent neither on the manner in which the strain was at- 
tained, nor on the time it took to attain its value. The curves (1 
can be obtained by integrating (3) for constant o and 7’. In turn, 
Equation (3) can be obtained from the curves of Fig. 1 by finding 
the slope at each point and expressing (or plotting) this slope as 
a function of the stress value and local value of plastic strain (as 
well as the temperature 7). 

Equation (3) implies that if, after a point P; on Fig. 1 has been 
reached by the application of a load o; for a time 4, the load is 
suddenly changed to a value o2, then the representative point on 
Fig. 1 will jump to P2, a point corresponding to the same e” and 
the new a2, and proceed to creep along the curve through /’. 
Indeed, for ¢ > t the slope of the strain-time curve is to be ob- 








Plastic strain 
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Fig. 1 





tained by switching to the new o-curve but keeping the value of 
the plastic strain attained at f,. 

As stated, the foregoing relations are generally obtained ex- 
perimentally from tensile tests. It will be assumed that they can 
be carried over to compound stresses ¢;; and strains e,;” by means 
of the Mises-Hencky hypothesis, as explained in Section 2. In 
this form they are applied to the problem in question. 

At any time the total strains e,; consist of a sum of three com- 
ponents: 

"+e." + kT6,;; (4) 


= ¢;, 


,;' are the elastic strain components and are related to the 
stresses by means of Hooke’s laws; e,,” are the plastic or creep 
components and related to the instantaneous stresses in the 
;; are the Kronecker symbols (6;; = 1 
The basic equations to be solved thus 


here e 


manner to be described; 6 
fort = 7, O fort # Jj). 
include Hooke’s laws relating (the components of) e’ and o, and 
the creep laws given by (3) and its generalizations. The latter 
constitute a system of differential equations. 

Starting with the initial thermal stresses and strains (and no 
initial plastic or creep strains), creep proceeds in accordance with 
equations (3) and their extension to compound stresses. This 
creep tends to modify the dimensions of each element of volume. 
If each element were free to creep at its proper rate, the modified 
elements would not fit, since they either tend to crowd into the 
same space or tend to open up cracks. These tendencies are 
avoided, and other kinematic conditions pertinent to the problem 
are obeyed by proper modification in the elastic stresses and 
strains. The latter are determined by expressing the total strains 
in terms of components of a displacement vector satisfying the 
kinematic conditions of symmetry (or by using proper equations 
of compatibility). Further relations are given by the equations 
of equilibrium which apply to the stresses at all times. Thus 
summarizing and using a somewhat schematic notation, the equa- 
tions to be solved are 


l v ‘ 
Hooke’s laws: e;,’ = — | o;; — >. Tre | 94; |, 
2G ‘ 1+p k , 


Rates of creep: 
Strain-displacement relations: 


Or, 


00; 
or, 


= 0, 


Equilibrium equations: 2: 
J 


where E is Young’s modulus, v Poisson's ratio, k the coefficient 
of thermal expansion, u,; the components of vector displacement. 

While the relations given by Equations (5)-(8) utilize reectan- 
gular co-ordinates and displacement, strain, and stress com- 
ponents, these relations may, of course, be expressed in other co- 
ordinate systems. For problems with cylindrical symmetry, such 
as the creep problem in a long cylinder considered in Sections 3-5, 
cylindrical co-ordinates r, 9, z are more suitable. With the tem- 
perature 7’ dependent on the radius r only, the end effects 
roughly extend to a height less than the radius a. Over the re- 
maining portions, the stresses, strains, and rates of creep turn out 
to depend only on r (as well as on time), thus reducing the com- 
plexity of the system of equations to be solved. Moreover, the 
directions of principal stresses (and hence also of the strains 
coincide with the directions of increasing r, 6, z, thereby eliminat- 


ing from consideration the shearing stresses and strains. Further- 
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more, except near the ends, ¢, turns out to be a constant (though 
time dependent). 

As a result of these simplifications, equations (5)—(8) reduce 
to a more tractable form. Certain features of the solution, how- 
ever, are typical of general creep problems and serve to illustrate 
the basic features of general creep and stress-relief calculations. 

The solution of the nonlinear creep equations (3)—(8) is carried 
out by the rather crude procedure of assuming that for a certain 
time interval At the stresses and also the rates of creep do not 
vary with time. The net changes Ae,;” in the plastic strains are 
found by multiplying the initial rates of creep by At. With the 
resulting changes in plastic strains e;,” it is necessary to solve 
equations (5), (7), (8) for the corresponding changes in elastic 
strains Ae,,’ and the total strains Ae;,, and displacement Au,. 
Under the assumed cylindrical symmetry this calculation for 
each At is equivalent to the calculation of therma! stresses in a 
disk, and leads to the solution of an ordinary linear second-order 
differential equation. 

We further simplify the problem by neglecting the variations of 
the elastic constants E, v, and the coefficient of thermal expansion 
k with temperature. As a result, the second-order differential 
equation has coefficients which are independent of 7 

The particular forn of equation (3) used in the example dis- 


cussed in Section 5 is given by (€ denoting e” 


a € DT . 
_ - efter 
cn) €) 


where oy, &, D, E, E’ are constants, and 7 is the absolute tempera- 


ture (in deg K). The values of the constants used are given by 


E = —0.1606, 


E’ = 0.625 X 1073, og = 100,000 psi, 


D = 1.785 X 1074, € 10° in/in hr 


Equation (9) is based on the work of Carreker,' though the con- 
stants in (10) were chosen purely for illustrative purposes, with- 
out reference to specific materials. 

Integration of equation (9) for € yields 
e = [ef(E + E’T + DT 


DT |PTUR+E'T + DT) (g/g, 


This is the form of equation (1) corresponding to equation (9). 


In Section 5, equations (9) to (10) are applied to a specific 
example; namely, the relief of thermal stresses in a long cylinder, 
a particular temperature distribution, neglecting end 
It should be emphasized, however, that in principle the 


due to 
effects. 
procedure outlined can be applied to general stress-creep problems, 
for objects of arbitrary shape, with arbitrary temperature dis- 
tributions, and in which the initial stresses are either of thermal 
origin, or are produced by forging, casting, or structural loads. 

The simplicity of the cylindrical problem lies in the fact that it 
reduces merely to successive solutions of an ordinary second-ordet 
differential equation in radial displacement u. In other cases, 
however, the solution cannot be determined without solving re- 
peatedly the general elasticity equations, which are partial equa- 
tions in three displacement components. 


2 Mises-Hencky Extension of Creep-Stress Relations of 
Compound Stresses 


Fig. 1 and equations (1 
a is the tensile stress, e” the plastic elongation in the direction of 
We consider the extension of plastic strain and creep 
It will be assumed that 


(3) apply to tensile tests, in which 
the tension. 
relations (1) to (3) to compound stresses. 


1R. P. Carreker,, “Plastic Flow of Platinum Wires,” Journal of 
Applied Physics, vol. 21, December, 1950. 
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shese tensile-test curves are to be earried over to compound 
stretses by means of the Mises-Hencky method 


Since this extension has been described by many authors (see, 


for instance, the list of 27 references at tie end of paper by N. J. 


Hoff?, et al 


First one assumes that the three principal strain rates 


we shall outline it very briefly 


1? 

al 
are directed in the same directions as the principal stresses 0), 02, 
o;, with the largest strain rate corresponding to the largest stress. 
issumes similarity of the Mohr circles in the stresses and 


leseribed by 


One next 


strain rates 


Furthermore, it is assumed tiat plastic flow or ereep is 


times such as to produce no net chanae 


One next computes the eqummalen tress o for the three principal 


stresses by means of the equation 


Oo = ao 7 og 0 


and the equivalent rate of) strain @ bv means of 


The assumption is now made that if equation (3) for the tensile 
tests is expressed in terms of &, é, and dé/dt which are characteris- 
tic for the tensile test, the resulting form will carry over to the 
equivalent stresses and (plastic) strains for general, compound 
stresses. 

For a tensile test, since the creep involves no change of volume, 
the extensions in the direction of the tension and at right angles 


are given by 
17) 


and hence 


\ 


Equation (15) yields similarly for 


19 


In place of the equivalent stress 7, one Mav use an “equivalent 
tensile stress’’ which is a tensile stress leading to the same @ as the 
three actual stresses. This will be denoted by o, where on apply- 


ing equations (15), 
20) 


Similarly, one may use an “equivalent tensile strain,’’ denoted by 


e", related to é" by means of (18), which represents the plastic 


elongation, having the same equivalent (plastic) strain as the 


three actual strains. There results 


21) 


N. J. Hoff, A. Ferri, and P. A. Libby, Proceedings of the Con- 
ference on High-Speed Aeronautics, Polytechnic Institute of Brook- 
lyn, January 20-22, 1955, pp. 270-308. - 
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ind a similar relation for ¢’ Equation (3) now applies 


to ag, e” without change 


A solution of equations is given by 


where A is to be determined. By subtraction there result three 


equations of the form 


To solve for A we square equations Substituting 


+0 23), 


there results 
(3) 
dt : 


Taking square roots and comparing with equations ; 


trom equatior s 


{°¢ 


vields 


where / 1s the slope of the curves of Fig l [see equation 3 


Substituting back into (22), it is evident that the values of the 
rates of change of the principal strains are completely determined. 

It is known that in the elastic state the elastic energy can be 
broken up into a sum of two parts, one of which is energy of 
volume compression, the other the energy of distortion. Except 
for a proper constant multiple, the energy of distortion is equal to 
&* or o°, The foregoing assumptions 
regarding the creep rates imply that the equivalent stress brings 


defined by equation (20 


about only a distortional change and is not affected by nor does 
it influence the voluine compression or elastic energy of compres- 


sion, Possible nonisotropy resulting from creep is not permitted 


3 Differential Equations for Axially Symmetric Problems 


We now consider the axially symmetric creep problem for a long 
evlinder of radiusa. We introduce cylindrical co-ordinates r, @, z, 
with r = 0 along the axis of the eylinder. We suppose that 7 = 
T(r As stated in Section 1, neglecting the end effects, the 
radial, azimuthal, and axial directions are principal directions of 
stress and also of strain; hence the shearing stresses and strains 
relative to these directions vanish. Thus the 6 strain components 


e,, may be reduced to 3 only, which we denote by e,, ¢@, e,; the 


stress components reduce to ¢,, 0, ¢, 
We now break up the strain components as in equations (4 


26) 


5), when solved for the stresses, yield three equa- 


Hooke’s laws 


tions 
Vv 


(1 — 2p) 


The equilibrium equations in the present case reduce simply to 
the condition of radial equilibrium: 


d 


dr 
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A further equilibrium condition is given by 


a 
f ro,dr = 0, 
0 


which expresses the condition that there is no net axial force 
acting across any cylinder section z = const. 

The (total) strains are related to the radial displacement u as 
follows: 


(29) 


(30 


For a long cylinder, away from the ends, it will be assumed that 
the axial strain does not vary with either r or z: 
e, = const, (31) 
though this constant may vary with time. While e, is not known 
beforehand, it will be determined by the assumption (29). 
Eliminating the components e’ in favor of e” and utilizing the 
relation 


e,” + eo” +e,” = 0, (32) 


there results 


2 = i + e,) 
e 7 a ae 
l+yp 2p ae 


BRT 


1 — 2y’ 


og, = 
(33) 


Assuming that EZ, v are constants independent of the radius and 
the temperature, a, and og are expressed in terms of u and du/dr 
by means of (30). Substitution into equation (28) then yields 


u” + (34) 


u’ 
r 


u . 
— = =f) +9, 
; 


ra ) 1 da ( ” ” 
rs re, ) € |, 


kKl+yv) dT 
Gd—-») @ 


where 


f(r) 


g(r) = 


Equation (34) is similar to the equation of thermal stresses in a 
disk, except that on the right-hand side occur not only the thermal 
expansions but also the creep strains. 

Since equation (34) is linear, it is evident that superposition 
may be used to obtain separately the solution corresponding to 
the temperature 7’, and the solution corresponding to the plastic 
strain. The results are then added to yield the net displacements. 
Moreover, the change in u corresponding to changes in the e,”, eg”, 
e,” as a result of creep over a time interval At can be calculated 
.. similarly. These changes in f(r) are inserted on the right-hand 
side of equation (34) and the corresponding change in u obtained. 
With each (change in) u go along proper (changes in) e,, ¢, ¢,, and 
hence also (in) ¢,, o@, ¢,. 

The differential equation (34) is of second order, and there- 
fore its solution has two arbitrary constants. One further con- 
stant occurs in the solution; namely, the value of e,. These 
constants are determined so that the solution is finite at r = 0; 
so that it satisfies the boundary condition 

o,=0 for r =a; (36) 
and finally so as to satisfy equation (29). 

The determination of the initial thermal stresses and the dis- 

placement u due to a temperature 7’ which is quadratic in the 
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radius is well known. It may be carried out by solving (34) [with 
f(r) deleted]. If the temperature is given by 


(37) 


r? 
T = T> ” wy AT 
a 


where 7’) and AT are the maximum temperature and temperature 
difference, respectively, the stresses are given by 


Ek 
AT 
1 — vp) 
Ek _ 
(1 — p) 


Ek _ ar( = 
(1 — p) a*® 2 
Thus the stress component ¢, (and similarly 0, ¢,) depends only 
on AT, and on the fractional radial distance r/a, but is independ- 
ent of the cylinder size. 
Starting with the foregoing stresses, we now proceed to calculate 
the plastic creep and hence the relief of these stresses. 


4 Calculation of Thermal Creep for Cylinder 


First we discuss the standard calculation which is followed for 
the various time intervals At, not including the first interval. As 
stated in Section 1, the initial rate of creep is used for each in- 
terval. Since an infinite rate of creep occurs on first loading the 
material, as shown by the vertical slope of the curves in Fig. 1, the 
first interval requires special treatment. 

First the changes in Ae,”, Aeg”, Ae,” are calculated from the 
existing stresses at the beginning of interval by methods ex- 
plained in Section 2. These changes are used to calculate (the 
change in) f(r), which is then substituted on the right-hand side 
of equation (34). We now have to find a solution of the differen- 
tial equation 

d*u 1 du 


dr? r dr 


subject to the conditions described previously. 

Two methods suggest themselves for solving equation (39). 
One is by means of Green’s functions, the other is by approximat- 
ing to f(r) by means of a polynomial in r? and solving for u as a 
polynomial. 

In the former, the solution of (39) is put in the form 


a 
u= f f(s) G(r, s)ds, 


where G is the “‘Green’s function” of the differential equation in 
question and is defined as follows: 


(40) 


(a) It satisfies in r the homogeneous differential equation (39) 
for all r except r = s. 

(6) At r = s it is continuous, but its derivative 0G/Or is dis- 
continuous by an amount unity: 


AG|,-. = 0, AG’|,.. = 1 (41) 


Generally, G may be made to satisfy a further homogeneous 


boundary condition. However, the condition 
o,=0 at (42) 


r 


r=a 


involves not only e,, eg which are linear in u, but also e,, and will 
not be used in defining G. Instead the condition G = 0 forr— 
will be used. While this has no bearing on the finite interval 
0 <r <a of interest, it leads to a relatively simple G. 

Physically, G denotes the solution of (39) corresponding to 
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“Dirac delta” or “impulse’”’ 
Solving for G there results 


fir) =a function, 6(r — s), atr = 


vields 


"rT sf (3 a rf(s 
~ = -ds — -- ds 
7¢ Jr * 


(43), —s*/2r, is 
, since theres <r. The r-terms in 
taken through the 


Hence equation 10 


Note that the 
used in the first integral in (44 
the integrands can, 
signs. 


second form for G in equation 


of course, be integral 


Since equation (44) yields a particular solution of (39), the 
general solution is obtained by adding Cr, the general solution of 
the homogeneous equation (39) which is finite at r = 0: 


or 52 a» 
/ VJ al vr - 


The constants C and e, will now be determined so as to satisfy 
equations (29), (36). 
To obtain ¢, it is necessary to calculate the strain e, = du/dr 


To differentiate the integrals in (40), (45): 


d er a 
} G r, 8s) f(s) ds + f G r,8 
dr P 
/J0 , 


we apply a well-known rule which yields 


’ OG(r, 8) : 
f(s)ds + G(r, 8) fir) 
J0 or - 


* OG(r, s) ies “a = 
4 - f s)ds — G(r, s f(r), (41) 
/f 


or sere 
where r~ denotes the value approached as s approaches r from the 
left, r+ as s approaches r from the right. Since AG = Oatr = s 


the contributions from s = r cancel, and one obtains simply the 
first equation (48). The second equation (48) follows directly from 


(45). Thus 


now yield 


= f(s)ds — fis)ds + Cc. 


~ f(s)ds — fis\ds + C 


Equations (29), (33), (42) 


l 


-\a) + 


eg(a) +e, = 
Vv 


2 l-—p 
e. + €& rdr + > 
2 Jo 1 — 2p 


(48) there results 


1 a 
1 — 2p) | e,"(a) — f s*f(s)ds |, 
2a? , 
is 0 
a 2v ” w" : l r o 
: e,"sds + — s*f(s)ds 
a*y 0 2a* Jo 


In obtaining the last integral the following change of order or in- 


Substituting from 


(5 )) 


tegration is utilized: 
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Fig. 2 Illustrating the change of order of integration 


a Pa 3 s 
f r F f(s ds | dr = f Lf rf(s ar| ds 51 
0 ae 0 _ 


This relation follows from Fig. 2 where the first integration on the 
left side of equation (51) is carried out along the line EF and the 
second integration then performed so as to cover the triangular 
area OCD. By changing the order of integration so that the r- 
integration is carried out first, the right-hand integral in (51) 
results. Now f(s) may be taken through the integral sign, and 


there results 
a 3 l a 
f f(s  f rr ds = - f 
0 0 - 0 


leading to the integral occurring in the second equation (50). 
and recalling (32) one obtains 


s*f(s)ds, 


Substituting from (35 


s\ds = 


=? 


Since the differentiations involved in f(r) in (35) have to be 
carried out numerically or graphically, the reduction in (53) 
eliminates them, and leads to greater accuracy. 

Substituting from (53) into (50) and solving for e, and C, 
results 


there 


1 *e, "sds 
2(1 — vp) 0 a? 


This completes the solution of (45) and (48). 


2(1 — pv) 


4 
A reduction of the integrals s*f(s) ds similar to (53) may 


be carried out for any r: 


er — 2 j ; ” one 
s*f(s)ds = - 4r%,"(r) + se,"ds { (55) 
/ WV l ° ( 0 


Utilizing this equation and (54) in equations (45) and (48) there 


2 A we 
-rle,"(a) — e,"(r)] — - f S(s)ds 
= r 
‘i _ 1 r ‘ ed si 
e€, sas — ‘ e, sds, (90) 
1 — 2 
0 2(1 v) @ 0 
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results 





21 — pv 


. - ' 
p - 5S 
“is , 


By substituting in (33) for the changes in e,, eg, and e, from (54), 


57), (58), one calculates the changes in ¢,, o¢, ¢,. This com- 
pletes the creep-stress relief calculation for the interval in ques- 
tion. 
next interval, 

Ag stated earlier, the foregoing method is followed for the 
For the 


first interval the over-all strain due to plastic flow is computed 


With the new stresses the calculation is repeated for the 


various time intervals, not including the first interval. 


directly from equations (1), rather than the rate from equation 
3). After the plastic strains have been computed they are used in 
exactly the same way as for the subsequent time intervals. 

An alternative method of carrying out the integration of the 
differential equation (39) is to approximate the right-hand mem- 
ber by means of a polynomial as follows: 


It will be seen that a solution of the differential equation 


D 


k=1,3 


be obtained by assuming 


Byyr* oo 


Indeed, substituting in equation (39) and comparing coefficients 
of like powers, there iesults 


B,{k? —1] = A, 61) 


In addition to the particular solution (60), one must still add to 


u(r) aterm Cr as in (45). The determination of the latter is car- 
ried out in the same manner as the foregoing. 

In the following the first method of integrating equation (39 
was used. However, the reduction of the integral J‘s*f(s)ds in- 
dicated in equation (55) was discovered after the calculations were 
completed, and therefore was not utilized in the following ex- 
ample. 

An alternative integration of (39) has been indicated by K. R. 
Merckx, to whom the authors are also indebted for several correc- 
tions in the text. 


By writing equation (39) in the form 


1 d z d ( u 
r3 
r? dr dr r 
and proper manipulation there results 


wa? —— 5 
“2rTr . 8s f s ds + ('y 
0 t / 0 


5 Numerical Example 


As an illustration, the procedure described in the foregoing was 
applied to the calculation of the relief of thermal stresses given by 
equation (38), in a long cylinder with a parabolic temperature 
profile, as described by equation (37). This example presumably 
represents the stress problem in a uranium slug in a pile, in which 
heat due to fission is assumed to develop uniformly per unit 
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volume, and taken out by cooling along the outer cylindrical sur- 
face. However, the example is purely illustrative, since no at- 
tempt was made to obtain any agreement between equations (9), 
(10), and the actual creep data for uranium, 

The temperature along the axis was chosen as 600 K, the tem- 
perature on the outer radius as 300 K. The coefficient & o! 
thermal expansion was taken to be 10-*/deg K, and E = 30 10° 
psi, » = 0.3 were used. The initial stress distribution is shown in 
Fig. 3. The equivalent tensile stress ¢, given by equation (20), 
is also shown in Fig. 3 

The calculation of the thermal creep is carried out by means of 
equation (9) or equation (11) with the constants appearing in 
this equation given by (10). 
and the initial 


was computed by means oi 


The first time interval was chosen as '/,9 hr, 
equivalent tensile plastic strain e” 
This e” 


This calculation assumes that the stress components do not 


equation (11 is shown as the bottom curve in Fig. 4 
change appreciably during the time interval under considera- 
tion. The components of plastic flow in the radial, tangential, and 
axial directions were then calculated by integrating equations 
22) over the time interval in question, yielding equations of the 
form 


o4 


where A’ is calculated from the total (equivalent tensile) strain 
e” in a manner similar to that of A from the rate of strain in 


equation (25): 


The resulting values of e,”, e9”, ¢,” are shown in Fig. 5 
Using the foregoing values of e,”, eg”, ¢,” the funetion f(r) de- 
The neces- 


With fl 


fined by (35) is next calculated; it is shown in Fig. 6 


sary differentiation was carried out graphically 
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Fig. 5 Plastic-strain components after the first time interval 


Plastic strain at end of the first five time intervals 
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Fig. 6 Graph of the function f(r) Fig.7 Total strain components at end of first interval 
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Fig. 8 Radial displacement u(r) Fig. 10 Equivalent stress o at the end of four time intervals 











-500F- 











Fig. 9 Changes in stress components resulting from plastic flow during 
first time interval 
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known, equations (50) are next used to solve for C and e,. The 


a a 
fi s*f(s)ds, f e,"r dr 
0 0 


were evaluated numerically. Equations (48) were next utilized 
to calculate the total strains e,, eg (i.e., elastic as well as plastic) 
and the radial displacement produced by this plastic creep. ‘These 
strains are shown in Fig. 7. The associated radial displacement u 
was computed both from fe, dr and reg (see Fig. 8); the slight 
discrepancy is probably due to the limited accuracy of the graphi- 
cal and numerical differentiations used in the calculations. 
Equations (33) (with the EkT terms deleted) were used next to 
calculate the change in the principal stresses by substituting for 
,” and e,, eg, e, the plastic creep and the total strains pro- 
duced during the first time interval, by means of equations of the 


definite integrals 


(66) 


e at 
Cr, » 0, € 


form 


These stress changes represent the “stress relief” obtained from 
the first interval. They are shown in Fig. 9. 

This completes the calculation for the first time interval (Ag), 
and one is ready now to proceed to the next time interval (Af)>. 

After some preliminary trial, it was found that by choosing 
At). = 1 hr, the same order of magnitudes of plastic flow and 
changes of stress occurred, as in the first interval. The procedure 
used is essentially the same, except that the rates of creep de” /di 
were used. First the changes of stress components given by equa- 
tion (67) were added to the stresses of Fig. 3 to obtain new stress 
curves at the beginning of the interval. The equivalent tensile 
stress was computed and is shown as the curve just below the 
topmost curve in Fig. 10. The rate of plastic flow is next found 
by means of equations (9), (10), and this flow rate é” = € is then 
multiplied by the time interval (A‘); (=1 hr) to obtain the net 
plastic creep (Ae”) during this interval. This is broken up into 
three plastic-creep components by means of equations (22), (25). 
Then f(r) is computed, plotted, and differentiated graphically, 
and the results substituted into essentially the same equations of 
Section 4 as just described to compute the new values of the con- 
stants C, e,, the strains changes e,, eg, and the additional radial 
displacement u. 
67) to obtain the changes in the stress components, thus com- 
pleting the calculations for the second interval 
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The results are then substituted in equations - 


Similar creep calculations were carried out for two further in- 
tervals (At). = 10 hr, (At); = 100 hr. The plastic flow also was 
calculated for (Au), = 1000 hr (see Fig. 4) but the stress calcula- 
tion for this interval was not completed. 

Fig. 10 contains the summary of the results, at least so far as 
the equivalent tensile stress ¢ is concerned. It will be seen that 
while at first very little stress relief takes place near the outer 
boundary of the cylinder (or for that matter throughout the 
outer third), there is from the very start a fairly rapid decrease of 
This is due to the high temperature at the 
Later, par- 


o near the center. 
center and the low temperature near the boundary. 
ticularly during the 4th time interval, some relief of stress begins 
near the outer boundary. 

The calculations were now discontinued, since the general 
progress of the stress relief was manifest. If continued, say for 
another 1000 or 10,000 hr (>40 years), there would presumably 
occur a relief to g = 0 and a nearly uniform (hydrostatic) pres- 
From this point on no further plastic creep 
Near the outer boundary 
It requires 


sure near the center. 
could take place in the central core. 
tensile o,, o@ persist for a much longer time interval. 
100,000 hr or more to attain appreciable relief. ‘The latter will, of 
course, eventually also relieve the uniform core pressure. 

It is to be kept in mind that throughout the foregoing it has 
been assumed the cylinder is completely free from initial stresses. 
Moreover, it was postulated that the temperature distribution is 
attained instantaneously at the time ¢ = 0. Actually, if a finite 
time is used in bringing the temperature up to its final values, 
some creep may take place during this heating-up time interval, 
especially in view of the fact that the rate of creep is infinitely 
great upon first loading. 

While the foregoing calculations were carried out “longhand,” 
by means of desk computers, the amount of labor involved is 
very great, while the accuracy of the final results is probably not 
more than 50 per cent. The low accuracy is due to the fact that 
in carrying out the various integrations, five-point trapezoidal 
summations were employed and errors were introduced by the 
graphical differentiations. The chief cause of error, however, lies 
in the assumption that over each time interval the plastic creep 
was calculated on the assumption that the stresses remained equal 
to their initial values. Actually, of course, the stresses change; 
to check the effect of this change, smaller time intervals should be 
employed, or else each calculation iterated with values of stresses 
equal to the mean of the initial and the terminal values. Such 
calculations can only be programmed on a high-speed computing 


machine. 
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location. 


this limit load ts equal to 2x times the unit yield moment (Mbp). 


Fixity Under a Concentrated Load 


The previously known limit-load solution for a circular plate, with a centrally concen 
trated load, is extended to include a plate of general shape and fixity with arbitrary load 
Considering an ideally plastic material that obeys the Tresca yield criterion, 


j 


The techniques of 


this paper can be used to establish upper and lower bounds to the limit load for plates 
under other loading conditions. 


Sun recently developed theorems of limit analysis 
[1, 2, 3]' have been of great value in establishing bounds for yield 
loads in a variety of problems. In the use of these theorems, the 
actual stress and velocity fields in a body can be approximated, 
subject to certain restrictions, and based on these, the upper and 
lower bounds of the yield load can be calculated. By this tech- 
nique it is usually possible to bound the yield load very closely 
by careful selection and modification of the associated field. 
Thus, though detailed knowledge of the exact stress and velocity 
history may require a complete elastic-plastic analysis, valuable 
information often can be obtained with a minimum of effort. 
It is the purpose of this paper to show another example of how 
the very powerful theorems, and their corollaries, can extend 
known solutions for the limit load of simple structures to solu- 
tions for quite complex structures, without detailed consideration 
of the correct stress and velocity fields. Specifically, this paper is 
concerned with the determination of the maximum concentrated 
load-carrying capacity of a thin plate of arbitrary shape, made of 
an ideally-plastic material that obeys the Tresca yield condition 
and its associated flow rule. 


Preliminaries 


(a) Assumptions. The generalizations presented in this paper 
are based on an earlier work [4] and contain all of the assump- 
tions made in that paper. To define these precisely, let us con- 
sider two fictitious circular plates, one inscribed and the other 
circumscribed in the actual plate; the center of each being taken 
at the concentrated load, Fig. 1. It is assumed that the thickness 
2h of the smallest plate is small compared to its radius 2,, so that 
the transverse stresses 7T,, and ¢, may be regarded as small com- 
pared to the bending stresses ¢, and og. Transverse shear defor- 
mations and membrane stresses are neglected in the circular 
plates; the consequences of the latter assumption having been 
discussed elsewhere [5, 6]. No assumptions are made on any of 

! Numbers in brackets designate References at end of paper 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of Tue AmMerICcAN Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
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received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 11, 1957. Paper No. 58—A-20. 


598 / December 1958 


the actual stresses in the arbitrarily shaped plate, other than 
those implied from the foregoing statements; i.e., r and @ are not 
assumed to be principal directions. 

(b) Theorems and Definitions. The theorems mentioned previ- 
ously [1, 2, 3] will be stated in terms of generalized stress and 
In this specific problem these variables 
transverse 


strain-rate variables [7]. 
are the moments and curvature rates. 
shear deformations are neglected, the associated shear force is not 
a generalized stress within the assumptions of this theory. The 
generalized stress field is indicated by M,; and the strain-rate 
field by x;. The Tresea yield condition, which is convex, is f(.M, 

= 1. This is illustrated in Fig. 2, where M, and M; are princi- 
pal moments. For the circular symmetric plate these reduce to 
Mg and M,. 
Fig. 2, is a safe state. 

A statically admissible stress field (.V,°) is, by definition, in 
equilibrium with the external tractions T°, and nowhere violates 
the yield condition. If T° = ywT, where T are the prescribed 
tractions, then yu is a statically admissible multiplier. A kine- 
matically admissible velocity field v* must satisfy all velocity 
constraints and must be such that at any instant of time the ex- 


Since the 


Any stress state lying on or inside the yield curve, 


“ternal tractions do work on the system. «,* is any strain-rate field 


“-—- =e « 





Comparison of various plate boundaries 
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Fig. 1 














Fig. 2 Tresca yield condition 


associated with v*. M,* is defined as the generalized stress field 
that everywhere satisfies yield conditions and maximizes the dis- 
The limit load is defined 


sipation function for «,;*, (.,* «,*). 
} 
} 


as that load for which deformation first becomes possible [1 
The safety factor S is the smallest number by which the external 
tractions T may be multiplied to bring about this deformation. 

The first theorem of limit analysis states that the safety factor 
is the largest statically admissible multiplier, 


HSS 1) 


The restrictions on inequality (1) are discussed in the basic 


papers and will not be considered here. 

A theorem which proves quite useful in the study of the clamped 
plate is given as follows [8]: “Increasing the size of a body by 
moving a motion-free boundary outward cannot increase the col- 
lapse load.’’ Let us consider two structures, having motion-free 
boundaries along A and B, Fig. 1 
B, and in addition both structures are similarly loaded and sup- 
ported inside of B, then the foregoing theorem can be given by 


inequality (2 


A is everywhere outside of 


Pima S Pimms (2 


(c) Previous Solutions. It has been shown [4] that the limit con- 
centrated load for a circular plate of constant thickness 2h 


loaded at the center, for either simple support or built in edge is 

P = 2xM, 3 
where My) = oh? and a» is the 5 ield stress in uniaxial tension. It 
is implied in this, and consequently the following work, that the 
load P is applied over an area large compared to the thickness, 
but small compared to the outer radius of the plate (so that shear 
deformations are negligible). 


Theory 


(a) Arbitrarily Shaped Plate, Arbitrary Load Location, Clamped All 
Around. Let us consider the three plates indicated in Fig. 1. The 
actual plate is bounded by B, and the other two are bounded by 
the circumscribed and inscribed circles A and C. All plates are 
clamped on their boundaries and have a common origin at the 
load P, 

From inequality (2) it follows that 

Pima < Puma < Pum 
From Equation (3) 


Pima = Pum 


so,that the limit load for an arbitrarily shaped plate with arbitrary 


load location is 
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P, IM = 27M, 


CLAMPED 

(b) Arbitrarily Shaped Plate, Arbitrary Load Location, Simple Support 
All Around. As in the previous case, with reference to Fig. 1, 
this plate is bounded by the heavy line B. The load is at P 
Let us consider two other plates. Plate D has the same shape as B 
but is clamped all around. The boundary for plate A is the 
circumscribed circle A. Both plates A and B are simply sup- 
ported all around, and all plates have a common origin at the 
load. 

Let us designate the generalized stress field in B as VB), 
the limit load as SgP. Now let the stress field 1,(B) be 
posed on plate D, so that 


and 


super- 


M,°(D) = M(B 


V PD) satisfies equilibrium, boundary conditions, and nowhere 
violates the yield criterion. Thus M,° (D) is statically admissible 
in D. Since it is in equilibrium with S,P, it follows from in- 
equality (1) that 


’ 


Sp < Sp 
where Sp is the safety factor for plate D. 

To obtain a lower bound for the safety factor S,, let us con- 
sider a section of plate A, Figs. 1, 3(a), 3(b), that has the same 
shape and load location as plate B but in addition has as stress- 
boundary conditions those stresses that existed in plate A along 
the line B. Let this new plate have zero deflection along its edge 
and be designated as plate E. The stress distribution associated 
with plate A, M; (A) is statically admissible in plate E 


M,°(E) = M{A) 9 


M,°(E) satisfies equilibrium, boundary conditions, and nowhere 
violates the yield condition. Since it is in equilibrium with 


S,P, S4M,, then it follows from inequality (1) that 


where S, and S, are safety factors for plates A and EZ, respec- 
tively 
S,M,, is the normal moment on the periphery of plate EZ. 


the principal moments S4.V/,, S4.M, are both positive it can be 


Since 


shown from equilibrium considerations [9] that S,M/,, and hence 
S,M,, is everywhere positive as indicated in Fig. 3(6 


SaP 


Section through plate A 





Fig. 3(c) 
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Fig. 3(b) Section through plate E 
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Section through plate B 
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AG, 


Fig. 3(c) 





Use will be made of Equation (11) 


ff M,°x;*dv = f T-v*ds 
v 8 


where M,° is any statically admissible stress field, which is in 
equilibrium with the surface tractions T°; v* is an admissible 
velocity field that satisfies the surface constraints and x;* is the 
associated kinematically admissible strain-rate field. The inte- 
gral on the left-hand side of Equation (11) is taken over the entire 
volume and that on the right-hand side is over the surface. 

Now let the generalized strain-rate and stress fields in plates B 
and E be designated as 


x.(B), M(B); x(E), M(E) 


(11) 


x,(B) is kinematically admissible in EZ. 


K,*(E) = x(B) (12) 


Using Equation (12) in (11) it follows that 


Sz [ Pc) +f M,0,(B)ds | = f M,E)k(B)dv (13) 
Pp v . 


and in addition from Equation (11) 


S,(P8(B)] = fi, Mi Box B)ae (14) 
where 6 and 6, are the deflection and normal rotation rates at 
the load and the supports for plate B, Figs. 1, 3(c). It should be 
noted that the twisting moment does not enter in the left-hand 
side of Equations (13) and (14) since the associated angular dis- 
placement rate is zero. The integral over p is taken around the 
periphery of plate B. 

Since M,(B) and x;(B) are the actual stress and strain-rate dis- 
tributions in plate B, and both M,(B) and M,(BZ) satisfy the 
convex yield condition, it follows that M,(B) maximizes the dis- 
sipation function for x,(B). Using this fact in Equations (13) 
and (14) there results 


(Ss — Sg)P5 > Sz f, M,6,ds (15) 


Thus for 
Sze < Ss (16) 
it is sufficient that 


SM,6,ds > 0 (17) 
v 


or since M,, > 0, inequality (17) is satisfied, if for all points on p, 


Line 8’, w=O 


0, = 0 
Combining inequalities (10) and (16) there results 


< Sp, (19) 


Da 


for all plates which satisfy inequality (17) or the more restrictive 
inequality (18). 

It will now be shown that inequality (19) holds even if regions 
of 6, < 0 exist along the periphery of plate B. For simplicity of 
treatment it will be assumed here that there is only one such 
region. However, the case of several disconnected regions is 
treated in exactly the same manner. 

Because of the existence of such a region, a curve (line B’) 
characterized by zero deflection (w = 0) can be drawn inside of 
plate B, Fig. 4(a). Since the effects of geometric changes are ig- 
nored, this curve will not shift with increasing deflection (at con- 
stant limit load). Let plate B, Fig. 4(a), be assumed to be 
simply supported all around its periphery and in addition be sup- 
ported along line B’. Since line B’ has zero deflections, the 
addition of a support along this edge in no way affects the carry- 
ing capacity of this plate. Consider a second smaller plate F, 
Fig. 4(b), similarly supported over region II and having the same 
edge moments along B’, as in plate B. 

Since the boundary conditions for the regions in plates B (II) 
and F are identical, the stress and strain-rate fields in plate F are 
identical to those in plate B (II) under the same limit load. 


From Equation (11) 


(20) 


Pim s bs = f. M,(B)x(B)dv 
B 


Pum . é, + fie M,6,(F ds f My F KF dv (21) 
Up 


but since 


bp = bs; Pimms = Pim r (22) 


and 


f M<(B)x(B)dv = fi M,(B)x(B)dv + fp MA B)x( Bio 
"B 
(23) 


where 


f M(B)k,(B)dv = f M (FP )k,(F dv 
Il Op 


6n20 ,w=0 
On Plate 


of Region I 


+ 


Pp 


PLATE B 


Fig. 4(a) Plate B Fig. 4(b) 
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Plate F Fig. 4(c) 





f, M<(B)«(B)dv > 0 


It follows from Equations (20) to (25), inclusive, that 


f, M,6,.(F)ds < 0 
B’ 


over line B’ in plate F. 

Let plate G, Fig. 4(c), having the same boundary as plate F, be 
formed from plate A, in the same manner that plate E was 
formed. Inequality (27) is derived similarly to inequality (10). 


S, < 8S; (27 


where S, and Sg are the safety factors for plates A and G, respec- 
tively. As previously described, all M, on plate G are greater than 
zero. 

Plates F and G will now be compared in the same manner as 
plates FE and B were in Equations (12) to (16), inclusive. 

Let the generalized strain-rate and stress fields be designated as 


K(F), MAF); «(G), M(G@) 


x,(F’) is kinematically admissible in G 
«;*(G) = «(F) (28) 


Thus it follows from Equation (11) that 


Se [ Pa F 8 f M,(G 6. F as| 
Pp 
Ss [ Pa F) + f. M (POP ds | 


Sz is the safety factor for plates B and F, and Sg is the factor for 
plate G. 6 and 6, are the deflection and normal rotation rates at 
the load and supports for plate F. 

Since M, (Ff) maximizes the dissipation of the strain-rate field 
x; (F), and both M, (G) and 6, are greater than zero, Equations 
(26), (29), and (30) can be combined to yield 


f M<(G)x(F)dv (29) 
G 


f M<(P)k(F)dv (30) 
op 


So < S, (31) 


From Equations (3), (6), (8), and (19), or (27) and (31), it fol- 
lows that the limit load for the simply supported arbitrarily 
shaped plate with general load location is 


Pim s.s. = 24Mo (32 


(c) Arbitrarily Shaped Plate, Arbitrary Load Location, Variable Fixity 
All Around. Let us consider three plates bounded by curve B, 
Fig. 1, all having a common origin at the load P. The first is 
clamped, the second has a variable fixity, and the third is simply 
supported on its boundary B. The variable fixity plate is charac- 
terized by zero boundary deflection and the ability to support 
nonzero boundary moments by virtue of some rotational edge 
constraint. 

The stress distribution for the simply supported plate is stati- 
cally admissible in the plate with variable fixity. In addition, the 
stress distribution for the variable fixity plate is statically ad- 


missible in the clamped plate. Thus from inequality (1 


Ses. < Sv.x. S$ & 33 


where Sg.s. and Sy.y. and S, are the safety factors for the simple 
support, variable fixity, and clamped plates, respectively 
From Equation (6), (32), and (33), it follows that 


Pim = 247M, (34 
VAR 
It is obvious that Equation (34) applies to the most complex 
structures which contain a supported plate, the plate being sub- 
jected to a concentrated load P. 


Comments 


(a) It is interesting to note that the conjecture [4] concerning 
the magnitude of the limit load for an elastically constrained 
circular plate, loaded at the center is verified by Equation (34). 

(b) From Equation (34) and the statement following that equa- 
tion, one concludes that a simply supported circular plate, with 
overhang, loaded at the center has a limit load given by Equation 
(34). This result is confirmed in a previous paper [10]. 

(c) A. R. Rzhanitsyn [11] presents an extensive treatment of 
techniques developed by Gvosdev and others for finding upper 
bounds for both the clamped and simply supported plates con- 
sidered in this paper. Rzhanitsyn’s consideration of the full 
yield moment as acting at each yield hinge is equivalent to the 
use of a square yield condition and its associated flow law. This 
condition is essential to a general development of the fracture 
line theory [12]. As would be expected, the limit load based on 
the square yield condition is greater than that obtained using the 
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Tresea or von Mises [13] condition. Specific upper bound solu- 
tions obtained from the paper by Rzhanitsyn are plotted in Fig. 
5, where it should be noted that the value given for the clamped 
plate is also the exact soiution. The value given by Piiuw/27rM, 
= | is the exact solution for any shape or fixity plate obtained 
in this paper by the use of the Tresca condition. Since the square 
yield condition results in a considerable difference in limit load, 
one should be very careful in the application of the results of the 
fracture line theory (square yield condition) to materials satis- 
fying the Tresca or von Mises yield condition. 
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The paper ts concerned with a free plate that consists of an elastt 
material and is subjected to a harmonically varying temperature at one face, while the 
other face is kept at a constant temperature and the edge is perfectly insulated, The 
thermal stresses associated with the steady-staie temperature 


Periodically Varying Surface Temperature 


perfectly plasti 


} 
»scillations are anai vred 


and the development of plastic regions is discussed 


Introduction 


= analysis of thermal stresses in solids is usually 
based on the assumption of perfectly elastic behavior. While this 
assumption seems entirely unrealistic for the extreme thermal 
conditions to which modern flight structures and ordnance com- 
be exposed, the analysis of thermal stresses in in- 


So far, 


ponents may 
elastic solids is still a comparatively unexplored field 
field 


stresses in linear viscoelastic solids 


most papers in this have been concerned with thermal 


see, for instance, [1 |? through 
4 As regards thermal stresses in plastic solids, Wang and 
Prager [5|) have established variational principles governing 
thermal und creep effects in work-hardening elastic, plastic 
solids, and Prager [6, 7] has given necessary and sufficient condi- 
tions for shakedown in elastic, perfectly plastic structures sub- 
jected to eveles of load and temperature To the author's knowl- 
edge, however, the only example of an explicit analysis of thermal 
stresses in an elastic, perfectly plastic solid is due to Weiner [8], 
who treated the thermal stresses in a free plate subjected to a vary- 
ing heat input over one face, assuming the opposite face and the 
edge to be perfectly insulated. The present paper is concerned 
with the thermal stresses in a free plate when the temperature of 
one face varies harmonically with time, while that of the opposite 
face is constant and the edge is perfectly insulated. These thermal 
boundary conditions represent an obvious idealization of the con- 
ditions encountered in many applications, where the plate sepa- 
rates a region with closely controlled temperature from a region 
with fluctuating temperature. Aside from the practical impor- 
tance of the problem treated here, any increase of the small stock 
of the worked-out examples is bound to prove useful in the 
exploration of this practically virgin field of nonlinear mechanics 
of solids 
The results presented in this paper were obtained in the course of 

research sponsored by the Ballistic Research Laboratories of Aberdeen 
Proving Ground under Contract DA-19-020-ORD-798. The author 
is indebted to Prof. W. Prager for his helpful advice in the course of 
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Fundamental Relations 


The problem investigated in this paper concerns a free plate ol 
the uniform thickness 2h and arbitrary shape which consiste of an 
elastic, perfectly plastic material. With respect to the rectangular 
co-ordinates indicated in Fig. 1, the boundary conditions on tem- 
perature and stress are as follows: the temperature 7'(h, é) on the 
face x = h varies harmonically with the time ¢ according to 7'(A, ¢ 
= 7) sin wt, while the temperature of the other face is maintained 
at 7 h,t) = 0; The 
edges of the plate are perfectly insulated, and the surface trac- 


both faces are free from surface tractions 


tions on the edges are required to have zero resultant and zero 
moment. The thermal stresses associated with the steady-state 
temperature oscillations are to be determined; in particular, the 
development of plastic regions is to be discussed 

Denoting by « the thermal diffusivity of the plate material, let 
us introduce the dimensionless quantities 


The most general temperature distribution through the plate is 


found to be 


; cos BE 1) cosh Bié + 3 


cos 48 

cos B(E + 3) cosh BE - 
+ [sin B(E — 1) sinh B/E + 3 

sin B(E + 3) sinh B(E — 1 


= nT 
— 16nrT, 8? > -1)" sin " +1 
1 


1) | sin we 


} | 
cos wl; 


n —KTr*n* 


exp 
n‘x*+ 648°” 4h? 


For the steady-state regime considered here, the infinite series is 
neglected. The temperature distribution can then be approxi- 
< 


mated by the following quadratic function in 
+ &) sina — 


where 


sin wt + 2B cos wl 


The quantities A and B are dependent on the parameter 8, and 
their variations with 8 are shown in Fig. 2 


it should be noted that the temperature distribution (3) and 
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Fig. 1 


that considered by Weiner [8] are both quadratic in the space co- 
ordinate. Therefore the two temperature distributions are ex- 
pected to give similar results at a certain stage. Indeed, since 
the linear terms do not contribute to the thermal stresses, it 


1 
follows that only the term 2 Top (t)& of the temperature distribu- 


tion (3) is significant. On the other hand, the significant term 
in the temperature distribution considered by Weiner is 
GOR os 
4K 
where @(/) starts from zero, reaches a maximum, and then de- 
cays to zero. It follows then that with 
g(t)h 
rr , : shad 
the two temperature distributions are to give identical results for 
the first half-cycle of g(t) if the Poisson’s ratio v is set equal to 
1/2. 

Under the considered boundary conditions, each layer z = 
const is at any instant ¢ in a state of uniform, balanced biaxial 
tension or compression with principal stresses satisfying ¢, = 0, 
a, = 0, = a(&, t). Plastic flow can occur only when and where 
the intensity |o| of this biaxial stress has a critical value oo, the 
yield stress in balanced biaxial tension or compression. Under 
the yield condition of von Mises, for instance, o = k»/3, where 
k is the yield stress in simple shear. 

Since the principal strains €, and €, = €, are independent of y 
and z, the equations of compatibility (see [9], for instance) re- 
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quire that the strains ¢, and ¢, are linear in z. The strain rates 


€, and €, will therefore be written in the form 
= é, = €(f,t) = ta(t) + bY) (6) 


On the other hand, the total strain in the plate may be con- 
sidered as the sum of the elastic, plastic, and thermal strains. 
It is generally assumed that plastic strains involve no change of 
volume. In addition to this, it will be assumed in this paper that 
the change of volume associated with the elastic strain is negligi- 
ble. The change of volume is then solely due to the thermal ex- 
pansion. The rate of principal deviatoric strains in the y and 2z- 
directions will thus be 


e=e-aYTl 


where @ denotes the coefficient of linear thermal expansion. 
When the stress o remains at the yield limit o» for biaxial ten- 

sion or compression, we have ¢ = 0, and ¢€ is restricted only by the 

condition that it must have the same sign as the stress. Thus 


sgn(é— aT) =sgno if o = a (8) 


When ja, < oo, the strain rate € is related to the stress rate ¢ 
| ’ 
and the temperature rate 7’ by the thermoelastic law. On ac- 
count of the elastic incompressibility assumed here, this law will 
be of the form 
a eo 
€=—-+aT i |¢| < Ge 
6G 
where G is the shear modulus. Equation (9) is also valid when 
o = %, butg <0,and a = —a@, buta > 0. 
Finally, the condition that the plate edges are at all times free 
from stress resultants and bending moments requires that 


+1. +1. 
f , odt = 0, f , tdé = 0 10) 


Elastic Solution 


When the temperature amplitude 7» is too small to cause plastic 
deformations, the fundamental relations of the problem can be 
obtained from (6), (9), and (10) by suppressing the dots. Substi- 
tution of Equation (3) and the modified Equation (6) into the 
modified Equation (9) furnishes an expression for the stress o, 
which still contains the unknown functions a(é) and b(t). These 
can then be determined from the modified equations (10). Thus 


1 i 
6e- aT, sin wi, 


aT,[(1 + 4A) sinat — 4B coswi) (11) 


l 2 
, aly « + &) sin wt — 3 | 


o = aG7T,(1 — 38) ¢( (13) 


As it is seen from Equation (4), g(¢) is a harmonic function of the 
time with the circular frequency w and the amplitude 


C = [(1 — 2A)? + 4B?) (14) 


Since the factor (1 — 3&*) in Equation (13) has the maximum 
absolute value 2 for § = +1, the fully elastic solution, Equation 
(13), remains valid as long as the temperature amplitude 7) does 
not exceed the value 


Mt) 
2aCG 
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Elastic-Plastic Solution With Two Plastic Regions 


Now, suppose that the restriction (15) on the temperature 
amplitude 7’; is violated. The elastic solution of the preceding 
section then remains valid only for sufficiently small values of ¢. 
Following Weiner, it is assumed that two plastic regions, which 
are symmetric about the median plane, form in the elastic, plastic 
range. If the width of the central elastic region is denoted by 
2\ = 2X(t), the modified Equations (6) and (9) and the modified 


equilibrium conditions 


je 4+» + 
J 2 ad— = 20,(1 — A), o&dé = 
-_ i 


yield the following stress distribution 


(16) 


o(1 —A 
= aGT)(d? — 3) ¢() + — i 


c= -~O0, 


A < |é < 


and the strain distribution 


l 


Goll — A) 


er '(2%) 
6G 
Setting the elastic stress for £ = X equal to the yield stress 
—o,, one obtains 
o 
3 = — (19 
2aGT wit 

which specifies \ as a function of ¢. On the other hand, it is seen 
from (17) that the maximum tensile stress occurs at § = 0. This 
stress remains below the yield limit if the temperature amplitude 


7. does not exceed the value 


64 3200 


wees o** - (20) 
27 27aCG 


T,@ = 


This will be assumed to be the case in this section. 
It follows from Equations (3), (18), and (19) that 


€-—aT= 


Sa ee 
5 ats (Mt — 364 (21 


throughout the plate. Since ¢ > 0 in this range, and since the 
factor (A? — 3&*) is negative in the plastic regions, the left-hand 
side of Equation (21) is also negative in these regions. The con- 
dition (8) is thus fulfilled by the solution derived from the as- 
sumption that the elastic-plastic stress distribution is symmetric 
about the median plane of the plate. The Equations (17) 
through (21) hold for this range in which ¢ > 0. 

When ¢ increases beyond the value ¢,, for which ¢(é) reaches its 
maximum C, unloading will occur throughout the plate. When 
¢ < 0, the fundamental relations (3), (6), (9), and (10) apply 
throughout the plate until yielding starts in the reverse direction. 
The initial stress and strain distributions are obtained by replac- 
ing ¢(t) by C, and the corresponding value of A by A,, in (17), 
(18), and (19). Thus 

g = aGT,(1 — 32%) ¢) (22) 
Integration of Equation (22) with the initial values mentioned 
previously yields the elastic-stress distribution 


o = aGT,[(1 — 3&)¢ — (1 — A,,2)C] 
l 
+a(; - 1), 0 < é| < Ae 


o = aGT,(1 — 3&)(¢ — C) — om, Aw < |E| <1 
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It is easily seen from Equations (23) that, as ¢ increases beyond 
tiny Plastic yielding first begins in the reverse direction at the 


outer faces & = +1 for 


do 
— 24 
aGT, 

where —C It will be assumed as before that two 
plastic regions of equal width are formed in the plate when ¢ in- 
creases beyond t. The elastic stress distribution in this range can 
be obtained by modifying Equation (17). For this purpose, ¢ 
must be replaced by C — ¢, and the yield stress must be taken as 
Then the elastic stress distribution will be of the form 


<<. ¢2 < Cc. 


205. 
la ; : 20,(1 — 1 
o =a, + aGT;, (I? 3& 


t,,, and 21 denote the width of the 
1< 1). The stress distribution can 


where ¢@,, is the stress for ¢ 
central elastic region (A,, < 
then be written as 


- 
— 3¢2) 
as 


(l? — 3&*)g] 
2 
,4 1), O< é < 
( 


o = aGT7,{(A,,? 


o = aGT;, (I? o 


To obtain | as a function of the time, set § = l and ¢ 
the second equation in (26). Thus 


o 


B = _ 
aGT,(C — ¢) 


It follows from Equations (7), (9), (26), and (27) that 


1 : 
e= 6 al (? — 3&)¢ 
throughout the plate. Since ¢ < 0 on this range, the condition 
8) is again fulfilled in the plastic regions. 

If ¢ is replaced by —C in Equation (27), it is seen that the 
ultimate value of l, /,,, is equal to A,,. Thus the final widths of 
the plastic regions developed successively in compression and in 
tension are equal to each other. 

When ¢(¢t) reaches its minimum —C, ¢ vanishes; and there- 
fore unloading occurs throughout the plate for larger values of t. 
Further analysis shows that the region —A,, < — < A,, constantly 
behaves in an elastic manner, while the regions —1 < — < —A,, 
and A,, < & < 1 are subjected in turn to plastic yielding in com- 
pression and in tension as the steady-state temperature oscilla- 
tions take place. There are, however, time intervals at which 
the whole plate behaves elastically. 


Elastic-Plastic Solution With Three Plastic Regions 


If the temperature amplitude 7» is allowed to take larger values 
than 7,‘ in Equation (20), a third plastic region will develop near 
the median plane of the plate. If A denotes the distances of the 
outer plastic regions to the median plane, and 24 denotes the 
width of the central plastic region, the equilibrium conditions 
(10) can be written in the following form: 


- r 
Sy ag + f oat = 2051 - 2d - w), 
= ab 


—% » 
f otdt + f otdt = 0 
—} “ 


December 1958 / 605 


(29) 





since the stress has the constant value —g» in the outer plastic 
regions, and g» in the central plastic region. The stress distribu- 
tion can then be determined from the modified Equations (6), (9), 


and Equation (29); it is found that 


ao = Oo, 


o<eé 


s 


Su 


> 


0 = aG7T,\(\2? + Au + uw 


c= <3 


—do, r \f 


By setting o@ = op for & , and go = —oy for & = X, one 


obtains 


» 


= aGT;(A\X? + Au 2w¢g + 


— 0 = aGT,(—2XrA? + Au + ww? 
or, after some modifications, 
2 
A+u= 
3r(A — p) 
(31a) 


re(X — wt — 2r(A — pw) 4 
aGTu 


where ’ = (32) 
0 


By use of Equations (3la) and (32), the elastie stress distribu- 


tion of Equation (31) may be written as follows: 


ay SO = OF ase ) — 
a = aGT, * 38? ¢ + = = 33) 
( y 2(A — pw) 


The deviatoric strain rate é can then be calculated easily from (7 
(9), (31a), and (33); thus 


al, (* +p - 
2 4 s + 


34) that the condition (8 


(34) 
It can be seen from Equation will be 
fulfilled if, and only if 


1 


A - Mo 4 (35) 


since ¢ > 0. It is seen from (3la) and (32) that the condition 
(35) will be fulfilled if the temperature amplitude 7’) does not ex- 


70 = 64(1 ) = 
Satin. Vie alG 


ceed the value 
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This will be assumed to be the case in this section 
The values of A and yw corresponding to ¢ = ( are 
3la) and (32). These values will be denoted 
by A,, and p,, in what follows. In particular, for ¢ = ( and 


T) = Ty), one has 


obtained 
from Equations 


which is not less than 1/73. 
Mo, ind 
constantly behave in an elastic manner, while the 
ee B. Aw —Bmn < & < pm, and A, < é<1 
are subjected in turn to plastic yielding in ¢ompression and in 


Further analysis shows that the regions —A,, < & 
Un SESSA, 


regions 


tension. 


Conclusion 


The analysis developed in this paper is based on the issumMption 
that the stress distribution in the elastic-plastic range is symmetric 
The solution obtained 
under this assumption is valid as long as the temperature ampli- 


about the median plane of the plate. 


tude 7» remains smaller than a certain value given by Equation 
(36). 
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A Simple Approach to an Approximate 
Two-Dimensional Cascade Theory 


The following simple apbroach to an approximate theory of incompressible two-dime) 
d s } 
sional flow past cascades, Fig. 1, is based on the so-called singularity method, in whic) 
Professor of Engineering, the hlade sections are re blac ed by sheets of vortexes. sources and sinks. and the fl i 
Division of Engineering, 
Brown University, 
Providence, R. |. 


duced by these singularities is calculated. The condition that the flow must be tangential 
to the blade surface, sometimes termed as the tangency condition, leads to a relation 
between the geometrical shape of the blade sections (camber and thickness), the cascad 

parameters (solidity and stagger angle), and the singularity distributions along the mea) 
camber lines. As soon as these distributions are known, the pressure distribution and 
the lift may be determined. The calculation of the velocities at the blades 1s the most 
laborious portion of the whole problem. It has been carried out by various authors 
[1-4], with different mathematical methods. In this paper, a short, simple method of 
calculating the velocities induced by the singularities will be described. This approach 


F 
f 
has already been applied by others 5,6], in less elaborate form 


The Singularity Distributions The origin of the &, n-system coincides with the mid-point of 
the chord, Fig. 1 | sing the relation between é ind VU, it is seen 


_ ; that 
= ‘| and Glauert Sis iggested the vortex ha 


distribution be re presented bv cot 0/2 ‘- 
1 + 
and sin £2 


If use is made of the general relation 


sin nv i 0 cos" 


RB cot J 2+ 5 RB, sin nov - ~ 


reapectivels } cos o & 


,= brackets designate References at end of paper. it can be shown that « 2) are identical i 
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Nomenclature 


dimensionless abscissa parallel coefficients of vortex distribution angle between chord and cascade 
to chord expressed as a function of 3 axis 
dimensionless ordinate perpen- = vortex strength per unit length = pitch 
dicular to the chord source capacity per unit length solidity 
length of the chord ', E = coefficients of source-sink dis- = ordinal number of basic singu- 
unit length in the dimensionless tribution expressed as a func- larity distribution 
system of co-ordinates tion of & dimensionless ordinate of mean 
mean relative velocity _E = coefficients of source-sink dis- camber line 
z-component of mean relative tribution expressed as a func- dimensionless half thickness 
velocity tion of 3 
auxiliary variable (cos J horizontal component of in- 


Subscripts 


é duced velocity induced by blade zero 
coefficients of vortex distribu- vertical component of induced = induced by remainder of cascade 
tion expressed as a function of velocity = induced by vortex sheet 
E(n = 0, 1, 2,..) j ordinal number of blade section = induced by source-sink sheet 
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Fig. 1 Cascade 


Ag = —32B,+ —-.... 


A; 64B; -—+.... 


In a similar manner, the source-sink distribution can be repre- 
sented by 


1 om 
e(&) = 2u,, | (; ey 


e(3) = 2u,, 


(o. cot 3/2 + » D,, sin nd + E cos ») (8) 
1 


The term —EE or E cos # can be omitted if the 
angle between the tangents to the upper and lower blade surfaces 
at the trailing edge is very small. 

The coefficients A, and C,, or B, and D,, can be determined 
later from the tangency condition. 


respectively. 


Velocities Induced by an Isolated Airfoil 


It is convenient to select one blade section of the infinitely 
many in the cascade as the section with the ordinal number zero 
and to denote all other blade sections with the ordinal numbers j, 
varying from +1 to +@ and from —1 to —@. Itis also con- 
venient to calculate the velocities induced by the blade zero at its 
own location separately from those induced by the remainder of 
the cascade at this location. 

If the blade load, and thus the turning angle of the flow, is 
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small, it is permissible to take the chord, rather than the mean 
camber line, as the location of the singularities. 

The velocities induced by the blade-section zero at its own 
location are the same as the velocities induced by an isolated air- 
foil at its chord, and can be written as functions of the auxiliary 
variable 3. If they are resolved into components u, and »; parallel 
and perpendicular to the chord, respectively, and if the subscript 
¥ or € is added, it follows from (3) and (4) that the velocities in- 
duced by the vortex sheet are 


Uy = +, (2. cot 3/2 + : B,, sin rd) 
I 
Viy = Up (-2. + - b B,, cos n?) 
I 


while for the source-sink distribution 


Uie = UU, [. anal dD. cos nv 
l 


9 
+ — E(1 — cos 0 ln leot v 2 | (11) 
us 


and 


and 
Me = +u, E cot 0/2 + =, D,, sin nd + E cos >| (12) 
1 


The upper signs on the right sides of Equations (9) and (12) 
hold for the upper surface (suction side) and the lower signs for 
the lower surface (pressure side) of the blade section. 

By means of Equations (3) to (6), these components also can 
be expressed as functions of €. In order to obtain contours with 
closed trailing edges, D, must be equal to —2Dp. 


Velocities Induced by Remainder of Cascade 


An elemental vortex ydé& at the abscissa £, Fig. 2, induces at 


any point (Zo, yo) the velocity components 


] Ue 


duy => xv y(é dé 
s/ 


27 yo? + (Fo — 
in the z-direction and 


= ge VEE 


1 “a= 
dv, = —— — 
2r Yo" tT (Zo 


in the y-direction. 
Similarly, the elemental source ed& at this location induces at 
point (zo, yo) the velocity components 


] 7 E 
du, = 


2r Yo? + (m— 
in the z-direction and 
dv. = 


\¥ 


Fig. 2 Components 
of the induced 
velocity 
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A on T 
+ jt cos‘Bl 


Ae +jt sin B 


*) oe ee. _ 
ydé 


Fig. 3 Pair of vortex sheets +jand —j 


in the y-direction. It can be easily seen that 


du, = —dv, and dv, = du, (17) 
if yd— = edé 

Consider the vortex sheet y(£) at the location of the blade sec- 
tion with the ordinal number —j and let the point (zo, yo) coincide 


with the point (z, 0) at the chord of blade zero, Fig. 3. Then 


g 
s 
J 


(x = —jtcos8 +z (yo)-; = jt sin B (18) 

Now consider the vortex sheet y(&) at the location of the blade 
section with the ordinal number + j and let the point (20, yo) 
again coincide with the point (z,0). Then 


Xo+; = jteosB +z (yo)s; = —jtsinB (19) 


19} into Equations (13) and 
, and (dv,).; 


By introducing Equations (18) and 
(14), the elemental velocities (du.,) 

are obtained. The sums (du,)_; + (duy)4; and (dv,)_; + (dv,)+;, 
du); and (dv,);, respectively, are now calculated as 


] T jt sin B ¥( dé 
2r | Ge sin GB)? + (—jt cos B +z — §)? 


(—jt sin 8) y(&)dE 20 
jt sin 8)? + (jtcos 8 + x — &)? 7 


iy (du, +iy (dv, 
denoted by 


du. 


y/j 


(7 
jt 


Integrating from the leading edge of the blade (€ = —1 
yields, after some manipulations, 


to the 
trailing edge (£ = +1) 


WEXz — §)dg 


l sin 23 [ 


w (jt)? : (A 
mm P-11-32 
jt 


An analogous expression can be found for (v,);. It is not the 
intention of this paper to describe the process in detail, but only to 
show in principle the way in which the final results may be ob- 
tained. While the integral on the right side of Equation (22) 
and that of the corresponding equation for (v,); can be solved by 
rigorous methods after the function y(£) of Equation (1) is in- 
troduced, it is more convenient to try to obtain an approximate 


solution, as follows: Replace the term 
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with the symbol 6, so that Equation (22) can be rewritten as 


1 sin 28 a 
[ VEX — § 


w (jt)? ' l 


The term 1/(1 


- 6 may be expanded into a series 
(24 
which is convergent for 6 smaller than unity. This constitutes 
the lower limit of the quantity (jt), below which the following 
calculations are no longer applicable. 
The substitution of Equation (24) in Equation (23), together 
with the definition of 6 yields, after some algebra, 


l ke 28 f i 
Ty Y' 
T (jt)? J_y 


sin 48 


4 
CAL 


For reason of brevity, define 


Ede 


and so forth. Since the solidity is, as usual, defined by o c,t, 
while the chord c, in the dimensionless system of co-ordinates, 

the pitch ¢ = 2/c or 1/t = 1/2-o0. Equation (25) can 
thus be rewritten as 


sin 28 
= 


(3 ‘sin 48 (3 \¢ sin 68 
- -—Fi go + o — 
2 j* 2 oh 


The component u, induced by the remainder of the cascade, 
exclusive of the blade zero, follows by summing from j = 1 to 
j= 


= (}-Y oma (4) 
-(jo)amw¥ (4) 
¥ (5) 


> 


l 


equals 2; 


lg 


©, as 


” 7? 
Since — ( 


= 1.644934) 
6 


1.082323 ) 


l 2 

j 

BY 1 

( j 90° 
Equation (28) becomes finally 


Ve peer Le 
6 2 To 72 81Nn 2 os 90 2 To t%, Sin + 


29) 


“~ 
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Evaluation of Quantities i.,, 


The method of evaluating the integrals in the definitions (26) 
will be described briefly. Substituting y(£) from Equation (1) 
into the equation for 7? yields 


Etre) 


+ 5 Ae - plo — §)dé 


1 


or, by introducing the so-called basic distributions 


Y -(| =) and , = & 


+1 +1 o@ 
2u,, 
—-—j|2z svat — f Acratit | (0 
[eS tee = J, Ysera 


The following results are now used to evaluate the integrals on 
the right side of Equation (31) as well as similar terms in the 


w= 


general expression for to: 
+1 me E 2 
°) dé = 
3 ee 


+] i r/ 
gm (FE) ag 
i+é 


(135 


(246). 


(2m — 3)(2m — 
(32 


. (2m — 22m 


. (2m — 3)(2m — 1 


2)(2m 


. (2m — 


— 3)(2m — 1 


(1)(1)(3) 


(2)(4)(6 


(2m 


. (2m) 2m + 2 


It is now convenient to rewrite uw, in the form 


0 


uu, = > A,(u, - 


0 


where the subscript n on the quantity (w,) indicates the ordinal 
number of the basic vortex distribution y,. Inserting the values 
Of i2m, found with the aid of Equations (32) and (33) into Equa- 
tion (29), it follows that the function (u,),, is then defined by 


2 1 2 
(Uy)n “oo ( v) sin 28 F»,, 
Um 6 2 


1 ] ‘ 
ae - (40) sin 48 Fy+... 
90 2 


where the functions F:, and F,, are tabulated in Table 1. 
If the calculations are repeated for the vertical components it 
follows that 
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Table 1 Functions F,,, and F,,, 


39 ii < ; 
4 (; ‘) 
~ T = 
T 0 


* The functions F., and F,, listed in the last line of Table 1 
appertain to the source-sink distribution «*(£) = —£ or «*(3) = 
cos 3 in Equation (7) or (8), respectively. 


28 Fn 


7 1 ‘ 
a) cos 48F,, + 
90 2 


The velocity components induced by the source-sink distribu- 
tions may be found with the aid of Equation (17). That is, 


(ue), = —(v,), and (vr), 


If it is desired, functions F;, and F's, may be calculated in the 
same manner. With regard to the expansion of the integrand on 
the right side of Equation (22) into a series, the process is valid 
only for low solidities, as already mentioned. In fact, the expres- 
sions on the right sides of Equations (35) and (36) are convergent 


only up to values of ¢ approximately equal to unity. 


Modification for Greater Solidities 


When the solidity o is greater than unity, the following ap- 
proach is suggested: 

The two blade sections with the ordinal numbers +1 and —1, 
being closest to the blade section zero, are taken out of the sum- 
This means that the summation is now made 
, so that 


mation over the 7 
fromj = 2toj = 


= 0.644934 


1 : 
- 2 sin 20 F», 


3! 40 ‘ 
-1)( 7) sn 48F,+.... (37 
90 2 


The velocity component (u,),,;-: follows from Equation (22 


1 +1 
- sin 28 
mi? 4 
yéz — Ede 


: z— t\? xz — §\‘ 
1 -2( ; Y" con 28 + ( ; ) 
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It is suggested that this integral be evaluated by means of 
Simpson's rule, for which the chord is subdivided in m equal in- 
tervals If m is chosen as 20, a high degree of accuracy Is assured 
Care must be exercised with regard to the first basic singularity 


:) 


. 
S 





distribution 


as it becomes infinitely large at the leading edge & l 
This difficulty can be overcome by the following consideration: 


i ( :) 
dg 

4. £ 

« 1 I Ss 


equals mw. If this integral is calculated by means of Simpson’s 
rule. it follows with n 20 and Aé = ().1 that 


The exact value of 








SCHLICHTING 


B-is0* 60.8 First 
> @pproximotion 
Second 


Fig.4 Comparison of the induced horizontal velocity components at o 
0.8 and 5 = 150 deg 


Evaluating the function y, from its definition for all & except 

—& = —1.0, Equation (39) can easily be solved for the term duced horizontal components of velocity (uw, )o are compiled tor a 
I sia cascade with parameters 8 = 150 deg (or A = 30 deg in 
Rabo considered now as a finite quantity. This is no con- 

30 ri 

tradiction to the fact that Yo is infinitely large at & = 1.0 as the The quantity (uw, )o/u,, is plotted in Figs. 4 and 5 for the solidi- 


first term in the Simpson approximation represents the area of ties of 0.8 and 1.0. The first approximation is obtained by retain 


Schlichting’s notation) and ¢ = 0.5, 0.667, 0.8, and 1.0 


the narrow stripe adjacent to the co-ordinate g : 1.0, and ing only the first term in Equation (35), while the second ap- 


: proximation is found by retaining the first two terms. The agree- 
‘ ( I S ) dt ment between the two methods at the lower solidities of 0.667 and 


- s _ 
, i+¢€ 0.5 is so close that differences between them do not appear in 


small-scale drawing. 
is finite even if uw is a very small quantity compared with unity 


l . s . —s ° 
This value of. (olga 9 may now be used in evaluating Equa- Relation Between Singularity Distribution 


— and Geometrical Shape of Blade Section 


, follows from As Fig. 6 shows, the angle dy,,/dz made by the resultant ve- 


tion (38) by Simpson's rule. 
Finally, the induced component (u, 
10 locity and the chord follows from 


The vertical component (v,), May be found in the same manner ~ = i1) 
u T 


m 


Comparison of Results With Other Methods where v;, and uj. can be taken from Equations (10) and (11 


S P ' The velocities v. and u. are induced by the remainder of the cas- 
As the method of calculating the induced velocities developed i th 
. eT cade; wy are 
»v Schlichting [4] is not restricted to small solidities by conver- 12 
gency conditions, his method has been selec ted for a“ comparison 


with the results of this approximation. In Table 2 the in- and é 13) 


Table 2 (u»)o/um 


0 667 . 
sé 30 S 3 Ss 35 S 
0936 0 0925 0 1727 0. 1730 257 0 2574 0 4204 0.399 
0562 0. 0550 0 1037 0. 1026 } 0 1522 0 2579 0 242 
0193 0 O184 0 0363 0.0350 5d2 0 0527 0 0948 0. O88 
O74 0 O1S84 0 0305 0 O318 32 0 0461 -0 0655 0.068 
0544 0 0548 0 0979 —) 1005 2 0. 1468 0. 2268 0.231 
O9O18 0 0918 0 1670 0 1704 D245 0.2492 0. 4001 0.398 
1301 0 1302 0 2388 0 2411 3: 0 3566 0. 5856 0 573 
1606 0.1692 0.3145 0 3158 0. 4604 0. 7909 0.759 
2107 - 2104 0 3592 0.3943 0: 0 5870 0215 0.935 
2538 —() 2522 0 4821 0 4755 738) 0. 7066 2830 1 O86 
0. 2991 —0 2068 0 5761 0 5508 : 0 8205 1 5810 1.202 


« 35 means as calculated from Equation (35) with two terms. 
S means as calculated by Schlichting [4]. 
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B =150° 
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Fig. 5 Comparison of induced horizontal velocity components at ¢ = 
1.0 and 8 = 150 deg 


The value of u, is given by Equation (28) and similar equations 
may be found for v,, ue, 0. Note that the components »;,, v,, and 
uy depend upon the coefficients A,, while uie, ue, and ve depend 
upon the coefficients C, and E. 

As no fluid particle can penetrate the mean camber line of the 
blade section, dy,,/dz must be the slope of the mean camber line. 
If infinitely many terms are retained in the series representations 
of the singularity distributions [see Equations (1) and (7)] the 
tangency condition may be satisfied along the entire mean camber 
line. 

In order to keep the computational work within reasonable 
limits, the series may be broken off after the third or the fifth 
term. In this case the tangency condition will be satisfied at, re- 
spectively, three or five points only [7, 4]. 

Let y, be the half thickness of the blade section at any abscissa 
x. It will now be assumed that the horizontal components u,, and 
u, are independent of the ordinate y across the blade section. 
(This assumption is permissible so long as the blade sections are 
thin.) The velocity parallel to the chord at the blade is then 
Um + Use + U, at the abscissa z, while at the abscissa x + dz the 
velocity is 


Um t+ Uie + U, + [d(uie + u,)/dx]dz 


and the thickness is y, + (dy,/dz)dz. Between the points z and 
x + dz the quantity edz emanated from the source distribution, so 
that the continuity condition requires 


1 d 
- edz = (v + = LI iz) (u. + Uie + U, 
2 dz ‘ 


4 Ate te) iz) (44) 
dz 


YAU, Tr Uie + u,) + 
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Vie 
Fig.6 Tangency condition 


The term [d(u;. + u,.)/dx}(dy,/dz)(dz)* is of second order com- 
pared to the other terms and may be neglected. Thus 


€ = — [yum + Uie + 


2 


1 


[Un + Uie + U, 


Ys 46 


For the same reason as stated previously, Equation (46) must 
be satisfied for three or five values of z. The approximation of 
the thickness form is better if more terms are retained in the 
singularity-distribution series. 


Conclusion 


The singularity method is very convenient for finding the 
velocities induced by the portion of the cascade exclusive of the 
blade zero. These velocities can be represented by finite integrals, 
the rigorous solution of which is quite laborious. If, however, the 
integrands are expanded into power series, an approximative 
method can be used, the reliability of which depends upon the 
convergency of the power series. The results are very good for 
solidities smaller than 2/3 and satisfactory solidities between 2/3 
and 1.0, even if only the first two terms of the series are retained 
It is possible to improve the results by retaining more terms or by 
applying the modification suggested in the fifth section, but this 
apparent gain in accuracy might be not completely realistic, since 
the chord, instead of the mean camber line, has been taken as the 
location of the singularities. 
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The problem of laminar channel fl 
suction or injection through the channel walls 


, 
rw has been investigated for th 


The solution ca 


é case of uniform 


n be divided into 


(a) A judicious choice of stream function reduces the Navier-Stokes equatw 
to an ordinary, fourth-order, nonlinear differential equation, 


which contains a fre 


parameter R, the Reynolds number based upon fluid velocity through the wall 
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friction coefficient. 


* 
W, THIN the past few 


which « 


porous ducts 


years, many problems have been 
studied oncern themselves directly with fluid flow through 
Examples of these are the cases of transpiration 
ind gaseous diffusion 

the foregoing prob- 


lems, the configuration investigated here is the flow of fluid in a 


cooling, boundary-laver control 


To simulate conditions encountered in 


uniformly porous, two-dimensional channel. This same model 


has been examined previously by Berman [1 Sellars [2], and 


y uan (3 These investigators obt uned perturbation solutions 
valid under limiting conditions of suction and injection. 

It is the purpose of this paper to present the general solution of 
the Navier-Stokes equations for flow between porous parallel 
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lary a later Discussion 


Statements opinions in 


Visio! 


expressions are develo ped for velo 


(c) The transformed, nonparametri 
From 


om ponents 


plates. The assumptions made in this ar 


a) The flow is steady, viscous, and laminar; (6 


compressible; (¢ 


pressure distribution, 


Since general analysis of this equation is intractable, the parameter R_ is eliminated b 
a suitable transformation. 
series solution, valid and absolute ly conver ge nt for all R. 


Li 


c equation yields 


1 this general solutior 


and 


alysis are as follows 


the fluid is 


body lorces are negligible ; (d) flow conditions 


do not vary in the Z-direction (a two-dimensional problem is pre 


scribed " 
| velocity at t 


prescribing a constant norma 


Reduction of Navier-Stokes Equations 


The flow system under study is that of a 
plates, a distance 2h apart, as shown in Fig. 
Defining the nondimensional variable 

y/h 
the Navier-Stokes equations, s ibject to the 
the foregoing, may be written as 
1 Op 
p oz 


1 Op 
or 











Fig. 1 Porous cha 
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The equation of continuity becomes 
Ou l ov 
Or h Ov 


The boundary conditions are as follows: 


Ou (4) 


v(z, +1) = =r, = 
oA 


The continuity equation is satisfied identically by the two-dimen- 
sional stream function. Following the procedure of Berman [1], 
we postulate that the stream function may be written as a product 


¥(z, A) = g(x)-f(A) (5) 
Then the velocities are given by 
oy l 


OY h 


oy 


The boundary condition »(z, 1) = v,, plus a knowledge of the inlet 
conditions to the channel, gives rise immediately to an expression 


for g(z 
g(x) = hAO(O) — vy 
where U(0) is the average axial velocity at r = 0. 

Equation (5) may then be substituted into Equations (2). It 
was noted by Berman that, when this is done, the second part of 
Equation (2) reduces to the very important expression 

0°*p 
oxoA 


0 


? 


Utilizing Equation (8), the first part of Equation (2) reduces to 


the following equation: 


Rif’? — if") K(R) = const 9 


where R = (v,h/v), the ‘“‘wall Reynolds number.’ The boundary 
conditions from Equation (4) are now written as 


f(0) = 0 fl) = 1 
10 


For a given R, the solution of this ordinary, nonlinear differen- 


ind v(A). 


tial equation gives the shape of the velocity profiles u(A 


Special Cases 


The solution of Equation (9 
looking first at solutions which correspond to certain limiting 
values of the wall Reynolds number R. 

R = 0. In this situation, Equation (9 


is perhaps best examined by 


Case |: reduces to 


Disregarding the unreal condition of a fluid with infinite vis- 
cosity, this solution corresponds to flow in a nonporous channel, 


or, in a more general sense, to so-called “creeping flow’’ in a porous 
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channel. In other words, it is the familiar expression for Hagen- 
Poiseuille flow. 
Casell: R = &. 


to 


In this case, Equation (9) may be simplified 


and the solution is again easily obtained. However, an interest- 
There are actually lwo 


, the other satisfy- 


crops up here. solutions to 

one corresponding to R = + 

This situation is not at all obvious, as may be 
this 


is exactly the same, regardless of whether R = 


ing lact 
Equation (13), 
ing R = —o., 
verified by consulting previous literature on problem 
Equation (13 
+x or —~,. The existence of two separate solutions can only 
be verified by examining the asymptotic behavior of Equation (4 
as R approaches very large values. It is well to note that this 
limiting behavior is studied for viscous fluids only, and that per- 
fect fluid solutions have no bearing whatever upon the matter 
Case lla: R = — 


The solution is given by 


This expression correctly satisfies all the boundary 


Case Ilb: R = + The solution here is 


\ 


Here, one of the boundary conditions, f(1) = 0 
Nevertheless, Equation (15 
through its asymptotic behavior of the general problem 

All of these three special cases are shown graphically in Fig. 3 


is not satisfied 


is quite valid, as may be verified 


Further investigation of the behavior of Equation () reveals that 
the problem is well behaved, in the sense that a given solution 


f(A) for arbitrary R will lie in its physically expected place be- 


tween two of the special solutions. 

One conclusion that can immediately be drawn is the effect of 
which is pro- 
R > 0) is 


Because or con- 


teynolds number upon the axial velocity «, 
It is seen that the role of suction 


wall 
portional to f’(A). 
quite different from that of injection (R < 0). 
tinuity requirements, any change in R definitely affects the magni- 
tude of uw. affects 


the shape of the axial-velocity profile, whereas no amount of in- 


However, it is clear that suction drastically 
jection can seriously change this shape. 


Solution for Arbitrary R 


J 
The general solution of Equation (9) for arbitrary values of R 
differentiate Equation 9) to eliminate 


proceeds as follows: First, 


the constant. This gives 


Rif’ — ff’) % 16) 
as it stands, presents formidable difficulties of 


Equation (16), 
In this 


solution, because of the presence of the free parameter R. 
form, perhaps the only feasible method of attack lies in the ex- 
tension of small perturbations us additions to one of the known 
limiting solutions. 

On the other hand, the problem is enormously simplified if the 
observation is made that the wall Reynolds number is actually a 
similarity parameter defining the flow. In other words, a set of 
co-ordinates can be described which cause the free parameter to 
vanish from the differential equation. 

The transformation which effects this simplification is defined 


by 
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2 = fR j= OR 


ng Lequation (17) into (16), one obtains 


Rid’ R '-’R @'''R + d”’R 


» Sblniper 


of the problem Is me 


us all the diffieultic 


about A 


equation reduces to 


svmmetrical 


odd 


uation (20) into (18), collecting terms, 


of A”. re spective lv. equ il to zero, one ob- 
or the coefficients C, As might be expected 


written in terms of C; and Cs, as 


‘an be 


odd 
markable expression is given by Barfield [4] 


where ? odd The complete derivation of this re- 
It is convenient at 
17): 


this point to transform back to the f-plane, using Equation 


AA + KA K,r° 4 + AX 22 


CLR 


tn n 


and n = odd, 1 odd 

Here, it seems proper to consider the convergence of the series 
defined in Equation (22). The complete proof of convergence is 
by White [5], the salient argument of which is presented 


For illustrative purposes, the first few terms of Equation 


givel 
here 


(23) ean be listed: ' 
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AK. AR SA, AR 


165 DO 


2A.AR 2A, AyR 
145 30 


10K. AYR AR 


| 


m A, consists of 


leftover tractions are 


id Ky) « 


ontains 12 t 
the fun 


the coefficients K, 


flicient A, ilthough it consists ol 


fy 


its magnitude 


erives most ol 


this single term, in 


ill Cases 


ide of the entire coefficient 


» R, as follows 


SALA, R 


other terms 


a) A AK R 


since A, is always less than 1.6, from the study of limiting cases 
The fact that the limit is equ il to zero means that the series 
juation (22 correctly describes the function f(A) and 


of the 


given by | 


is absolute! ill values wall Reynolds num- 
ber R 


In practice, 
i given R, 


convergent for 


when the coefficients A, are actually obtained for 
the convergence behavior of | quation 22) is quite 
accuracy 


For R 


reasonable. For example, to obtain six-decimal-place 

on f(A), for R 

30, the same 
The eval ind Ks, is 


approached through the remaining two boundary conditions 


10, 14 terms of the series are needed 
wcuracy is achieved with 32 terms 


tation of the two independent constants, K 


f(l 1: f‘(1 U 


> 


Apply ing these to Equ ition (22), one obtains 


+ AK 
K, + 3A; + 5A + nk, 


For a given R, Equations (26) constitute two infinite, simultane- 
ous, algebraic equations in the two unknowns A; and Ay. A 
problem of this magnitude reduces one to trial-and-error solu- 
tions for particular values of R 

To facilitate these numerical calculations, the problem was 
The method of 


as an ordi- 


programmed on the IBM 650 digital computer. 
approach consisted of the handling of Equation (16 
nary two-end-point problem. The numerical solutions thus ob- 
tained not only gave the values of Ky and Ks, but also served as 
an independent check upon the general power series in Equation 
(22). The results are gratifying; the numerical answers can be 
matched point for point with the power-series solution, to any 
accuracy within the capacity of the IBM 650 computer. 
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Fig.2 Series coefficients 





























Fig. 3 Velocity profiles 


The coefficients K, and K; are plotted as functions of R in Fig. 
2. A much more detailed investigation of these two coefficients is 
contained in White [5]. 

The functions f(A) and f’(A) are plotted in Fig. 3 for various 
values of R. It is here that the essentially different roles of suc- 
tion and injection are shown most clearly. 

Equations (6) and (7) may be readily combined to give 


| eo) — v% =] -r0) 


v(z, y) = v, f(r) 


u(z, y) = (27) 


(28) 
Thus Fig. 3 is effectively a representation of velocity profiles. 


Pressure Distribution 


Once the solution to Equation (16) is known, the pressure dis- 
tribution can be obtained as follows: Equations (2), when written 
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Fig. 4 Axial pressure drop parameter 


in terms of g(x) and f(X) and solved for the pressure terms, be- 
come 


or 


Integrating each expression and adding directly by virtue of 

Equation (8), one obtains 

Mle.» 
[f(r 

, * 


t 


» 2 
— f(0)] - Pe far 


p(z, A) = p(0, 0) + 


’ 


FOS] + F709} | Co - 


From this general expression, one can immediately deduce the 
g } ) 
pressure distributions in the z and y-directions. It is convenient 
to define an “input Reynolds number,”’ 
hO(O) 
v 


R; = 


Then the nondimensional pressure coefficient in the y-direction is 
given by 


( )— r 2 
p(z, 0) — p(z,r) _ ( ) rr) 
Rj“ 


1 
00) 
PUM 
9 R 
+ { — }[s(0) - oni ( ) ap 
(qu rr 


For the pressure coefficient in the z-direction, Berman [1} has 
given an expression valid for R) < 1: 


p(0, A) — plz, r) (s 162 RY (1 Re) (=) (2. 
: = —_ - — — 32) 
5 oe Rr 35 R; Rh) \h 
2 


For values of ‘R| > 1, it is more convenient to define a nondimen- 


sional variable, 
Rx 
Rrh 


Then remembering the definition of k(R) from Equation (9), the 
pressure in the z-direction may be written 
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Fig. 5 Friction factor 
parameter 











piv, X 


— p(x, r) y —k(R) }2r(1 _* 
I R 2 


pCO 
a | 
The function [—k(R)/R] is plotted in Fig. 4 versus R. It is in- 
teresting to note that, for R > 1.3, the pressure increases down 
the channel. For R < 1.3, the pressure decreases in the flow 
direction. For R = 1.3, the pressure is independent of the 
z-direction. The limits on the variable y are 0 < y < 1. 


Friction Coefficient 


The wall-friction coefficient is defined here as 


2%, 
~ 


phU0) 
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Using the definition of u(z, \) as given in Equation (27), Equation 


(35) becomes 
j z 
( Dio — % ) 
—2 h 


c¢;, = —_——— 
U(0) 


° 
r R f"(1) 

T 
and cy, is seen to vary linearly in the axial direction, increasing 
with suction and decreasing with injection. The function f*(1) is 
plotted versus R in Fig. 5. 


Discussion 


For the uniformly porous channel, it is seen that the parametric 
differential equation arising from the reduction of the Navier- 
Stokes equations can be solved in the general case by use of a 
suitable transformation. From the series solution thus obtained, 
the over-all properties of the flow, such as velocity profiles, pressure 
distributions, and wall-friction coefficient, can be examined in 
detail. In general, the effect of suction is found to be markedly 
different from that of injection. 

Perhaps the most important observation to be made is the fact 
that the transformation which makes this analysis possible does 
not arise from the choice of parallel-plate geometry. In reality, 
the transformation is very general, because the wall Reynolds 
number is a similarity parameter characteristic of flow in a uni- 
formly porous duct 
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Brief Notes* 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/, double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published as soon as possible, 
normally in the next issue of the Journal. The 
should be submitted to the Technical Editors 
Journal of Applied Mechanics. 
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An Improvement of the Holzer 
Method 
By S. MAHALINGAM,' COLOMBO, CEYLON 


This paper presents a method of obtaining the next trial fre- 
quency from the results given by the previous Holzer table. The 
basis of the method is the effect of a small (fictitious) change in 
moment of inertia on the natural frequency of the torsional 
system. Although basically different, the method leads to a 
result which is very close to that given by Crandall and Strang. 
The relative merits of the two methods depend on whether the 
trial frequency is above or below the exact one and on whether 
or not the next approximation will overshoot the exact value. 


IN a recent paper? Crandall and Strang described an improve- 
ment of the Holzer method for caleulating torsional natural fre- 
quencies. In the improved method (refesrad to as the Rayleigh- 
Kohn-Holzer method) a next approximation to a natural fre- 
quency is obtained by applying Rayleigh’s energy method, using 
In the 


present paper an alternative modification is described, in which 


the mode of vibration given by the previous Holzer table. 


the next approximation is obtained by considering the effect of a 
small (fictitious) change in the moment of inertia of one of the 
rotors of the system. 

Although the present method and the Rayleigh-Kohn modifica- 
tion are based on two entirely different concepts, the two results 
are almost the same. In fact, a trivial change in the reasoning of 
the author’s method would lead to the result of the Ravleigh- 
Kohn method. 


Effect of a Small Change of Moment of Inertia 


Consider a system of (n + 1) rotors of moments of inertia 


T+, connected by shafts of torsional stiffnesses 


‘Lecturer in Mechanical Engineering, Faculty of Engineering, 
University of Ceylon. 

2S. H. Crandall and W. G. Strang, “‘An Improvement of the 
Holzer Table Based on a Suggestion of Rayleigh’s,”’ JouRNAL or Ap- 
pLieED Mecnanics, vol. 24, Trans. ASME, vol. 79, 1957, pp. 228-230. 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will! be 
accepted until January 10, 1959, for publication at a later date 
Discussion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 3, 1958, 
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Rig Magic cast 
9,4: the amplitudes of vibration of the respective rotors in the 


Let w be an eract natural freq ieney and 4, A, - 


corresponding mode of vibration. 
Since the maximum kinetic and potential energies are equal we 


have 


n+1 
l 9 ° 
—— > T,.0,,27 = , 
= m=l1 ~g 


If there is a change ol él. in the moment of inertia of 
rotor, we have by differentiation 


If a section is taken at the mth shaft, then from the eq 


latior 


motion for the svstem to the left of section we get 
al 
w S* 718 
— 
ind for the entire svstem 
) 14 0 
p a) 
From I quations (Sa) and (34) we get 


: 4a 4 : 
) kG a ol w 
Baa ol, 


Substitution of Equation (4) in Equation 


61,4 


> 1.4 


Ww 


foregoing result 


An alternative but somewhat longer proof of the 


has been given by Tuplin 
Improvement of the Holzer Method 


Consider a torsional system A consisting of rotors of moments 
of inertia J,,(m = 1,2,......m 1), the natural frequency 
of which is to be determined. When the Holzer table is con- 
structed using an approximate frequency @, and 6, = 1, there will 


be a residual torque at the other end of the system given by 


n+1 
R = I Ww ff 
m 1 


This residual can be liquidated by replacing 7,4; by a suitable 
moment of inertia J,4;’. Then w, becomes the exact natural fre- 
quency of the modified system B for which /,,’ = J,, form = 1, 2,- 
oa 


and 


n 
) Tw)? 
m=1 


«70 +1 


Tiss’ = 


From Equations (6) and (7) the change of moment of inertia is 


3 W. A. Tuplin, “The Effect of Changes in a Torsionally Vibrating 
System on the Natural Frequencies of the System,”’ Philosophical 
vol. 21, June, 1936, pp. 1097-1111. 


series 7, 


Vagazine, 
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It will now be shown that Equation (11) is actually identical 


n+ 1 
r? 1, 0 with the Rayleigh-Kohn result, which is generally expressed in 
ol ~~ the form 
w,*4 ‘ 
The system B can be converted to the original system A by adding 
61,4, to the last rotor. The corresponding change of frequency 
is given by Tuplin’s formula (5). We thus obtain the second ap- 
proximation 


OF .+18,,4 


RA 


> em 
m=) 


(3a) and (6) we get 


m=1 
x TI w,26.? Re 
m=1 


10 Thus Equations (11) and (12) are identical and may be written in 


2 Ré, 


+1 . 
a the form 


DD 1.w,79.? — RO,.1 
ad) l 


illed the “‘eorrection factor.”’ 
form of the Holzer table, an example of which is where 8 = RO,,, and é 


Similarly we get 


= S[Col 


while 2? and 6 ire single entries. The auxiliary caleulation is Hence 


therefore quite simple 


16 
The Rayleigh-Kohn Improvement 


In ppl} ing 3 er. 9), if we evaluate the denominator for Two important conclusions can be drawn from Equation lb If 
the system A instead of the system B, we would get a second 6 is a quantity of the first order, then it will be seen that the dif- 
Ppa ference between the two correction factors will be of the second 

order. While the two methods have quadratic convergence, Q;ay 

is always greater than a, irrespective of whether the residual is 

positive or negative. Consequently, if there is no overshoot in 

the second approximation, the Rayleigh-Kehn method is superior 

to the author’s for w, < w, while for w, > w, the author’s method 

is superior. Unfortunately, as stated by Crandall and Strang, 
whether or not the next approximation will overshoot the natural 
frequency cannot be predicted. 

For purposes of computation Equation (14) can be written in 


the form 


Table 1 Example of Holzer Table 


2 . (4) . (6) ‘ 
1O- Dy k & 10-6 : TJ: 


~ 
€ 

¢ 
x 


x 10 
108 0.0026 
363 : 0.0052 
273 5.2045 75 0.0077 
7139 75 0.0102 
6961 0.0128 
6739 0.0152 
2616 4.3370 
5 3366 


7408 
7408 
7408 
7408 
7408 
2,560 7408 
75,000 0000 
24,000 3200 


OD tes pans fat fe fet feet 
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2|Col. (5))|Col. (7)) 


“D(Col. (5)] (Col. (7)} + RAs ani 


Ory = 
It will be seen that this form is simpler than that given in the 
Crandall and Strang paper*® and requires only half the computa- 
tional effort. 
The author’s result, Equation (10), can be expressed as 


- ROn+1 


(1S 


For purposes of comparison, Crandall and Strang used the 
The same ex- 
= 680 


numerical illustration given by Den Hartog.* 
ample is also used here. For an approximate value of w,? 
for the first critical, the Holzer table is shown in Table 1. 

Although the figures are given to four places of decimals in 
Table 1, they were calculated to a higher degree of accuracy 

V = L[Col. (5)] (Col. (7)] = 254.3330 

4J. P. Den Hartog, *“*Mechanical Vibrations,’’ McGraw-Hill Book 

Company, Inc., New York, N. Y., third edition, 1947, pp. 236-243 


The Influence of Kapitsa’s Viscosity 


Check: V D[Col. (3)} (Col. (4)] — RAnavw 
243.4376 + 10.8954 
254.3330 

254.3330 
680 = 


a = W1*Qtray = 
710.4343 
265.2283 
= 680 xX —— 
254.3330 
709.1305 
The exact solution is about 710.822. 
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the Rayleigh-Kohn correction factor 


on the Hydrodynamic 


Lubrication of a Cylindrical Roller Bearing as 
Affecting Contact Pressure and Oil-F 


By F. W. 


Nomenclature 


E = modulus of elasticity (21,000 kg/sq mm for steel), kg/sq 
mm 
F, radial load on the bearing, kg 
h = smallest oil film thickness to be found at contact between 
1 olling body and raceway, mm 
factor which determines 7, = mo7*?m 
effective roller length, i.e., over-all roller length minus 
corner chamfer at roller ends, or minus grinding under- 
cuts in raceway, mm 
resultant rotating speed of the bearing, i.e., rotating 
speed of inner ring relative to outer ring, rpm 
radial load on cylindrical roller per unit effective roller 
length, kg/mm 
oil pressure, kg/sq mm gage 
peak pressure in contact area between roller and raceway, 
kg/sq mm gage 
radius of cylindrical roller, mm 
radius of inner ring raceway of the bearing, mm 
radius of outer ring raceway of the bearing, mm 
number of rollers 
viscosity of lubricating oil which is variable due to varying 
pressure, kg sec/sq mm 
resultant viscosity of lubricating oil which can be used in 
Dérr’s formulas, kg sec/sq mm 
viscosity of lubricating oil at atmospheric pressure and 
operating temperature, kg sec/sq mm 
deformation parameter which is defined in Dérr’s work 
[2]? 


1 Dipl. Ing., SKF Compagnie d’Applications Mécaniques. 
? Numbers in brackets designate References at end of paper. 
Manuscript received by ASME Applied Mechanics Division, Dec. 


2, 1957. 
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ilm Thickness 


v. HACKEWITZ,' PARIS, FRANCE 


= 3.14159... 

= Poisson’s ratio (0.303 for steel) 

= piezo coefficient of lubricating oil at operating tempera- 
ture, sq mm/kg 


In THE lubricated rolling bearing an oil film is formed which 
separates the rolling body from the raceway, thus preventing 
metal-to-metal contact. The conditions of this oil film can be 
described by using the hydrodynamic theory of lubrication 
Based on this theory, several investigators have already derived 
formulas for film thickness and pressure distribution at the con- 
tact between rolling body and raceway. However, these formulas 
imply at least one uncertain quantity and thus are not useful for 
calculating accurate numerical results. 

The following calculation demonstrates a method of obtaining 
It is based upon two publications: 
the works, 


accurate numerical values. 
Dérr [2] and Kapitsa [3]. 
Dérr’s formulas are expanded to account for variable viscosity 


By combining two 


which in its original form considered only constant viscosity. 


General Calculation 


In his work, Kapivsa assumes rigid bodies in the bearing 
Thus his formulas des«ribe conditions of lightly loaded bearings 
only, where the elastic deformation in the contact area is small 
and negligible. Kapits:. then considers two cases: (a) Constant 
oi! viscosity at the contact; (b) variable oil viscosity due to vary- 
ing pressure in the contact area. 

When assuming constant viscosity 7, he obtains 


(1/R + 4 \'/2 
n = $885 - v t salle Pn 
Ne 


Ri (la) 


inner ring-roller 


1/R — 1/Ro)”? . 
Ce... Me outer ring-roller 
R; Ne 
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- = §.880 (1b) 





and for variable viscosity 7 = me?” he calculates 
(1/R + 1/R,)'" 1 — e~ 7? 
R, oun YN 

— 1/R,)'* 1 — e~ 1? 


R; Y%o 


§. 885 inner ring-roller (2a) 


(1/R 


= §.885 - outer ring-roller (2b) 


The formulas (1a) and (1b) for constant viscosity are converted 


into formulas (2a) and (2b) which account for variable viscosity 


by setting 
° PY 
ee ee (9) 
1 — e~ ym 
Adjusting 7, to the general pressure-viscosity relationship 7 = 
moe’?, we now define 


me = me7*Pm (4) 


where 


lim k 


pm @ 


lim & +0.5 and 


Pm > 0 
This resultant viscosity 7, can be used on Dorr’s general formulas 
for 0 < uw < 1.7, which are expressed with 


9 


Contact between 


Inner rit 


r 
if 


ind roller 


12 (1 (1 +R 


Contact betwee 


0.457 «/20 1+ R/R 
QV RRR, 


outer ring 
— ps) 
Mn, 


wo 


I 
\ Rs 5.3 4+ 


ind roller 


rb.5 RR. : 
(oe) 
30 (1+ R/R, 
In the foregoing | + R/R,; = 1 R/R, since in radial eylindri- 
cal roller bearings R,-R= R, + R. 

Our described calculation assumes that Dorr’s pressure distribu- 
tion for constant viscosity is in the same proportion to the pres- 
sure distribution with variable viscosity as the distributions of 
Kapitsa’s two cases are to each other. The defined quantity 7, is 
valid in describing the viscosity conditions in lightly loaded bear- 
ings, and therefore permits use of Kapitsa’s relationship since he 
neglects elastic deformation at the rolling contact. 

With increasing load the elastic deformation assumes greater 
importance with a concomitant change in the pressure distribu- 
tion. In addition, two other factors now influence the conditions 
at the contact. These are: hysteresis of elastic deformation, and 
hysteresis of oil viscosity due to dynamic pressure. 
two complex phenomena have not been sufficiently explored to be 
included in technical calculations, our method of calculating 
heavily loaded bearings utilizes Dérr’s deformation parameter 
(0 < wu < 1.7) and Kapitsa’s viscosity relationships. 


Since these 
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3 a 
> 5 om a 


Fig. 1 &-factor resultant oil See under 


‘*Example.”’ 


versus viscosity 7. 


Example 


Let us select a petroleum oil operating at 130 F. According 


to ref. [4 


11 centipoise . 
sq mm 


0.1952 sq Tam 
Ow 


kg 


Substituting various assumed values of peak pressure p,, in 


equation (3) and equation (4), we obtain a plot of k vs. , (see 
Fig. 1), which gives the general trend of resultant viscosity 
The dimensions of a standard bearing, SKF No. N 210, are the 


following: 


R = 


5.5 mm 
5mm 

R,; = 30.2 mm 
Ry = 402mm 


z= 15 


Considering the most heavily loaded rolling element in the bear- 
ing we calculate: 
. , SB, ; 
= 0.03788 F, (see rel 
mm 


1] 
1) 


8000 
rem 


4000 
RUNNING 


6000 


n= BEARING SPEED . 


Fig. 2 Smallest oil-film thickness to be found between most heavily 


loaded roller and the bearing inner ring. (See under ‘‘Example.’’) 
|Note: “F” at right side of graph should read “F,.”’) 
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THICKNESS , 


FILM 


4000 6000 
SPEED , 


8000 


n= BEARING RUNNING RPM 


Fig. 3 Smallest oil-film thickness to be found between most heavily 
loaded roller and the bearing outer ring. (See under ‘‘Example.’’) 


For inner and outer ring contact three equations (4), (5a), (5b), 
and (4), (6a), (66), respectively, permit us to solve for the three 
unknown quantities 7,(p,,), u(n.), and p,,(u, 7). 

We now calculate h = f(u,n.) by using equation (5c) and (6c 
for the respective contacts. 

The final results of the example are shown in Figs. 2 and 3. 


Conclusions 


(a) Our method of calculating oil pressure and oil-film thick- 
ness at the rolling contact represents a simplified evaluation of 
hydrodynamic formulas. The method is accurate for lightly 
loaded bearings and it offers a good approximation with increas- 
ingly heavier loads. 

(b) A bearing revolving at a given speed shows only small 
change in oil-film thickness, if the load imposed on the bearing 
varies within practical limits 

(c) Excluding extremely light bearing loads, the oil-film thick- 
ness between roller and raceway varies more with the rotative 
speed of the bearing than with the bearing load 

(d) The inner contact film is smaller than the outer contact film 
of the same roller. 

(e) The peak pressure in the stationary bearing can be con- 
siderably greater than the dynamic peak pressure in the rotating 
bearing which carries the same load 
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On the Number of Dimensionless Variables in a 
Problem of Dimensional Analysis 


By Hi. L. 


\ RULE for determination of the number of dimensionless prod- 
ucts in a problem of dimensionless analysis has been given by 
E. R. Van Driest.2 This note is to demonstrate that the Van 
Driest rule can be represented by means of a matrix scheme.* 
[M], [Z], [7] 

[H| is established, the dimensional exponents of several variables 


If a system of m fundamental dimensions 
Ti, 2... ., 2, may be represented’ by the columns of a dimen 
»~mandj = 1,2,....,. The 


It is well known that the 
ky pe 


sional matrix (a,;); 1 = 1, 2,... 
rank of matrix (a,;) is denoted by r. 
exponents of any dimensionless product xr ° x, *n are a 


solution of the equations 


n 


> a,;k; = 0; 1 


j=1 


Furthermore,’ several dimensionless products of the ’s are in- 
dependent (in the sense that no one of them is identically a prod- 
uct of powers of the others) if, and only if, the exponents of these 
products are linearly independent solutions of Equations (1) 
Hence any fundamental system of solutions’ of Equations (1) 
provides n — r independent dimensionless products of the 2's 

! Professor of Theoretical and Applied Mechanics, University of 
Illinois. 

? £. R. Van Driest, ‘On Dimensional Analysis and the Presentation 
of Data on Fluid-Flow Problems,” JourNat or Appitiep MECHANICS 
vol. 13, Trans. ASME, vol. 68, 1946, p. A-34. 
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John Wiley & Sons, New York, N. Y., 1951. 
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Furthermore, there can be no more than n independent di- 


mensionless products of the x's, since there are no more than 


linearly independent solutions of Equations l According! 


the 2's are 


any n r independent dimensionless products of 


said to constitute a ‘ complete set,’ 


Van Driest’s rule may be derived from this theorem, as fol- 


lows: Since the rank of matrix (a,,) is r, there exists a minor V/, 
] 


consisting of r-columns of matrix (a@;,), that also has rank 


According to the preceding rule, the number of dimensionless 
products that can be formed from the .’s that correspond to the 


columns of matrix V7 is ; r = 0. In other words, there are 7 


of the variables rT; that will not form a dimensionless product 
Furthermore, any r + 1 of the variables 2, will form a dimension- 
less product, for if we choose any minor M’ consisting of r + | 
columns of matrix (a, 5); its rank isr’ < Therefore the number 
of independent dimensionless products that can be formed from 
the z's that correspond to the columns of matrix W’isr + 1 


i 


maximum 


Consequently, the rank r of matrix (a,;) equals the 
number of z’s that will not 


Thus Van Driest’s rule is obtained: 


form « dimensionless 


product “The number of 
dimensionless products in a complete set equals the number n 
of initial variables, minus the maximum number of these varia- 
bles that will not form a dimensionless product.”’ 

It may still be asked whether the pi theorem requires a com- 
plete set of dimensionless products of the z’s. The pi theorem 
relates to a dimensionally homogeneous equation ol the type 


ere (2) 


in which the 2's are independent variables. The statement that 


Equation (2) is dimensionally homogeneous is interpreted to 
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mean that equation (2) is invariant under the group of similitude 
transformations that is generated by all possible changes of the 


basic units of measurement. Focken® has given an example that 


seemingly shows that this definition is inconsistent with the usual 
statement that an equation is dimensionally homogeneous if, and 


only if, all its terms have the same dimension. He cites the ele- 


mentary kinematical relations for rectilinear motion of a par- 


ticle: 


Addition of these equations vields 
= al 


This equation is a correct statement of physical laws, although 


its terms do not all have the same dimension. However, there ts 


no conflict with the first definition of dimensional homogeneity, 


for if all but one of the variables (say, s) are considered to be in- 


dependent, Equation (b) is not invariant under all similitude 


transformations. It is to be emphasized that the variables 2, in 


hquation 2 ire considered to be independent in Focken Ss 


example, the variables 2; are related by a supplementary equa- 


tion. If the z's are related, some of them should be eliminated, 
so that only ind yy ndent variables remain on the right side of 


equation 2 


Since equation 2 is dimensionally homogeneous, the ” 
i 


theore m?® reduces it to the dimensionless torm 


x = F(m,, fe, . 


in which mw), 7 rT. are a set of dimensionless prod iets of the 


p should not be 


wits 7), 7 _ 7 


greater than n for then 


rs Certan 


some of the prod would be identically products 


ol powers of the others Since I-quation 3) merely denotes a 


correspondence from 7), We, , 7, tom, some of the m's would 


then be « dundant 


On the other hand, there are innumerable examples to show 


that p may equal » Consequently, if we know nothing 


tbout Equation (2), except that it is dimensionally homogeneous, 


we may not conclude that p <n / In examples designed to 


show the’ » may be less than n r, hypotheses beyond dimen- 


sional homogeneity are introduced, although they are not always 
stated explicitly 

C. H. Murphy has kindly pointed out that a rigorous proof of 
the pi theorem requires special consideration of the case in which 
the x's will form no dimensionless products For this case he 
supplemented the demonstration’? by the following lemma: “Ii 
= (), the entire space S consists of a single AK-space za 


to the cone] 


n— 7 
This lemma leads directly ision that equation (3 


reduces to the form rw = const, if n 0 


On the Variation of Tension in 
Stretch-Forming a Metal Strip 


By D. M. WOO,' SHEFFIELD, ENGLAND 


WHEN sheet metal strip is stretch-formed over a simple 


eurved die by ipplving a tensile force at each end, the tension 
transmitted along the strip length in contact with the die depends 
not only on the friction between the contact surfaces, asin the case 
Edward Arnold and Co., 


( M. Focken Dimensional Methods,” 


London, 1953 
Sheffield University 
Mechanics Division, 


Mechanical Engineering 
ASME Applied 


Lecturer iv 
Manuscript 
February 18 


received by 
1958 
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of belt tension, but also on the strain-hardening rate of the metal 
and the geometry of the die. The problem has also an important 
bearing on estimating the frictional drag as the metal passes over 
the die profile in deep drawing. Sachs? and Sommer® used the 
belt tension formula for determining this drag. By extending 
Swift’s* analysis, this paper derives an expression [or the tension 
transmitted showing the necessary modification to the belt ten- 
sion formula due to the additional effect of the strain-harden ng 


rate of the metal and the die radius 


1 Conditions of Static Equilibrium 


If the whole section of the strip is stressed under tension, then 
from the static equilibrium conditions, see Fig. 1, the following 


equations can he obtained: 


For vertical equilibrium, 
dF 
dé 
for horizontal equilibrium, 
dT 
dé 
ind for moment equilibrium, 


d Ta 
dé 


FR 


ind F are the tensile and shear forces, 


PP, MM, and @ are the contact pressure, the coefficient 


where 7 respectively, in 
the section 


of friction, and the contact angle between the strip and the die 


ind /? is the die radius 
By eliminating F and p from equations (1 and 
follows that 
G. Sachs New Researches on the Drawing of Cylindrical 
Shells Proc. Inst. Automobile Eng., vol. 29, 1934, p. 5&8 
M. H. Sommer. ‘Relation Between Plastic Deformation in Deep 
Drawing and Tensile Properties of Various Metals,”’ Trans. A] ME 
I. & S. Div., vol. 113, 1934, p. 273 
‘H.W Plastic Bending Under Tension,” Engineering 


166, 1948, p 


Swit 


Forces acting on an elementary length of the metal strip 
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Fig. 1 





(Ta) 1 AT R dT 
Te ¢ tee Se Sapa 


dé? uo dO «yp dé 4 


Equation (4) can be solved if the relation between 7 and a can be 


found. 


2 Relation Between 7 and a in Plane Stress and Strain 
Conditions 

The stress-strain curve can be represented by the approximate 
form: 


6 = K + Hé 


where 


[(o; —_ 02)? + (G2 — 6 


J] 
{2 


a 
= 
i= a) — [tae + de? + de;?}'/2 
\ 2 
o 


K is the initial yield stress, and H is a strain-hardening modulus. 

If the shear stress in the section has negligible effect on the 

yield criterion, and if the ratio of the die radius to metal thickness 

is such that the radial stress can be neglected,® then assuming a 

condition of plane strain, it follows that for any longitudinal fiber 
stressed beyond the yield point, 

V3 2 

¢= -g, and @= 


. T= 
2 V3 


where o and e are the longitudinal stress and strain along the 
fiber. If e is expressed as 6//lo, then for any fiber at a distance y 


from the inner surface of the strip, see Fig. 2, 


=e, (: + “) 


The tension per unit width of the strip when the whole section 
is plastic and is in tension can be shown to be 


. 3 2 
i ot [« +H 
0 V3 Vv: 


T= 


From the condition for constancy of volume, & = t — 


thus 


The value of a may be approximated as 


t 
a= =AT-—B 


'R. Hill, “‘The Mathematical Theory of Plasticity 
Press, Oxford, England, 1950. 
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Fig. 2 Stretch across 
a section 











where 


3 
A e- . 


9 
4 (x —-—=H 
V3 


3 Determination of Tension 


Now equation (4) may be written as two separate equations 


R dT 


aa RT = (’; 
uw dé 


d*( Ta) 1 d Ta ) 
ae gw CO 


and for a given tension 7, at 9 = 0, the solution to equation (8) is 


C; 


T = Tie’ — (1 — e*”) (10) 


R 


, (9), and (10) it follows that 
C, C, 
=) 2A (n, + ) —B 
R R 
2A ; 
-[2(" 


Thus the value of C; at a particular position @ can be obtained 
from (11), and tension 7’ can be determined by substituting C; 
into (10). 

Equation (10) differs from the one used for the belt tension by 


From (7 


e9(] 1 pe? (7, i» 


the term — (1 — e“*), which gives in addition to the effect of 


friction the effect of the die profile and the strain-hardening rate 
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Fig. 3 Variation of tension along the strip length 


A = 5.1 tons per sqin., R = 0.25 in., 4) = 0.036 in. 
— H = 7.1 tons per sq in. 
- H = 5.7 tons per sq in. 
belt tension 


of the metal on the transmission of tension along the length of 
the metal strip. Using K = 5.1 tons per sq in. and H = 7.1 tons 
per sq in., taken from a stress-strain curve for aluminum, and 
assuming uw = 0.11, the variation of tension for R = 0.25 in. is 
calculated and is shown in Fig. 3. To illustrate the effect of the 
strain-hardening rate of the metal on the transmission of tension, 
H = 5.7 tons per sq in. is assumed and the result is shown in 


Fig. 3. 


On Axially Symmetrical Plates of 
Variable Thickness’ 


By F. ESSENBURG? 


In THE classical treatment of elastic isotropic plates of variable 
thickness, 
plane is obtained by substituting the moment-curvature (i.e., the 


an equation governing the deflection of the middle 


stress-strain or stress-displacement) relations appropriate for 
plates of uniform thickness into the differential equations of 
equilibrium, treating the thickness as a function of the middle 
plane co-ordinates. It should be noted that the classical formula- 
tion of plates of variable thickness neglects the effects of both 
transverse shear deformation and transverse normal stress, and 
employs assumed forms for the stresses which do not satisfy the 
requirements for the prescribed surface tractions at the top and 
bottom surfaces of the plate. In this connection, it is pertinent 
to recall the improvement of the classical theory of bending of 
plates of uniform thickness by E. Reissner [1, 2],? which ac- 
counts for the effects of both transverse shear deformation and 
transverse normal stress, and which stipulates the satisfaction of 
three boundary conditions at each edge of the plate. 

In a recent paper [3] a system of suitable stress-strain relations 
(and appropriate boundary conditions) were derived for elastic 

1 The results presented here were obtained in the course of research 
sponsored by the Air Force Office of Scientific Research under Con- 
tract AF 18(603)-47 with the University of Michigan. 

? Formerly, Assistant Professor of Engineering Mechanics, Univer- 
sity of Michigan. Now, Associate Professor of Mechanics, Illinois 
Institute of Technology, Chicago, Ill. Assoc. Mem. ASME. 

3 Numbers in brackets designate References at end of paper. 

Manuscript received by ASME Applied Mechanics Division, 
February 26, 1958. 
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isotropic plates of variable thickness, which include the effects of 
both transverse shear deformation and transverse normal stress 
as well as the effects of the thickness variation. In this deriva- 
tion, which was carried out by means of a variational theorem due 
to FE. 
fied (from the forms appropriate for Reissner’s theory of uniform 


teissner |2|, the assumed forms for the stresses were modi- 


plates) so as to meet the requirements for the prescribed surfac« 
tractions at the top and bottom surfaces of the plates On ap- 
| lication of these derived stress-strain relations to the problem 
ol torsion of plates of v iriable thickness, exact agreement with the 


How 


ever, an examination of the significance of the inclusion of the 


Saint Venant torsion theorv was obtained in two cases. 


additional] terms due to thickness variation in the derived stress- 


strain relations (as compared with stress-strain relations of 
teissner’s theory of uniform plates) indicated that from a prac- 


tical point of view (particularly in cases where the twisting 


moment is not present) the use of stress-strain relations appropri 
ate to the Reissnet theory of uniform plates seems adequate lor 
the improvement of the classical treatment of plates of variable 
thickness. It should also be mentioned that for the axially sym- 
metric case the stress-strain relations given in [3] may be obtained 
as the limiting case of the results given by Naghdi [4] for the 
axisymmetric shell of revolution. 

In the present note axially symmetri plates of variable thick- 
ness are considered by employing the basic equations of the Reiss- 
ner theory for uniform plates, with the thickness treated as a 
function of the middle-plane co-ordinates. These equations (in 
polar cylindrical co-ordinates and under the assumptions of axial 


symmetry) are: 


rM.)'—Me=rV (rV)' = 


Me 


121 +p 


5Eh 


y 
where D = Eh*/12(1 — v?) and prime denotes differentiation with 
respect tor. In Equations (1) and (2), M, and Mg, respectively, 
the radial and circumferential bending moments, V the radial 
shear stress resultant, p the surface load, 8 and w, respectively, 
the radial rotation and deflection of the middle plane, as well as h 
the thickness of the plate are functions of the radial co-ordinate r 
only; and £ and v are Young’s modulus and Poisson’s ratio, re- 
The co-ordinate system is chosen so that the deflec- 
While the theory 


given in [3] stipulates the satisfaction of three boundary condi- 


\ 


spectively. 
tion is positive when measured downward. 


tions at each edge of the plate, it will be noted that one of these 
edge boundary conditions is automatically satisfied by the vanish- 
ing of both the twisting moment and circumferential rotation of 
the middle plane under the assumptions of axial symmetry 
Thus the two edge boundary conditions consistent with the fore- 
going set of equations are (i) either M, specified or 8 specified, and 
(ii) either V specified or w specified. 

The shear stress resultant V is obtained by an integration of the 
second of Equations (1) and, by appropriate substitution, the 
following second-order equation in 8 is obtained: 


dD’ 1 7 
x e[%45]o 


6v(1 + v) 
5Eh® 


, 


(h*p (3 


It should be noted that upon the neglect of transverse shear 
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Fig. 1 Comparison of deflection with that predicted by the 
classical theory for circular plate with linearly varying thick- 
ness 
deformation, i.e., when 6 = —w’, the homogeneous differential 
equation associated with Equation (3) reduces the corresponding 
equation of the classical theory. Furthermore, as was observed 
by L. Féppl [5], the homogeneous part of this classical theory 
equation is mathematically identical to the homogeneous part of 
the differential equation governing the rotating disk of variable 
thickness. Thus the literature is rich in complementary solutions 
of Equation (3) for various assumed forms for the thickness. In 
this connection, see |6, 7, 8) where other references may be found. 
The particular integral of Equation (3) is readily obtained by any 
of several well-known methods. After substitution of the ex- 
pression for 8 into the third of Equations (2), a single integration 
gives the expression for w. The bending moments (and hence 
the radial and circumferential components of stress) are obtained 
by substituting the expression for @ into the first two of Equa- 
tions (2). 
The improvement over the classical theory provided by the 
present treatment is demonstrated by the results of a simple ex- 


ample. Let us consider a plate of outer radius a and inner radius 


r m 
b of which the thickness is given by h = ho( ) . Let the plate 
a 


he rigidly clamped at its outer radius, and at the inner radius let 
it be clamped to a rigid circular shaft of radius b, which is loaded 
with an axial force P, as shown in Fig. 1. The edge boundary 
conditions then are 
P 
Biwe = Wee = Bins = 0 View = — (4) 
2b 


We note that the expression for V (and hence the shearing stress) 


is identical to that of the classical theory. The differential equa- 


Pr 
+ (3ym —1)8 = —- 
27D, 


tion governing / is 


r28” + (3m + 1)rp’ 


where Dy = Eho?/12(1 — v2). Since the expression for 8, ob- 
tained by the solution of Equation (5) subject to appropriate 
boundary conditions, is identical in form to the expression for 
—w’ of the classical theory, it follows that the expression for the 
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radial displacement as well as the expressions for the bending 
moments (and hence the radial and circumferential components of 
stress) will be identical to the predictions of the classical theory.‘ 
The expression for the deflection of the middle surface w is given 
by5 


3m 


1+A— 
A r 2 
~ —1 
: om _\a 


Pa? 
6rD ml 


where 


B= 


For the case where m = 1 and v = 1/3 the ratio of w to w, (uw, 


atr =b 
is plotted versus hy/a for values of n of 2, 3, and 10 in Fig. 1. The 
It is clear 


being the deflection predicted by the classical theory 


classical treatment of this case is discussed in [7 


from Fig. 1 that for small values of h)/a and large values of n the 


predictions of the classical theory are reliable. In fact, the modi- 

fication of the classical theory prediction for w is the last term in 
UJ 

Equation (6). Thus as— — 0 there is no improvement over the 
a 

classical treatment. However, it is also clear from Fig. 1 that for 

large values of A, /a and small values of n the predictions of the 


classical theory are substantially in error 
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4 While for this example the expressions for the stresses and radial 
displacement are identical to the classical theory predictions, other 
examples can be cited (involving different loading and boundary 
conditions) in which the expressions for these quantities will differ 
slightly from the classical theory predictions. 

’ The solution (6) is not valid for » = 1,m = 2/3, m = 0, in which 
cases the solution will contain logarithmic terms. 
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Transient Thermal Stresses by an 
Analogy 

by S. K. CLARK! ano R. L. HESS,! ANN ARBOR, MICH. 

heat in homogeneous isotropic solids is 


THE conduction of 


the differential equation 


Ju 2 ou? on 
s kK 
ol or? oy? 


governed | 


along with suitable boundary and initial conditions. The same 


equation and conditions govern the diffusion of gases and vapors 
under certain restrictions, in organic solids [1 ].? 

Transient solutions of Equation (1) are well known for many 
problems, and are of particular value in those cases where thermal 
diffusivity may be considered constant over some range of tem- 
perature so that solutions of Equation 1) represent real tempera- 
that are 
obtained from the equations of 


ture Variations Stresses created by the transient 


temperature distributions are 


elasticity, usually under the assumption of constant modulus 


' 
Ol elasticity 


Poisson's ratio, and thermal coefficient of expansion 
Since both heat and vapor diffusion follow Equation (1), and 
since it is well known [1] that the adsorption of water vapor by 
certain organ photoelastic materials causes swelling to occur, 
then small water-vapor concentration differences should cause 
swelling which, inside a restricted range, is linearly proportional 
to the quantity of water vapor adsorbed, just as thermal expan- 
sion 1s proportion il to the temperature Since the equations ol 
elasticity apply in both cases, then stresses should be set up due 
to vapor diffusion of the type governed by Equation (1), which 
are exact analogs of those stresses arising from unsteady heat con- 
duction Soth the stress magnitude and the time scale of the 
phenomena are different in the analog, but the order of magnitude 
of the diffusion constants as compared with thermal diffusivity is 
such that the analog gives the very early time stress solution, which 
Solutions for thermal 


stresses in closed form or series solutions of rapid convergence for 


is usually that portion of greatest interest. 


small times are generally difficult to obtain in even simple geo- 
metric shapes subjected to temperatures. Experimental proce- 
dures are limited generally to the measurement of strains with 
finite size gages applied judiciously to models. However, be- 
cause of the degree of effort required for mathematical or ex- 
perimental solutions, and the cost of electronic calculator solu- 
tions, it was felt by the authors that a simple method vielding a 
Such 


a method has been developed based upon the analogy presented. 


point-by-point analvsis of thermal stresses was desirable. 


An analogy between controlled water-vapor diffusion in organic 
materials and the transient thermal stress problem has been 
stated {n experiment to check this analogy has been per- 
iermed. Observations of stress distribution were made using the 
rd'nary photoelastic techniques. The case chosen was the stress 

he central region of a long thin strip whose faces were in- 
whose initial temperature was considered constant, and 

izes were subjected to the analog of a step function change 

imp ire at the time zero, that is, sudden exposure to water 
vapor. The solution of the temperature problem is given in [2]. 
Phe solut f the transient stress problem is observed [3] to be 


~lmensional stress system in which the longitudinal stress is 


proportional to the temperature minus the average temperature. 
Fig. 1 siuws the variation of the a, stress across the half width of 
the specimen plotted as the internal-to-surface-stress ratio for 
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Fig. 1 Comparison of the theoretical solution for 
thermal stresses, in a strip with heated edges, with 
the photoelastically measured results of the diffu- 
sion analogy 


various values of the dimensionless parameter At//*, where K is 
the diffusivity in (in. )*/sec, t is the time in sec, and / is the half 
width of the model in in. 
values and the points represent experimentally measured values 


The curves repfesent theoretical 


of model stress as produced by constant temperature water ad- 
sorption, normalized to the same scale. This experiment was 
carried out with the model at an equilibrium temperature of 98 C 
Similar experiments have been conducted at room temperature 
with equally successful verification. 

A cut was carefully made in the model of Fig. 1 at the conclu- 
sion of the test and it was observed that no disturbance of the 
stress pattern was produced. This is considered as strong evi- 
dence that solutions of three-dimensional problems will be possible 
by this method, which is similar to the stress freezing and slicing 
method, although, of course, not with CR-39 due to its inherent 
optical retardation in one dimension as seen when a slice of the 
sheet is viewed sideways. Tests of the casting resin Castolite 
were made which illustrated that this material might be about 
one half as sensitive to water-vapor diffusion as CR-39, but that it 
does operate as a three-dimensional material in the same manner. 

Since the intention of this paper was not to investigate all 
plasties or all diffusion processes available, but only to point out 
the successful use of an analogy to the thermal stress problem, 


no tabulations of data will be given. 
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Discussion 


The Bursting Pressure of Cylindrical 
and Spherical Vessels 


1 


D. R. Miller. The author’s formulas for the maximum pres- 
sures attainable in thin-walled cylindrical and spherical shells are 
equivalent to those previously presented by Cooper.* However, 
the author makes a new contribution in his analysis of thick- 
walled vessels. 

Cooper’s paper also introduced, with acknowledgment, the 
writer’s concept that the deviation from uniform strain distribu- 
tion in thin-walled pressure vessels begins, not at the condition of 
maximum pressure, but at the condition of maximum hoop force 
per unit length of cylindrical shell and at the condition of maxi- 
mum force exerted upon one half of the spherical shell. The con- 
dition of maximum force occurs after the condition of maximum 
pressure because of the increasing area over which the fluid pres- 
sure is exerted. 

The validity of the maximum-force criterion for the initiation 
of nonuniform straining for a thin-walled shell, in which the radial 
stresses can be considered negligible in comparison with the mem- 
brane stresses, is demonstrated by the fact that this criterion 
gives the same results that can be derived for a flat plate sub- 
jected to membrane stresses corresponding to those in the cylin- 
drical and spherical shells. By analogy with the tensile test it is 
appropriate to maximize the force on any of the four edges of the 
rectangular flat plate. These maximum-force criteria lead to one 
common relationship for the tensile test specimen and the thin- 
walled cylindrical and spherical shells. This relationship is as 
follows: 

do; dA 


on A 


where o; is the true axial, hoop, or membrane stress for the tensile 
specimen, the cylindrical shell, or the spherical shell, respectively, 
and A is the instantaneous cross-sectional area across which the 
specified stress acts. From this common relationship it is clear 
that the physica] interpretation of the reason for the occurrence 
of a deviation from uniform strain distribution in the pressure 
vessels is the same as that for the tensile specimen. Under condi- 
tions preceding the localization of strain the percentage increase in 
stress resulting from strain-hardening exceeds the percentage re- 
duction in area which produced the strain-hardening. Under 
these conditions a local excess of strain would be accompanied b) 

1 By N. L. Svensson, published in the March, 1958, issue of the 
JOURNAL OF APPLIED MEcHANICS, vol. 25, Trans. ASME, vol. 80, pp. 
89-96. 

2 Consulting Engineer, Knolls Atomie Power Laboratory, Schenec- 
tady, N. Y. Mem. ASME. 

’W. E. Cooper, ‘The Significance of the Tensile Test to Pressure 
Vessel Design,” The Welding Journal, vol. 36, Research Supplement, 
January, 1957, pp. 49-s-56-s. 
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sufficient strengthening to retard further local straining until the 
surrounding regions were correspondingly strained and strength- 
ened. At the point of necking instability, the incremental 
strengthening is not sufficient to raise the strength of a region of 
local excess strain enough to offset its reduced cross-sectional area, 
and no further increase in load on surrounding regions can be de- 
veloped. This instability results in necking of the tensile speci- 
men and local thinning of the pressure-vessel wal]. Thinning of 
the vesse! wal] reduces the local resistance to internal pressure and 
bulging and bursting follow. 

The condition of maximum pressure is not an unstable condi- 
tion in a sealed vessel, because the fluid pressure initially must 
drop with expansion below the pressure necessary to produce 
further strain. The writer has investigated the possibility of a 
spontaneous uniform expansion (an instability) occurring in a 
sealed thin-walled cylindrical or spherical vessel in the region be- 
tween the maximum of pressure and the initiation of nonuniform 
strain. For the spontaneous expansion to occur, the pressure 
necessary to produce additional strain must fall with an increment 
of strain more than the amount the fluid pressure falls due to its 
corresponding expansion. The following equation corresponds 
to this instability in a thin-wall cylindrical shell: 


2(¥? atl R, _ (log. x)” —_ n 
2 Bi oo x? log. x 


The author’s assumptions and terminology were employed; B is 
the fluid compressibility 


1 dV 
B -~ 
V dP 
at the existing pressure of the fluid in the vessel. 
If the cylindrical vessel is filled with a gas which is allowed to 
expand adiabatically, the compressibility of the gas is 
l 
B= (3) 
kp 
where k is the ratio of the specific heat at constant pressure to the 
specific heat at constant volume. Substitution of the author’s 
equation (37) and the writer’s equation (3) in foregoing equation 
2) gives 


n 


1 4) 


2 log. z 
A similar procedure for the thin-walled spherical shell gives the 
result 
n \ 
‘ . (5) 
3 log. z 


Equations (4) and (5) indicate that spontaneous uniform ex- 
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pansion of the sealed and gas-filled thin-walled evlindrical and 
spherical vessels cannot occur if n is positive, because k must be 
positive and greater than unity. Hence with materials for which 
the author’s assumptions are valid, it is evident that spontaneous 
expansion oO! & seals a pressure ve ssel cannot occur with adiabatic 


expansion of a gas. However, spontaneous expansion beyond the 
point of maXimum pressure may occur in a sealed vessel filled 
with a liquid which partially vaporizes as the shell expands 

It is probable that other investigators have made experimental 
observations ol stable miorm eXpansion of pressure vessels be- 


yond the point of maximum pressure Reporting of such observa- 


tions would be a valuable addition to the literature on pressure- 


vessel behavior 


Author’s Closure 


The author is grateful to Dr. Miller for his interesting contri- 
As Dr 


bursts is less than the maximum pressure, which 


bution to the paper Miller points out, the pressure at 
which the vessel 
it will withstand. This feature, however, will not be observed 
if the vessel is connected to a supply of high pressure or if there 
is an energy release within the vessel or heat transfer to the con- 
tents. 

Hence the expressions derived in the paper define the ultimate 


pressure capacity ol the vessel under consideration. 


Axially Symmetric Motions of Thick 


Cylindrical Shells’ 


E. Volterra.’ 
by the authors of the present paper for the solution of the problem 


A better approximation than the one obtained 


of motion of thick cylindrical shells and of problems which can be 
directly derived from it, like the problems of motion of flat plates 
and solid cylinders, can be obtained if second-order terms in the 
expansion are also included instead of limiting the equations of 
constraints only to the first-order terms of the thickness co- 
This can be well illustrated 
in two particular cases which have been studied recently by E. C. 


ordinate, as the authors have done. 


Zachmanoglou and the writer in the course of research work 
sponsored by the Office of Ordnance Research and by the National 
Science Foundaiion: 

e problem of dispersion of longitudinal waves in an in- 
finite piace (plane-strain problem) for which the exact solution 
has been given by Lamb? and the dispersion curves numerically 
computed by J. P. Marsden.‘ 

(b) The problem of dispersion of longitudinal waves in a solid 
cylinder for which the exact solution has been given by Pochham- 
mer® and the dispersion curves numerically computed by R. M. 
Davies.* 

1 By I. Mirsky and G. Herrmann, published in the March, 1958, 
issue of the JouRNAL OF APPLIED Mecw#anics, vol. 25, Trans 
ASME, vol. 80, pp. 97-102. 

2 Professor and Chairman, Department of Engineering Mechanics, 
The University of Texas, Austin, Tex. Mem. ASME. 

+H. Lamb, “On Waves in an Elastic Plate,”’ Proceedings of the 
Royal Society of London, Series A, vol. 93, 1917, pp. 114-118. 

4 J. P. Marsden, “Experiments on the Dispersion of Stress Waves.” 
Thesis submitted to the University of Wales in candidature for the 
degree of Philosophiae Doctor, April, 1904 (not yet published). 

*L. Pochhammer, “‘Uber die Fortpflanzungsgeshwindigkeiten 
Kleiner Schwingungen in einem unbergrenztenisotropes Kreiszylin- 
der,”’ Ze itschrift fir die reine u nd ange wandte Mathematik, Crelle, vol. 
81, 1876, p. 324. 

*R. M. Davies, “A Critical Study of the Hopkinson Pressure Bar," 
Philosophical Transactions of the Royal Society of London, series A, 
vol. 240, January, 1948, pp. 375-457. 
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If one assumes, in the first problem, the following equations of 


constraints 


with a a/(1 a). Then equations (1) satisfy the condition 
that the normal stress disappears on the surface of the plat 


From equati ms (1) the following velocity equation Is obtained: 


iv + lz | B+C=0 
LL j L 


where h is the thickness of the plate, L the wave length 


and c the phase velocity. 
The constant AK (correction factor) is defined as 


and is determined by successive approximations. As a first ap- 


proximation the value of AK = A; = 1 is assumed, and K of the 
second approximation is indicated by K», and of the third by K 
Fig. 1, herewith, shows the values of ¢/co against h/L, and Fig 
2 shows how the correction factor K varies as a function of ¢/c 
In Fig. 3 the variation of displacements and stresses over the 
cross section of the plate given by the writer’s method of internal 
constraints are compared with those given by the exact theory. 
In the problem of dispersion of longitudinal waves in a solid 
cylinder, one assumes the following equations of constraints: 
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According to the First Approximation 
According to the Second Approximation, 


According to the Second Approximation, 
(see Figure 3) 


- According to the Exact Theory (Lamb) 
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Fig. 1 Phase velocity of longitudinal waves in plane strain Correction factor K as a function of c/co 
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the bar being in this case referred to cylindrical co-ordinates r, iu 
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r, 6. Equations (4) satisfy the condition that the normal stress i > kee to4+ _j4eo) | 
zero on the lateral surface of the evlinder. ° 
From equations (4) the following velocity equation is obtained: : = eee tv Ht 
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Exact Theory 


Method of Interna! Constraints with 
K=K, 











Zs + - . . . Fig.3 Variation of displacements and stresses over the cross section 
‘ ‘ ‘ ‘ ? of a plate of thickness A 
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Exact Theory 


Method of Internal Constraints with K=K, 











Fig.6 Variation of displacement and stresses over the cross section 
of a cylindrical bar 
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The correction factor A is in this case: 


A 


Fig. 4 shows the values of ¢/co against a/L, Fig. 5 shows how the 
correction factor K varies as a function of c/co, while in Fig. 6 the 
variation of the displacements and stresses over the cross section 
of the bar given by the writer’s method of interna! constraints are 


compared with those given by the exact theory 
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Thermal Drift of Floated Gyroscopes' 


Y. T. Tsui.?- The authors are to be congratulated for their con- 
tribution to the literature on the subject of the thermal drift of 
floated gyroscopes, which is meager at best. 

As a practicing engineer, the writer can scarcely agree with the 
authors’ conclusion that “the torque is independent of the 
viscosity and, moreover, of any temperature-induced variations 
in the viscosity.” For both the mathematical expression® 

geen 

L = IR? | Alas 
/0 dr 
r=R 

and physical intuition do not justify this conclusion. The 
authors’ torque equation (6) results from the momentum equa- 
tion (3), about which the writer would like to make a few com- 
ments. 

Inasmuch as p is considered as a function of 6, equation (3) 
does not contain the most important part of the body force, 
namely, the Archimedes force, which is the very cause of free- 
convection currents and consequently the torque. 

Among commonly used gyro fluids it is found that the viscosity 
changes about 8 per cent and the density about 0.8 per cent at a 
temperature variation of 1 deg C provided the operating tempera- 
ture is taken at 55 C. This physical fact suggests that the as- 
sumption of constant viscosity with varying density in equation 
(3) is not justified. 

It is well known that there are two different forms [1]* of 
momentum equations in fluid mechanics. One is the Lagrange 
form, in which one studies the history of each fluid particle. 
The other is the Eulerian form, in which one regards as the object 
of investigations a knowledge of the velocity, the pressure, and 
the density at all points of space occupied by the fluid at any 
time. Since the authors use the Eulerian derivative on the right- 
hand side of the momentum equation (3), it is presumed that the 
momentum equation (3) is derived in the Eulerian form. It is to 
be noted that, in deriving the momentum equation, fluids are 
idealized as continua. Actually, fluids are composed of molecules 
between which are spaces much larger than the molecules them- 
selves. 

To replace the molecular structure by a hypothetical con- 
tinuum in a mathematical sense, it is a common practice to con- 
sider the size of a fluid particle which is very small on the one 
hand but still large compared with the mean free path of the 
fluid [2]. The mean free path of common gases at 1 atm and 
20 C is in the order of magnitude of 10-* em [3]. The mean free 
path of gyro fluids is shorter than that of common gases. There- 
fore, an estimated linear dimension of a fluid particle of an 
order of magnitude of 10-4 em would be appropriate in this case. 
Now the gap length A is in the order of magnitude of 10~* cm, 
which is a hundred times the linear dimension of a fluid particle. 
It is difficult for the writer to see how the authors can average 
the circumferential velocity with respect to r in the Eulerian 
derivative on the right-hand side of equation (3) for an element 
of fluid whose height is h, for the Eulerian derivative is only as- 
sociated with a moving particle of fluid [4, 5}. 

Momentum equations in the Eulerian form for viscous fluids of 
varying physical properties are called generalized Navier- 
Stokes equations, which can be derived from two different ap- 


1 By L. E. Goodman and A. R. Robinson, published in the Dec., 
1957, issue of the JouRNAL or AppLiED MEcHANICS, vol. 24, TRANS. 
ASME, vol. 79, 1957, pp. 506-508. 

* Lecturer, University of Minnesota, Institute of Technology, 
Minneapolis, Minn. Formerly, Senior Reasearch Engineer, Aero- 
nautical Division, Minneapolis Honeywell Regulator Co., Minne- 
apolis, Minn. Assoc. Mem. ASME. 

3 Notations are the same as authors’. 

* Numbers in brackets designate References at end of discussion 
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proaches. One is the transport (or integral) method [6]. The 
other is the field (or differential) method [7,8]. In fact, these two 
methods are equivalent [4]. It should be noted that the Navier 
Stokes equations hold only for a small region [6, 7, 8] whose linear 
dimension is in the same order of magnitude as that of a fluid 
particle. 
fluid properties in the Navier-Stokes equations are point values 
Perhaps the authors apply the one-dimensional generalized 
Navier-Stokes equation [should it be two-dimensional, there is a 
cross-velocity term on the right-hand side of equation (3); for 


In other words, the pressure, velocity, density, and 


instance, see Lamb’s book®] to an element of fluid, whose height is 
much larger than the size of a fluid particle, although much 
smaller than the gimbal radius R. 
mean circumferential velocity, boundary conditions, and the 


Then the use of mean pressure, 


exclusion of Archimedes force in equation (3) are incorrect. 

The writer is of the opinion that generalized Navier-Stokes 
equations, continuity equation, and energy equation should be 
set up to attack this problem. 
treating the pressure as hydrostatic pressure, and using the ex- 


By neglecting the inertia force, 


perimental relations that the viscosity and density are functions 
of temperature only, generalized Navier-Stokes equations and 
continuity equation can be combined into two equations, one in 
the r-direction, the other in the 6-direction. The energy equation 
can be simplified by ignoring change of pressure and dissipation 
terms. This leads to three simultaneous partial differential equa- 
tions (two nonlinear, one linear) with three unknowns (e.g., the 
velocity in r-direction u,, the velocity in 9-direction ug, and the 
temperature 7’) and two independent variables, namely, r and 


#. The boundary conditions to be satisfied are: 


= R = 0 
=R+h = 0 


T. mbal 
T case 


These three partial differential equations can be simplified further 
Then the 
difficulty arises in obtaining the solutions of these differential 


on the basis of the order-of-magnitude considerations. 
equations because of their nonlinearity and complicity. One 
way out is to formulate it as the Cauchy problem and to integrate 
it by series developments. The existence and uniqueness of the 
solutions are based on the Cauchy-Kowalewski theorem [9] which 
requires the analyticity of u,, ue, and 7’ in the closed annular 
region for R <r < R+A, 
Furthermore, the Cauchy problem under in- 


The condition of analyticity is as- 
sumed at liberty. 
vestigation is assumed to be reasonable [10] so that one can ap- 
proximate original initial data by analytic initial data without 
introducing arbitrarily large error in the solution. At the time 
of writing (fall, 1957), these differential equations are under pro 
It is hoped that 
some results will be obtained in the near future. 


gramming to be solved by digital computer. 
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Authors’ Closure 


The paper under discussion provided designers of floated 
gyroscopes with a means of estimating the drift which should be 
expected owing to convection of the liquid in which the gimbal 
floats. 
authors as one for which an approximate theory would be valua- 
There is, of 
course, room for improvement of the simplifying assumptions of 
the theory. 


A detail of design, the question was presented to the 
ble if it could be developed without undue delay. 


The objections raised by the discusser, however, 
are not valid 

We are in complete disagreement with the second, third, and 
First, the fact that drift 
torque turns out to be independent of fluid viscosity does not 
Nor 


a less viscous 


fourth paragraphs of the discussion. 
follow from equation (5); it follows from equation (6). 
does this result violate our physical intuitions; 
fluid will circulate more rapidly—for a given density and tem- 
but this higher velocity gradient will be 
offset, so far as drag or torque is concerned, by the lower vis- 
To imply that equation (5), L = R25" wu Or)r=r dO 
makes it mathematically impossible for torque L to be inde- 


perature distribution 
cosit Vv. 


pendent of u is quite misleading because the velocity u depends on 

Second, 
fully 
the weight 
by the remainder of the fluid upon the part of it which has been 
These quantities 
are included in the first and second terms of equation (3). The 
variable density has been taken as a function of the angle 6 
alone, since, as stated in the paper, the temperature is taken as a 
function of 0. 
at any radial section. 


the buoyancy or “Archimedes force” 
The buoyancy is simply 
combined with the pressure exerted 


the viscosity u 


has been taken into account. 


the body force 


isolated in deriving the equation of motion. 


In other words, p(@) represents the mean density 
Third, the discusser states that viscosity 
is assumed in the paper to be constant. This is not true. As 
with density, an average value of viscosity is used for each radial 
section, but u can and does vary with @ and therefore with tem- 
perature. Indeed, u always appears under an integral sign in the 
paper. 

The effect of taking density, viscosity, and temperature to be 
functions of the angular co-ordinate 8 alone is to uncouple the 
hydrodynamic and the heat-flow problems. This has seemed to 
the authors to be justifiable because the gap A is so small that 
heat is conducted rapidly in a radial direction. For example, a 
gyro of gimbal radius 3.0 cm., le=gth 6.0 em, h = 0.015 em run- 
ning at rated speed will dissipate approximately 5 watts. Taking 
the conductivity of the fluorolube as 2 K 10~‘ g cal/cm sec C, 
this corresponds to a temperature drop of less than one degree 
centrigrade across the gap. If account were taken of the heat 
flow at the ends of the gimbal, this figure would be even smaller 
On the other hand, the amount of heat transfer which is due to 
convection is quite negligible in practice because the velocities 
of the fluorolube are very small, of the order of 10~* cm/sec for a 
10 C temperature variation from one side of the gyro to the other. 
Incidentally, if one accepts the reasonableness of uncoupling the 
hydrodynamic and heat-transfer aspects of the problem, the 
torque in the steady state will be proportional to g, the accelera- 
tion due to gravity. Then with Z = gf(p, u, h, l, R), a simple 
dimensional analysis will show that Z must be independent of 
yu. Of course, a dimensional analysis cannot indicate whether the 
variations in viscosity affect the torque. 

The fifth and sixth paragraphs of the discussion seem to the 
authors to be partly incorrect and entirely irrelevant. The mean 
free path of a liquid molecule is roughly one molecular diameter; 
about 10-* or 10-7 cm. When the discusser says “Actually, 
fluids are composed of molecules between which are spaces much 
larger than the molecules themselves,” the “fluids’’ to which 
reference is made can only be gases and not liquids. Continuum 
mechanics is certainly unobjectionable when applied to the 
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motion of a liquid in a volume whose smallest dimension is 10 
em. 

in the bracketed remark of his 
seventh paragraph, he says that the nonlinear term in the equa- 
This is the last term inside the paren- 
theses on the right-hand side of equation (3). The term in ques- 
tion, however, is the product of a velocity and its space derivative; 
this product is so small that nonlinear terms might better have 
been omitted from the start. In all of the cases treated, the non- 
linear term used has either been shown to have no effect at all, 


Dr. Tsui is correct when, 


tion of motion is inexact. 


or its effect has been shown to be negligible in comparison with 
that of the other terms. 
fore unaffected. 


The conclusions of the paper are there- 
To avoid misunderstanding it should be stated 
that the equation of motion used can be obtained directly from 
the Navier-Stokes equations (in cylindrical co-ordinates) by in- 
tegrating them across the fluid gap and then making suitable 
approximations. The suitable approximations consist in regard- 
ing the velocity components u; and ug (in dimensionless form), 
together with all their space derivatives, and the ratio h/R, as 
first-order quantities. The pressure p and dp/d@ may be large 
The authors fee! 
that it is a mutter of taste whether one prefers to start from the 


Second and higher-order terms are neglected. 


Navier-Stokes equations, integrate and simplify, or prefers to go 
The 


latter approach has the advantage of appealing to a larger number 


back to first principles in deriving the equation of motion. 


of engineers than does the former. 

It is unfortunate that the discusser opened the second para- 
graph of his discussion with the words “As a practicing 
engineer "These words may be interpreted by some readers 
of the JouRNAL as indicating that the discusser has encountered 
evidence which is in disagreement with the results of the paper 
So far as the authors are aware, there exists very little experi- 
mental *evidence either confirming or contradicting the results 
of the paper. What 
however, hus been in agreement with equation (6). 


information has come to our attention, 


It would be premature to comment upon the discusser’s own 
research, described in the last paragraph of the discussion, except 
to say that it retains what is, in our view, the most questionable 
assumption of our paper; namely, that of two-dimensional flow. 
The length of the gimbal of a floated gyro is, as indicated in the 
paper, approximately equal to its diameter. Flow around the ends 
of the gimbal undoubtedly takes place and, as stated in the paper, 
operates to reduce the actual drift torque below the computed 
value. The effect of end flow should not be neglected in an 
analysis which is intended to be more accurate than the one 
given. 


Some Basic Properties 


of Shoe Brakes’ 


J. Modrey.? The superiority of the graphical analysis of brake 
behavior is now fully apparent. A purely analytical solution of 
the floating-shoe problem would be a long, cumbersome expres- 
sion which would certainly fail to convey to the designer the 
“personality” of the brake or its response to certain geometric 
changes. Of course, if an all-inclusive expression is desirable, the 
conversion of the graphics to trigonometry is self-evident. The 
author is to be commended for pioneering this subject and bring- 
ing it to this fulfillment. 

In the interest of revealing still further the character of brake 
behavior, an alternate technique of graphical analysis, which the 
1 By G. A. G. Fazekas, published in the March, 1958, issue of the 
JouRNAL or APPLIED Mecnanics, vol. 25, Trans. ASME, vol. 80 
pp. 7-10. 

? Chairman, Department of Mechanical Engineering, Union Col- 
lege, Schenectady, N. Y. Mem. ASME. 
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Fig. 3 Resultant statics due to combined 
motions a + b + « 


nature of 
The 


compression characteristics of a thin lining are bound to be non- 


Both the 


the lining and its composition militate against linearity 


assumption, it certainly Is not a precise one 


linear Furthermore prod iction tolerances for out-of-roundness 


of the shoe add to this deviation. Yet for all these criticisms the 


convenience of linearity does add measurably to our understand- 
ing of the phenomenon. What is more, deviations from linearity 
will not measurably influence the behavioral patterns of the float- 


ing shoe! 


The pivoted-shoe kinematies are defined by simple rotation 


out the pivot The e mmpliance of the lining to this motion 


determines the resultant load On the other hand, the motion 
of floating shoes is dete rminined by the ec ympliance of the lining 
The load vectors on the floating shoe are dictated by the link 
position ind the applic d load orientation as in I ig. 2 of the paper. 
The loading on the lining must comply and direct itself through 


point H, 


In other words, the floating link permits the shoe to modify its Y 


regardless of the strain characteristics of the lining 
and }¥-translations until it snuggles up against the drum to give 
us the required resultant vector 

Notwithstanding the ingenuity of the graphical analysis, the 
most laudable contribution of this paper is the author’s invention 
of the dimensionless factors such as the shoe factor A and work 
factor u They once and for all help nail down intuitive concepts 
and also make comparisons of braking virtues more comprehen- 
sible 

M. F. Spotts.‘ The 


luminating analysis of the illusive property of brake fade and for 


iuthor is to be commended for an il- 


demonstrating that the floating shoe in general is superior to the 
fixed-anchor shoe with respect to fade, alignment, and uniformity 


ol weal 


In his earlier reference 2 ol paper he showed that the 
center of pressure for the lining is located on a circle with center 


This fundamental discovery 


on the bisector of the lining are. 
made possi ile the solution to the problem. He suggested that the 
design, from this point onward, be carried out graphically. 


ever, under certain conditions, when the point of intersection lies 


How- 


off the paper, an analytical solution may be preferable, and this 


can be secured in the following manner: 
teference should be made to Fig. 4 of this discussion. Lengths 
4 Professor of Mechanical Engineering, Northwestern University, 


Evanston, Ill. Mem. ASME. 
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x< 


a, and is Wellas angles @, a ¢, and € are known Distance 


his easily computed as is length 
Let angle 6 between the line of maximum pressure and the v- 


axis be considered a parameter. Let corresponding values for 7 


ro for a suitable set of values of @ be computed. Center of 


Values of N for 


and 
pressure C for each value of @ is thus located. 
each @ are found by the equations of the author’s paper 

With 7 known The z and y-co- 


ordinates of C can now be found 


the value of + is also known. 
These together with a and / 
permit Angle p is now known which 
the coefficient of friction u. The value of Q can be found 
With a, 8, and Y known, the sine theorem can 


angle 8 te be determined 
gives 
from N and yp. 
be applied to the parallelogram of forces at H to find actuating 
force P, and anchor reaction R 

Force P, T, and othe 
versus uw. The resulting curves will then give these quantities 


for any other value of the coefficient of friction 


torque quantities can now he plotted 


Author’s Closure 
The author wishes to express his appreciation for the inter- 
esting comments and contributions made by Professors J. Modrey 


and M F. 


Spotts. The contribution made by Dr. Spotts con- 


Drum 
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cerns the awkward situation when point H falls outside the paper. 
For purposes of initial design, the equations given in the present 
paper suffice, but for a complete analysis of the brake the ana- 
lytical method outlined by Dr. Spotts is a very good one indeed, 
although one can always use purely graphical constructions. 
By using projective geometry® it is easy to connect a given point 
with the intersection of two lines, regardless of where that point of 
intersection lies. 

Professor Modrey’s kinematic breakdown of the shoe move- 
ment provides an interesting sidelight to put brake design into a 
proper perspective. His point concerning the vital importance 
of pressure pattern is indeed a crucial one. Actually, to be 
precise, there are two basic assumptions involved: (a) Shape of 
pressure pattern, and (b) validity of Amonton’s law of friction. 

Concerning some plastics (e.g., Teflon), Amonton’s law is not 
even a first-order approximation.’ With most brake linings 
though, it is substantially correct, so long as the lining is neither 
contaminated locally (e.g., by grease) nor is it subject to exces- 
sive pressure or temperature. On this premise, one can turn the 
problem around and inquire: What are the requirements for a 
correct pressure pattern? Perhaps the most overriding single 
factor is a unique and always reproducible relationship bet ween 
torque and application load. The corollary of this is that the 
pressure pattern must remain constant, and independent of load. 
This is possible only if the pressure pattern is uniquely determined 
by the kinematics alone. When this requirement is not met 
i.e., the pressure pattern changes with load—instantaneous pres- 
sure pattern becomes also a function of the past history of the 
shoe.’ 
sponding changes of the C. P. locus, so that the torque becomes 
erratic even without any change in friction! Purpose of well- 
planned development work is, therefore, te eliminate such a 
nuisance, which is possible only if the brake complies with the 
very hypotheses underlying analysis. 

This last statement includes the inference that pressure across 
the shoe width be constant. When this condition is not ful- 
filled, the shoes tend to skew, and the brake squeaks its protest 
rather loudly. 


Such variation of the pressure pattern leads to corre- 


Torsion and Flexure of Slender 
Solid Sections’ 


L. E. Malvern.?. The author’s formulas provide convenient 
approximate solutions for those slender solid sections where more 
exact methods would require tedious numerical solution. These 
formulas should be useful to designers, especially where a closer 
design is required than that provided by the elementary theories 

As the author points out, some caution is required in using the 
elastic-plastic flexure solution. Even the entirely elastic flexure 
solution may err somewhat for very short blades because the sup- 
port inhibits the development of the anticlastic curvaiure. This 
is of course just as true for the so-called exact solution as for the 
approximation formula. The designer will wish to be fortified 
with some kind of experimental confirmation under conditions 
similar to those in his application. Does the author know of any 
such confirmation which has been obtained or sought? 

5K. Doehleman, “Projektive Geometrie,” Goeschen, 1905, p. 53 

* A. J. G Allan, ‘Plastics as Solid Lubricants and Bearings.” 
Lubrication Engineering, vol. 14, 1958. 

7G. A. G. Fazekas, ‘“‘Temperature Gradients and Heat Stresses in 
Brake Drums,” Trans. SAE, vol. 61, 1953, pp. 279-308. 

1 By W. J. Carter, published in the March, 1958, issue of the 
JouRNAL or AppLtiep Mecuanics, vol. 25, Trans. ASME, vol. 80, pp. 
115-121. 

2 Applied Mechanics 
East Lansing, Mich. 
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Velocity and Acceleration Analysis 
of Plane and Space Mechanisms by 
Means of Independent-Position 
Equations' 


W. J. Carter.? As the author states, the solution of kinematics 
This 


method has been used by the writer for determining motion-time 


problems using the complex number notation is not new. 


derivatives as high as the fourth.’ 

The author is to be commended for presenting this method in a 
systematic manner and for extending its use to direct-contact 
mechanisms and space linkages. 


T. P. Goodman.‘ The author’s analytical method for obtaining 
velocities and accelerations should prove useful in cases where the 
relative displacements and/or relative angular positions of con- 
secutive links in a mechanism are known. However, in most 
practical problems the velocities and accelerations are desired 
for a range of input positions; the need for calculating the rela- 
tive angular positions of intermediate links for each input posi- 
tion, before proceeding to the velocity and acceleration solution, 
is a limitation in the author’s approach. If the method were ex- 
tended to give solutions for output velocity and acceleration 
directly in terms of input displacement, velocity, and ac- 
celeration, as has been done for plane four-bar linkages by Tal- 
bourdet® and others, and for spatial four-bar linkages by Worle 
and Beyer,*’ the usefulness of the method would be greatly en- 
hanced. 

The definition of complex mechanisms in footnote 3 of the papet 
is not quite accurate. In the mechanism of Fig. 4, the velocity 
polygon could be obtained without a trial solution by using the 
relative instant center of links 3 and 6, and the acceleration poly- 
gon could be obtained without a trial solution by using the ac- 
celeration of this relative instant center.% 

N. Rosenauer.'' The method developed by the author to 
determine velocities and accelerations of various points in an 
existing mechanism is an interesting one; however, it is not a very 
simple one. The method is so complicated that the author him- 
self did not derive the accelerations of the complex mechanism 
of his Fig. 4, and it would be even more complicated if rz would 
he the driving link instead of r¢ 

Some further comments on the paper are expressed by the 
writer as follows: In footnote 3 the author explains that complex 
mechanisms are those mechanisms which require trial solutions in 


1 By F. H. Raven, published in the March, 1958, issue of the 
JouRNAL or APPLIED Mecuanics, vol. 25, Trans. ASME, vol. 80, 
pp. 1-6. 

? Associate Professor of Mechanical Engineering, The University 
of Texas, Austin, Texas. Mem. ASME. 

3 W. J. Carter, “Kinematic Analysis and Synthesis Using Collinea- 
tion-Axis Equations,” Trans. ASME, vol. 79, 1957, pp. 1305-1312 

4 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. Assoc. Mem, ASME 

5G. J. Talbourdet, ‘‘Mathematical Solution of Four-Bar Linkages 
Vachine Design, vol. 13, May, 1941, pp. 65-68; June, 1941, pp. 81 
82. 

¢*H. Worle, “‘Getriebeanalytische und getriebesynthetische Unter- 
lagen far den Entwurf zwangliufiger, insbesondere viergelenkiger 
taumkurbelgetriebe allgemeiner und spezieller Art,’’ dissertation 
Technical University, Munich, Germany, 1955. 

7 R. Beyer, “Zur Synthese und Analyse von Raumkurbelgetrieben,”’ 
Verein Deutscher Ingenieure Berichte, vol. 12, 1956, pp. 5-20. 

8 See Reference 1 (author's bibliography), pp. 239-246. 

9W. J. Carter, “Acceleration of the Instant Center,” JouRNAL oF 
AppLiep MECHANICS, vol. 17, Trans. ASME, vol. 72, 1950, pp. 142 
144. 

10 See Reference 4 (author's bibliography), pp. 63-67. 

11 School of Mechanical Engineering, The New South Wales Uni- 
versity of Technology, Sydney, N.S.W., Australia. 
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This is 


A mechanism is complex if one or more links are 


the construction of velocity and acceleration polygons. 
not correct. 
connected to more than two other links." 

Furthermore, there are no mechanisms requiring trial solutions 
in the construction of velocities and accelerations provided ra- 
tional methods of solution are used which are developed by the 
writer and shown in the same book." 

The velocity and acceleration constructions for the complex 
mechanism shown in Fig. 4 of the paper, which is the so-called 
Stephenson’s mechanism, have been published by the writer 
previously for all possible supporting and driving conditions." 
These constructions did not require any trial solutions. 

The writer is prepared to show, without using trial solutions, 
the construction of velocities and accelerations for any plane 
mechanism sent to him, 

The real field of application of the author’s method would be 
space mechanisms for which graphical solutions are complicated 
and not yet sufficiently developed. 


Author’s Closure 


The author wishes to thank the discussers for their interesting 
comments. As Professor Carter mentions, the application of the 
complex notation to kinematic problems is not new. Actually, 
any vector notation could have been used, but the author chose 
the complex number notation because of its mathematical con- 
venience. 

The author agrees with Professor Carter that the major con- 
tribution of this paper is the presentation of a systematic pro- 
cedure which is applicable for the velocity and acceleration 
analysis of any mechanism whether it has plane or spatial motion. 
This system may be summarized as follows: 


1 Scalar quantities such as angular velocities or accelerations 
of links may be obtained by the simultaneous solution of the time 
derivatives of the independent loop equations for the mechanism 

2 Vector quantities such as the linear velocity or acceleration 
of a point may be obtained from the simultaneous solution of the 
derivatives of the independent position equations for the point 

3 <A short-cut method for determining vector quantities (this 
method was described by the author in the oral presentation of 
his paper, and is illustrated in his dissertation’) is to differentiate 
the one simplest position equation to obtain a simple velocity 
and a simple acceleration equation. The unknown velocity or 
acceleration terms may then be evaluated from the simultaneous 
solution of the appropriate time derivative of the independent 


loop equations 


Because of Professor Goodman’s comments on this paper at 
the annual meeting, the author extended his dissertation® to 
include a position analysis. Briefly, from the independent loop 
equations for a mechanism one may evaluate unknown positions 
in terms of originally given information. In addition to position 
analysis of linkages, the author also included in his dissertation a 
position analysis of direct contact mechanisms having either plane 
or spatial motion. 

The author apologizes for his inaccurate definition of a complex 
mechanism which was pointed out by Professors Goodman and 


Rosenauer. 
Because the basic ideas and procedures involved in the method 
N. Rosenauer and A. H. Willis, ‘Kinematics of Mechanisms,” 
Associated General Publications, Sydney, 1953, p. 16. 
Ibid, pp. 299-302 and pp. 325-332. 

WN, Rosenauer “Die Beschleunigungskonstruktionen am 
Stephensonschen Mechanismus,” Zeitschrift fiir angewandte Mathe- 
matik und Mechanik, vol. 19, 1939, pp. 182-185. 

1 F. H. Raven, “Position, Velocity, and Acceleration Analysis and 
Kinematic Synthesis of Plane and Space Mechanisms by a Generalized 
Procedure Called the Method of Independent Position Equations,” 
dissertation, University Microfilms, Ann Arbor, Mich., 1958. 
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dependent-position equations are obviously very simple, the 
author assumes that Professor Rosenauer’s comment, that this 
method refers to the occasionally 
tedious mathematical computations. However, this 
mathematical operation lends itself readily to machine solution, 
as opposed to graphical methods of kinematic analysis, which do 
not. In addition, once the desired equations have been obtained 
for a mechanism, these equations will always be valid regardless 
of the phase of the mechanism or the lengths of the various links 
The author did not derive the equations for the accelerations of 
the complex mechanism of Fig. 4 because he felt that the pro- 
cedure was very straightforward and that including these com- 
putations would not add to the understanding of the method 
The procedure is certainly not “‘complicated,’’ as Professor Rose- 
nauer states, for all one has to do is take the second derivative 
of equations 1(d), which yields four linear equations to be solved 
simultaneously. A similar procedure was illustrated in the case 
of the velocity analysis of this mechanism. Also, it should be 
noticed that it makes no difference whether rz or rg is driving the 
linkage because it is inconsequential for which term one solves 


” 


“Is not a very simple one, 
type of 


in these equations. 

The author feels that a strong feature «f the method of inde- 
pendent-position equations is that velecities or accelerations in 
any linkage or direct contact mechanism, whether its motion is 
plane or spatial, can be determined from this one basic unified 
method, without the use of various indirect procedures or special! 


constructions, 


Bending of an Elastically Restrained 
Circular Plate Under Normal Load- 
ing Over a Sector’ 


Yi-Yuan Yu.? The authors should be congratulated for having 
presented an interesting application of the complex variable 
method to the bending of a thin circular plate, through the formu- 
lation of the elastically restrained boundary condition in terms 
of complex functions. The authors also claim, however, that 
they have introduced this general form of boundary condition, 
which does not appear to be true. Indeed, the elastically re- 
strained circular plate under arbitrary loading was discussed by 
Biezeno and Gramme!? in their well-known book (also by the use 
of the complex variable), and the buckling as well as bending of 
such a plate was investigated by Reismann.‘ More recently, the 
writer’ called attention to the importance of considering this 
more general type of boundary condition of a circular plate in 
the stress analysis of heat-exchanger tube sheets An interest- 
ing experimental device for simulating this form of boundary 
condition of a plate in general is also available.* 


1 By W. A. Bassali and R. H. Dawoud, published in the March 
1958, issue of the Journal or Appiiep Mecuantics, vol. 25, Trans 
ASME, vol. 80, pp. 37-46 ie 

2 Professor, Department of Mechanical Engineering, Polytechnic 
Institute of Brooklyn, Brooklyn, N. Y. Mem. ASME. 

*C. B. Biezeno and R. Grammel, “‘Technische Dynamik,”’ Julius 
Springer, Berlin, first edition, 1939, or second edition, 1953, chap. 6, 
sec. 12; or the English translation of this work, “‘Engineering Dy- 
namics,”’ Blackie & Son, Limited, London and Glasgow, 1956, vol. 2 
part 3, sec. 12. 

‘H. Reismann, “‘Bending and Buckling of an Elastically Re- 
strained Circular Plate,”” JourNAt or AppLtiep Mecuanics, vol. 19, 
Trans. ASME, vol. 74, 1952, pp. 167-172. 

* Yi-Yuan Yu, “Rational Analysis of Heat-Exchanger Tube-Sheet 
Stresses," JouRNAL or AppLiep Mecuanics, vol. 23, Trans. ASME, 
vol. 78, 1956, pp. 468-473; closure, vol. 79, 1957, pp. 318-321. 

¢W. H. Hoppmann IT and Joshua Greenspon, “An Experimental 
Device for Obtaining Elastic Rotational Constraint of Boundary of a 
Plate,”” Proceedings of the Second U.S. National Congress of Applied 


Mechanics, ASME, 1954, pp. 187-191 
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To supplement the authors’ two references (7) and (8) on the 
bending of the circular plate by nonsymmetrical lateral loading, 
the writer would like to mention the systematic and rather 
comprehensive treatment on the bending of the circular plate 
given by Shin-Min Jen,’ who discussed the problems of both 
small and large deflections of the plate produced by arbitrarily 
distributed lateral loading together with loading in the plane of 
the plate. One of the examples Jen gave was a case of a uniform 
load on a sector of the circle. 
published elsewhere and has thus remained relatively unknown. 
Making use of the complex variable method, the writer’ also dis- 
cussed the bending of thin plates subjected to both distributed 


Jen's work apparently was not 


and concentrated lateral loading; among the illustrative ex- 
amples discussed were the case of a clamped circular plate sub- 
jected to linearly distributed load on the entire or half plate and 
the case of a clamped circular-ring plate also subjected to linearly 
distributed load. In both Jen’s and the writer’s work, the gen- 
eral distributed load was represented, in real and complex form, 
respectively, by terms of the same type as those used by the 


authors. 


Authors’ Closure 

The authors wish to thank Professor Yi-Yuan Yu for his kind 
and interesting comment concerning the paper and for his list of 
references supplementing the bibliography. 

We would also like to call attention to the fact that the paper 
under discussion had been presented for publication in February, 
1956, i.e., some time before the appearance of some of the refer- 
ences>* mentioned by Yu. The unavailability of 
in his dissertation has been stated by the discusser. 


Professor 


Jen's work? 


The authors mention here that the general form of the bound- 
15}, 


{20a}, and [20b] of the paper as well as the boundary values of the 


ary condition as introduced by them in Equations [9], 


moments, shears, and slope furnished by Equations [18] and [19 
apply to any thin isotropic simply connected plate bounded by a 
closed rectifiable contour. 
condition [15] may be used to study the effect of such elastic 


In this general form the boundary 


boundary constraint on the transverse flexure of plates other 
than circular. 
Equations [15] and [18 


It is only in the particular case of a circular bound- 


ary that reduce, respectively, to 


Equations [2la] and [214] of the paper. Equations [2la] to- 
gether with w=0 constitute the boundary conditions used by 
Reissner,? while Equation [21b| agrees with Reismann's* condi- 
tion which states that the plate is-restrained against rotation 
according to a linear law, i.e., the slope of a line normal to the 
boundary and tangent to the meridian plane at the boundary is 


taken proportional to the radial bending moment. 


7Shin-Min Jen, ““Bending of Circular Plates,"’ doctoral disserta- 
tion, University of Michigan; also abstracted in Microfilm Abstracts 
University Microfilms, University of Michigan, Ann Arbor, Mich., 
vol. 9, no. 2, 1949, pp. 87-88 

§Yi-Yuan Yu, “Flexural Problems of Thin Plates Under Lateral 
Loading Solved ‘by the Complex Variable Method,”’ presented at the 
Ninth International Congress of Applied Mechanics, in Brussels 
September, 1956, and to be published in the Proceedings of the 
Congress. 

® Eric Reissner, ‘““Bemerkung zur Biegung Kreis- 
férmiger Platten,’ Zeitschrift fiir angewandte Math. und Mech., Band 
17, Heft 1, Feb., 1937, pp. 57-58. Professor Reissner has kindly 
sent us a reprint of this paper which was unknown to us at the time of 


Theorie der 


writing our paper.) 


Effect of Curvature on the Hertz Theory for 


Two Circular Cylinders in Contact’ 


J. L. Lubkin.? The author has taken account of the finite size 
of the bodies in contact, and their circular-cylindrical shape, by 
formulating the problem with the interesting approach that he 
has used. Furthermore, it appears that he has taken precise ac- 
count of the curvature of the cylinders, up to and including Equa- 
tion [15] of the paper. Beyond that point, however, the analysis 
and all ensuing results do not take account of any higher-order 
terms in the shape of the contacting solids than are contained in 
Hertz’s original theory (reference 1 of the paper). The term which 
the author calls a “‘curvature-correction’’ term is therefore not 
properly labeled, and to the writer’s way of thinking should have 
been omitted. This will appear from the following. 

Since the integral Equation HS} 0% the paper is not readily 
susceptible of solution in its general form, the wpjor reasonably 
enough introduces the assumption that the are of contact 280 is 
small compared to the radii R;, R2 of the cylinders. This is pre- 
cisely Hertz’s assumption, and is generally a very good one except 
when the cylinders have nearly equal radii of opposite sign. In 
such cases it may be necessary to take into account the finite di- 
mensions of the contact area, and also its appreciable curvature. 
The latter is neglected in Hertz’s theory, it will be recalled, by 
treating the bodies as semi-infinite solids. 

The question then arises as to what additional terms the author 
has retained in going from Equations [15] to [16]. A comparison 
indicates that the terms 1 — cos (¢/R,) in the right member of 
Equation [15] have been replaced by (?/2R;, thus neglecting a 


1 By T-T. Loo, published in the March, 1958, issue of the JouRNAL 
or AppLieD Mecuanics, vol. 25, Trans. ASME, vol. 80, pp. 122-124. 

2Senior Research Engineer, Central Research Laboratory, Ameri- 
ean Machine and Foundry Co., Stamford, Conn. Assoc. Mem. 
ASME. 
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127.2 with respect to unity, 
In the left member of Equation 


In the series eXpan- 


15!, the 


term of order 
sion in powers of ¢. 
tangent terms have been replaced by their leading terms, thus 
neglecting a series of order ¢ — s ?/12R,? with respect to unity 
To be perfectly consistent, therefore, the products cos (s 2.) cos 
(t/R,) should be taken as unity. 


> 


of order —(s? 


This involves neglecting «a term 
+ {?) 2R,? with respect to 1, which has been done 
before, and which is clearly reasonable if indeed, as the author has 
assumed, s and ¢ are<R,. 

Judging from Equation 
to include the @-portion of this term and omit the s*-portion 


[16], however, the author has elected 
This double inconsistency produces the so-called ‘‘ecurvature- 
correction term’’ of the square bracket of Equation |19), (A, R:? 
+ K2/R? 
compared to the leading term (1/R; + 1/R:), as a 
check readily 
evylinders of l-in. radius, loaded with a normal force P 
Then the ratio of the 


It is, a priori, clear that this term must be negligible 
numerical 
shows. For example, assume equal aluminum 
= 10 lb 
per in. of axial length “eorrection”” term 
to the leading term is approximately 0.0057 to 1 
vield condition would be far exceeded by this enormous loading 
6 X 10 psi maximum Hertzian pressure), 


deliberately to favor the author’s analysis 


Of course, the 


which we have chosen 
The term in question 
is normally even less significant 

We may conclude that the theory differs from Hertz’s theory in 
only one respect; namely, it takes suitable account of the finite 
size and curvature of the evlinders. This enables the author to 
calculate the normal approach of the axes of the evlinders, 8, 
which cannot be done if the bodies are treated as semi-infinite 
solids. The author should not refer to the term 8 as simply the 
“normal approach,’ however, because it is necessary to specify 
just what points are involved, in the two-dimensional problem. 
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His terminolog would be correct for the three-dimensional case 
Other investigators previously have taken account of the shape 
of the evlinders in a manner similar to that used by the author, in 


| Provided 


order to calculate the quantity 8 or related quantities 
24),? we find that this expres- 


from the 


we correct a misprint in Equation 


sion can be deduced immediately recent results of J 


Dorr To the wi 
to C. Wel 


ge, the earliest such study is due 


ter’s knowled 
others have examined the problem 


kely to exist 


General Instability of Ring-Stiffened 
Cylindrical Shells Subject to 
External Hydrostatic Pressure— 


A Comparison of Theory 


and Experiment?! 
S. Kendrick.? Before discussing the ver 


will first refer to certan 


well executed 


perimental prog n reported, the writer 


theoreti ontained in the paper with which he com- 


nethod of deriving the general instability 


tiffened evlinder by appl ing the well- 


] évy ising rT idial loads given by 
At first sight 


before, but the 


sis of 
It seems to he 
has been proposed 
be treated separately in this way as 
» without involving the plating 
optimistic 


incorrect and dangeroush 


inswers that can be obtained by this approach is given by taking 
any geometry of stiffened cylinder and progressively widening the 
The load on any frame will rapidly approach a 
vill the over-all buckling pressure (for n = 2 
In fact, 


= 2 should continue 


irame spacin 
constant value as \ 
over-all 
until it 


a verv low 


this however, the 


ipproach 
buckling pressure tor ? to decrease 


reaches the Léy 


1} 
USUMEHY 


value for unstiffened plating 
we 

2 Ti 
rect the writer’s view that the analysis with simple support may 


The 


shape 


work of Kaminsky has certainly not shown to be incor- 


represent idequately even conditions of « lamped support. 


writer has alwavs realized that taking a (1 cos 2arr/L 
would lead to a considerably increased collapse pressure, but his 
argument is that an unknown proportion of this increase is due 
The use of 


evaluated in this way for practical purposes is therefore dangerous 


to this shape being incorrect. a collapse pressure 
and for this reason the writer in his Part I (reference 3 of the 
paper) suggested that simple-support assumptions should be used. 

This effect is not confined to buckling phenomena and, for ex- 
ample, an energy solution of the v. Sanden and Gunther problem 
using a (1 cos 2rr/L,) shape, where L, is the frame spacing, 
would lead to too small deflections. The reason is that assuming 
an incorrect sh ipe holds the structure in a mathematical straight- 
jacket and so stiffens it up 


teplace In (43/P)'/? by In (4B/P)"/2, 

4J. Dérr Oberflichenverformung und Randkriifte bei runden 
Rollen und Bohrungen,”’ Der Stahlbau, vol. 24, September, 1955, pp. 
202-206 

C. Weber 
ebenen Formanderungszustand,”” ZAMM, vol 
pp. 11-16 

1 By G. D. Galletly, R. C. Slankard, and E. Wenk, Jr., published 
in the June, 1958, issue of the JouRNAL or Appiiep MecHanics, vol. 
25, Trans. ASME, vol. 80, pp. 259-266. 

2? Naval Construction Research Establishment, St 
Dunfermline 


Beitrag zur Berdhrung gewdlbter Oberflachen beim 
13, February 1933, 


Leonard's Hill, 


Scotland 


Journal of Applied Mechanics 


whic! 
This 


using electronic computing, and the writer has 


The on! reasonable way out of the argument over 
shapes ire correct is actually to find them mathematically 
is quite feasible 
written a paper showing how to set about it The rather simpler 
proble m for the case of interframe buckling, where the same argu 
ments arise, is being tackled at present at the Admiralty Research 
Laboratory It is hoped to consider the problem of over-all it 
stability later, but our computing facilities are much smaller that 


David Model Basin 


3 There ire several misconceptions contained in the 


those at the Tavlor 


withors 


discussion of the assumptions used in the writer’s Part IIT (re 


erence 15 of the Keeping to the same (a)-(4) notatio 


paper 


do the authors 


a) Out-ot-plane bending, torsional, and warping terms wer 


certainly omitted from the writer’s analysis, but to include then 


is Nash has 


collapse pressure An 


done would lead to an increase not a decrease in the 


ddition to the strain-energy expressions 


which do not involve p obviously must involve an increase in th 


1 


buckling pressure obtained. This can be checked if not thought 


obvious by omitting these terms from Nash's analysis. It follows 


that the discrepancies ween Nash and Kaminsky cannot be 


explained away by the inclusion or neglect of these terms as the 


ju te the opposite ws true 


iuithors s iggest 
! 


The disere pancyv must be sought elsewhere, 


but Nash's analvsis 
] th: t the writer h is not attempted to do so TI ‘ 


is sO complicate 


effect of torsional rigidity and out-of plane bending stillness wi 
extent by small changes in buckling 


a compensated to some 


shape, and to include the strain-energy terms without a modifics- 
to allow the st readiustments to take place will lead 


This 


lor this reason it is as likely as not that the answe 


tion of sh tp 
to an overestimate of their effects is the straight jacket 
effect agai 
obtained by including these terms without modifying the shape is 
less accurate than that obtained by negli eting them 

b) The 


over-all instability pressure has in fact been considered in the 


effect of nonuniform prebuckling deformations o1 
writer’s Part II for infinite evlinders. The effect was shown to b« 
much less than 1 per cent for practical scantlings, and this result 
can be expected to hold for finite evlinders 

$ Concerning the effects of Impertections in shape it is ver 
} 


simple to set a limit to the possible weakening effect 
relationship p/(p. — p) times initial buckling-shape imperfection 
to caleulate the growth of eccentricity, the stress increases due to 
imperiections can be calculated quite easily If the maximum 
eccentricity found in a evlinder is assumed to be associated wit! 
the buckling mode which leads to the largest stresses, an uppet 
limit is set to the possible bending stresses due to Impertections 
The only 


which is somewhat larger than will be accepted in manufacture 


safetv factor needed is in assuming an imperfection 
The writer has written a report on this subject 

The inevitable uncertainties surrounding this choice of allowa- 
make the in the buckling- 


ble eccentricity need for accuracy 


pressure values rather small. Practical cylinders as opposed to 
cylinders check 
nearly always be designed to collapse by vield and not by elastir 


designed to over-all instability theories wil 


instabilitv. The need for knowing elastic over-all instabilit, 
pressures 1s therefore merely to avoid this tv pe ot collapse and to 
know the effects of over-all imperfections. This again means that 
instability pressures need to be known to no great accuracy 
The writer is not implying here that his solutions do not give 
quite accurate answers, only that it doesn’t matter too greatly 

5 Another point worth making is that practical evlinders will 
not usually be made to simulate clamped-edge conditions. Thi 
edge conditions therefore will lie somewhere between clamped 
and simple support and the latter is by far the better choice in 
Also, rectangular stiffeners are notoriously inefficient 
The torsional stiffness 


design. 
and are unlikely to be used practically. 
of practi ‘al sections is far less than for rectangles, and bending 
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out of plane is most likely to be accommodated by small web dis- 
tortions involving a negligible energy. For this reason the 
writer’s neglect of these stiffnesses is even more justified for prac- 
tical cylinders than for those used in the experiments reported. 
In his Part I paper the writer showed that multiplying the tor- 
sional, warping, and out-of-plane bending stiffnesses of practical 
sections by a factor of 10 only affected the over-all instability 
pressure by 1 per cent. The case for neglecting them seems over- 
whelming. 

The experimental work has been most beautifully executed and 
the agreement of the collapse pressures with those predicted by 
the Southwell plots is impressive. 
the models behaved essentially elastically. 

It is a pity that no model dimensions are given apart from the 
diameter, since this makes further theoretical calculation for 
comparison with the results obtained impossible. The observed 
nonlinear growth of eccentricities is very interesting and of course 
to be expected. 
initial eccentricity theoretically necessary to produce these 
strains to see if they agreed with the measured values. Without 
knowing the dimensions the writer has been unable to check this. 


This certainly suggests that 


It would have been interesting to know the 


Elastic strain or deflection measurements at several frame posi- 
tions along the length of models similar to those tested would 
probably give a good indication of the longitudinal buckling 
shape for the model under test. It is a rather hopeless task to 
get the shape from an elastic collapse. 

The observed mean strain at the inner fiber of the rings is seen 
to be generally less than predicted. This is somewhat surprising 
since both the v. Sanden and Gunther and the Salerno and Pulos 
analyses are known to contain an approximation which when 
corrected leads to larger frame deflections for external frames. 
The approximation referred to is the assumption that the center 
of gravity of the frame cross section has the same radius as the 
shell plating. This leads to errors of as much as 5 per cent in the 
calculation of frame deflections and is often a bigger effect than 
beam-column nonlinearity. This question is discussed in a recent 
unclassified paper by L. B. Wilson of the writer’s establishment. 

One last point—the attempt to consider the weakening effects 
of out-of-roundness on shell instability mentioned at the end with 
reference to [23] is doomed to failure using elastic analysis as do 
Galletly and Bart. There is a great deal of evidence that vield due 
to shell-plating eccentricities can occur at less than half the col- 
lapse pressure without influencing the collapse pressure noticeably 

Although the writer disagrees with much of the reasoning con- 
tained in this paper, he has found it very stimulating and is all 
admiration for the experimental work. 


John G. Pulos.* The authors present test results from one 
phase of an experimental program being conducted at the David 
Taylor Model Basin for the purpose of checking the validity of 
available theoretical analyses (references 3, 4, 9, 10, 15 of the 
paper) on the general instability of ring-stiffened cylindrical shells 
under the action of external hydrostatic pressure. 

Their data indicate very good agreement with the theory of §. 
Kendrick (reference 15), which assumes conditions of simple 
support at the ends of the cylinder; i.e., at the bulkhead plates 
The authors apparently feel that this agreement with theory is 
accidental and attribute it to the compensation of two effects. 
They imply that possibly fixed or partially fixed end conditions 
in the models which would raise the buckling strength above 
Kendrick’s predictions coupled with a decrease in strength due to 
imperfections in the models might combine to lower the observed 
collapse pressures enough to coincide with the simple-support 
prediction. 

3 Supervisory Structural Research Engineer, Applied Mechanics 


Branch, Department of the Navy. David Taylor Model Basin, 
Washington, D. C. 
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It is this writer’s opinion that the agreement between test and 
theory in this case is not accidental. 
the fact that, owing to the great rigidity of the end plate attach- 
ments, plastic hinge circles formed at the shell edges as a result of 
high longitudinal stresses even prior to buckling. This yielding 
probably reduced the torsional restraint exerted around the shell 


This contention is based on 


edges to such a degree that the deflections approached those as- 
sumed for the simple-support solution. Although the models, 
while machined, were still imperfect with maximum out-of- 
roundness less than 10 per cent of the shell thickness, the measured 
circumferential strains on the ring stiffeners were elastic up to 99 
per cent of the collapse pressure in each case so that the imperfec- 
tions had no adverse effect on their load-carrying capacity. Only 
premature yielding of the ring flanges arising from imperfect 
circularity would lower the general instability strength of such 
In this case, the small initial imperfections merely 
acted as the triggering mechanism for the buckle (or lobar) pat- 
tern to form. 

In his formulation of the general instability 


structures. 


problem, 5 
Kendrick neglected the out-of-plane bending, torsional, and warp- 
ing terms as being small in computing the strain energy in the 
ring stiffeners. W.A. Nash (reference 4), in addition to including 
these terms, took as his buckle shape one which corresponds to 
KE. L. Kaminsky extended Ken- 
drick’s work, again neglecting the same ring-energy terms as the 


clamped ends. reference 10 


latter had done, assuming clamped ends, but used a slightly 
different buckle pattern than that of Nash; i.e., 


ms . 2nx 
= A cos sin 


R L, 


. ms Qrr 
Reference (4): = (sin — | 1 — cos I 
i 


k m 


ms 2nr ms 
= D cos 1 cos + Da, cos 
R L, R 


ms wr 
“4 = { Cos cos 

2 

‘ 4 


B si ms ' Jnr 
v= Sil - Cos 
'R ” & 
ms 2mx 
4 cos l = Cos 
R L, 


Thus in any comparison of numerical calculations based on these 
two formulations, it is not readily known how much of the dif- 
ference can be attributed to the additional ring-energy terms and 
how much to the different u-displacement functions assumed in 
each of references (4) and (10). The additional term in the w-dis- 
placement function of (4) merely makes it unnecessary to con- 
sider the rings as line elements, as has been done in the analyses 
of references (3), (9), (10), and (15). The authors of the present 
paper suggest that the differences in the numerical values of 
(Per/P,) appearing in Table 1 under Kendrick-Kaminsky and 
Nash arise solely from the ring-energy terms mentioned before 


Reference (10): 


Herbert Becker.‘ The authors have done a service in com- 
paring theory with test data on general instability of stiffened 
cylinders under external pressure. Experimental information has 
been noticeably absent from the literature in which several 
theories have been advanced. 

It may be of interest to note that, through the use of Donnell’s 


4Senior Research Scientist, Research Division, New York Uni- 
versity, College of Engineering, University Heights, New York, 
me 
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Taylor for 
relatively simple relationship was derived for the buckling stress 


equation modified by an orthotropic cylinder,> a 
of an externally pressurized stiffened cylinder for which the cir- 
cumferential wave length of the buckle is small compared to the 
longitudinal wave length. The buckling stress is expressed in the 
form® 


Ou. = 5SSIE t, ty) *(p, R ? *(R/L) 1) 


in which ¢, and ¢, are the distributed areas per unit length of the 
cylinder cross section and longitudinal section, respectively. The 
frame-plus-sheet radius of gyration is p,, and R and L are the 
cylinder radius and length, respectively. 

Equation 1) vielded theoretical stresses that averaged slightly 
higher than those of Kendrick’s modified theory (reference 15 of 
It would be interest- 
(1) with the observed 
test data used by Galletly, et al., to evaluate the various theories 


the paper) for several hypothetical designs. 
ing to compare the predictions of Equation 


T. E. Reynolds.’ 
in this paper, work has continued at the David Taylor Model 
Basin to evaluate available general instability theories over a 


Since the completion of the tests described 


wider range of geometries. In view of the doubts expressed 
by the authors as to the correspondence of test conditions with 
the boundary conditions assumed in Kendrick’s theory, some 
general remarks regarding this additional work may be of in- 
terest. 

Nine additional evlinders were tested under conditions identi- 
cal with those described by the authors except that the variable 
parameter under investigation was the over-all length-diameter 
The cylinders were arranged in 
two geometrically different groups wherein all dimensions except 


ratio rather than stiffener size. 
bulkhead spacing were held constant. In all cases, failure oc- 
curred in a general instability mode, but agreement with the 
Kendrick theory was not as good as for those cases reported by 
Four of the cylinders collapsed at pressures in close 
agreement the other five exceeded the 
theoretical predictions, in one instance by 37 per cent, and in 


the authors. 
with the theory, but 


two cases the number of lobes did not correspond to that pre- 
dicted by the theory. 
tal pressures were well below the values given by the clamped- 


It should be mentioned that all experimen- 


end solutions. 

While these results at first suggested random scattering, plots 
of theoretical pressure versus bulkhead spacing for both groups 
of cylinders revealed a consistency in the data. In regions where 
theoretical collapse pressures are sensitive to changes in bulk- 
head length, there was disagreement between theory and experi- 
ment. On flat portions of the curves where pressures are rela- 
tively insensitive to changes in length, agreement was good 
which immediately arose how changes 
in the method of sealing the ends of the models would affect the 
collapse pressures. In Fig. 2 of the authors’ paper it is readily 
that the end attachments are not symmetrical. The 
lower end is clamped to a flat closure plate, while the upper 
end rests against the top of the tank without benefit of clamping. 

To investigate the effect of these end attachments, the three 
cylinders which showed poorest agreement with theory 
selected and duplicates of them were constructed. Using the 
Southwell technique, collapse pressures for each cylinder could 
be determined for a number of end closure arrangements. Tests 
on only one of these cylinders have been conducted, but the 


results deserve mention. 


One question was, 


seen 


were 


'J. L. Taylor, “‘The Stability of a Monocoque in Compression,” 
British ARC R and M 1679, June 6, 1935. 

*H.,. Becker, “Handbook of Structural Stability. Part VI— 
Strength of Stiffened Curved Plates and Shells,"” NACA Technical 
Note 3786, July, 1958. 

7 Structural Research 
Washington, D. C 


Engineer, David Taylor Model Basin, 


Journal of Applied Mechanics 


The coll ipse pressure ol the original cy linder was 3: pel eent 
solution of Kendrick 
The duplicate cylinder 


above the value given by the second 


Part: III 


was first tested under the same conditions and the collapse 


reference 15 of the paper 
pressure was repeated. A second arrangement, in which identi- 
cal closure plates were bolted to both ends of the cylinder, pro- 
duced such « reduction in collapse pressure that agreement with 
the Part III solution was almost perfect. It is interesting to 
note that the effect of clamping the upper end of the model to 
No pl i sible 


this 


the closure plate was to lower the collapse pressure 
explanation for the reduction in pressure can be given at 
time, but further studies of the effects of end closure arrangements 
on collapse pressure are presently under way at the Mocel Basin 


Authors’ Closure 


The 


and Reynolds for their interest in the paper and their 


Kendrick, Pulos, Becker, 


comments 


wuthors wish to thank Messrs 


that may lead to a better understanding of a highly important 
but infrequently explored problem in mechanics. 

They appreciate Dr. Becker drawing attention to a relatively 
simple equation for predicting the buckling stress of stiffened 
In this connection, it is also of interest to note a rela- 
B. Batdorf in his discussion of 8. R. Bodner’s* 


Comparison of these theories and 


cylinders 
tion given by S 
work on orthotropic shells. 
others with experiment is certainly desirable and it is regretted 
that the reader is not assisted in this task by publication of model 
Such data, which had to be omitted for security 
reasons that prevailed at the time the paper was prepared, might 


dimensions 


possibly now be obtained from David Taylor Model Basin. 

Messrs in the 
main, spirited disagreement of opinion, and a point-by -point reply 
The authors would be remiss, however, if they 


The issues raised by Kendrick and Pulos are, 
is impracticable. 
did not clarify certain serious misconceptions possibly introduced 
by the discussion. In so doing, they are struck by this unique 
situation where agreement between theory and experiment, rather 
Yet, the main point 
is that 


than disagreement, has led to controversy. 
and the authors cannot be too forceful on its reiteration 
further study of results is needed to explain why agreement was 
found excellent, notwithstanding the difference in boundary 
conditions between those of the model and those of simple 
support assumed in the theory. The valuable discussion of Mr. 
Reynolds seems to reinforce this point of view. 

Mr. Pulos cites yielding at the ends as explanation for the elas- 
tically clamped models behaving as though simply supported 
The authors somewhat doubt this explanation. Predictions of 
buckling by the Southwell method were extracted from data at 
pressures considerably less than the failure pressure, at which 
fully elastic, nonlinear behavior was observed. Since plastic 
hinge circles could not have formed at these lower pressures, and 
since the actual buckling pressures agreed so well with the South- 
well determination, it is believed that whatever boundary condi- 
tions existed during low-pressure elastic behavior obtained es- 
sentially up to failure. Mr. Pulos also asserts that because maxi- 
mum measured strains were always less than yield value, up to 99 
per cent of collapse pressure, initial out-of-roundness is insig- 
nificant. This reasoning is not clear to the authors since, as they 
have mentioned, the probability exists that higher strains were 
present in the uninstrumented side of the stiffener. The authors 
thus believe the point can only be proved by utilizing the non- 
linear, elastic, strain data to evaluate the out-of-roundness 
actually present, and then to compute its effect on strength. It 
seems probable that the failures of Models 4, 5, and 6 will be 


*S. R. Bodner, ‘“‘General Instability of a Ring-Stiffened, Circular 
Cylindrical Shell Under Hydrostatic Pressure,"” JournNaL or Ap- 
PLIED Mecuanics, vol. 24, Trans. ASME, vol. 79, 1957, pp. 269-277 
Also discussion, JouRNAL OF AppLieD Mecnuanics, vol. 25, Trans. 
ASME, vol. 80, 1958, p. 152 
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found to have initiated when vielding occurred on the stiffener 
just below the collapse pressure. 

The authors agree completely with Mr. Pulos that differences 
between results of Nash and Kaminsky can be attributed to dif- 
ferent assumed buckling displacements as well as to different ring- 
energy terms 

For elaritv, comments on Mr. Kendrick’s discussion are num- 
bered to match his paragraphs. 

1 The authors did not mean to suggest the method given in 
the section entitled “Background” as a valid procedure for de- 
infinite stiffened 


termining the general instability pressure of 


evlinders. They were merely citing an approximate design pro- 
cedure which had been used in the past 

2 In agreeing with Mr. Kendrick that assumption of simple 
support is prudent for design purposes in light of inadequately 
known buckling shape, the authors nevertheless feel it essential 
to call to the reader's attention their view that boundary condi- 
tions for theory and experiment did not match. In no way does 
that weaken the theory for the specific physical case it describes, 
but the authors cannot tacitly agree to overlook the difference as 
(It would have been easy to let the 
The form of the pat- 
The authors, as 

— cos 2rz/L, 


a matter of convenience. 
agreement of results remain unquestioned. 
tern giving partial end fixity is not known. 
clearly stated in the paper, do not think the (1 
shape to be the correct one. However, the simple support shape 
used by Mr. Kendrick can hardly be said to represent the bound- 
ary conditions of the models. Even if plastic hinge circles de- 
veloped at the end bulkheads for some of the models, as suggested 
by Mr. Pulos, this would not be a true simple support as M, 
would equal 1/4¢,,h?. As stated by Mr. Kendrick, the best 
way out of this argument regarding the correct mode shapes is to 
find them using an electronic computer. 
With respect to the numerical differences between the 
Nash, and Kaminsky’s extension of 
, the authors agree with Mr. Kendrick 


3(a) 
clamped-end theories 
Kendrick’s Part I theory 
that inclusion of the strain energies due to out-of-plane bending, 
torsion, and warping should increase P.,. It has also been shown 
in other unpublished reports of DTMB that assuming the end 
bays to be equal in length to the intermediate bays increased Pe, 
by 4 per cent. This explains part of the discrepancy between the 
work of Nash and that of Kaminsky. As suggested by Mr. Pulos, 
it is possible that the different u-displacements may account for 
the small discrepancies remaining. Using the inextensibility 
conditions (vu, =.0,v, — w/R = 0,u, + v, = 0), it would appear 
that Nash’s configuration is likely to satisfy more of these con- 
ditions than Kaminsky’s. Since a more inextensible deformation 
pattern involves less strain energy, this would produce a lower 
Per. 

3(b) The authors are aware of Mr. Kendrick’s Part II work for 
infinite cylinders. However, he has not investigated finite cylin- 
ders with rectangular stiffeners, i.e., the form of the models, and 
the authors see no reason for assuming, a priori, that the nonuni- 
form prebuckling deformations have an insignificant effect for 
these cases. 

4 Mr. Kendrick’s report describirg a procedure for calculating 
effects of initially imperfect shape was not referenced because of 
its military classification, but all three authors are well ac- 
quainted with its application to design. It could not have been 
applied here where out-of-roundness was so small as to be difficult 
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to analyze by modes. However, the authors are not quite read 
to accept Mr. Kendrick’s unqualified statement that, because of 
out-of-roundness effects in practical cases, instability pressures 
need not be known with great accuracy. That all depends on the 
particular case, but such considerations seem out of place where, 
in trving to arrive at an experiment to check theory, out-of- 
roundness has been minimized 


5 The authors agree that the case for using lighter weight “I 
or “T”’ stiffeners rather than rectangular sections justifies omis- 


irgument 


sion of certain ring-energy terms in analysis, but this 
seems less valid when evaluating experimental results where 
indeed rectangular stiffeners (to simplify construction) were used 
Kendrick’s Part III theory was developed lor perfect ¢y linders 
and he derived the failure pressure by an energy method using 
an assumed buckling displacement pattern (simple supports 
Thus we would expect this approach to give an upper bound for 
the failure pressure of perfect cylinders with simple support 
However, reference to Table 1 of the paper shows that the actual 
pressures of all the initially evlinders were 


failure imperfect 


greater (one 15 per cent greater than the upper bounds for the 


perfect evlinders. How is this anomaly to be explained? Since 
the repeatability of results was within about 3 per cent, the most 
reasonable explanations seem to be partial restraint at the sup- 
ports or the omission of some strain energy terms 

The authors find Mr. Kendrick’s remarks in connection wit! 
out-of-round shells rather strong. As was stated in the paper 
23), Galletly and Bart did not claim to have solved the problem 
initial deflections 
They 
would 


To the 


plastic 


completely. Factors such as residual stresses, 


of the shell between the frames, ete., were neglected also 
that 


underestimate the strength of the 


stated explicitly their simplified vield criterion 


usually evlinders 


authors’ knowledge, a complete treatment including 
deformations is vet to be derived. 

In so far as the design of conventional stiffened cv linders is con- 
Mr. Kendrick that use of his 
theory, together with the procedure outlined under his point 5, 


end fixity then adds to 


cerned, the authors agree with 
should be adequate. The neglect of any 
the safety of the vessel. 

The authors thus do not find that Mr. Kendrick has any major 
theoretical arguments which cannot be reconciled with the state- 
ments made in the original paper. They also wish to acknowledge 


In turn, thev would 


his admiration for the experimental work. 
like to sav thev have, this discussion notwithstanding, a high re- 
gard for his theoretical work on this problem. He certainly de- 
serves the credit for first developing a valid theory for general 
instability of stiffened cylinders. This was stated in the paper, 
but the authors wish to reiterate it Mr. 
parently feels that they have done him an injustice. 


since Kendrick ap- 

The authors are indeed appreciative of the additional results 
mentioned by Mr. Reynolds, and applaud the continued effort at 
David Taylor Model Basin to investigate the full implications of 
boundary conditions on general instability strength of stiffened 
Mr. Reynolds’ results were not known to the authors 
However, they lend factual weight to the 


evlinders. 
prior to his discussion. 
reply above and may help clarify, for the reader, the issues raised 
by Mr. Kendrick. Mr. Reynolds’ data also substantiate the 
need for critical evaluation of results, notwithstanding initial 


SlCccesses, 
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Book Reviews 


Dynamics of Airplanes 


Abram- 
1958 


Introductivn to the Dynamics of Airplanes. By H. Norma 
The Ronald Press New York wee 


50 


Company 


Reviewed by R. L. Bisplinghoff 


Tue author states the purpose of the book is ‘‘to present the 
basic principles and ideas concerning airplane dynamics prob- 
lems which should be included in the tool kit of today’s aero- 
nautical engineering graduate.”’ The level of the subject matter 
is that of senior college students in aeronautical engineering 
who have had the dynamics and introductory differential equa- 
tion courses of the usual engineering curriculum 

The subject matter divides roughly into two divisions The 
half is with the fundamental! 
principles of vibrations of single and multi-degree-of-freedom 


first concerned almost wholly 
systems and with the mathematical tools and some of the physi- 
eal principles which are applied later to the airplane. The topic 
of vibration of single-degree-of-freedom systems is followed by a 
multi-degree-of-freedom vibrations in terms of 
The latter is extended to include a brief 
There 


is presented a concise but well-organized chapter on the elements 


treatment ol 
Lagrange’s equations 
discussion of approximate solutions of continuous systems 


This is followed by a discus- 


sion of self-excited vibrations and stability of motion. The above 
The second 


of matrix algebra with applications 


topics constitute approximately one half of the book. 
half is concerned primarily with airplane dynamics problems 
Wing flutter is treated briefly in an elementary way. The 
1uthor discusses the physical nature of flutter phenomena and 
derives simplified equations of motion by assuming the form of the 
verodvnamic forces and moments. The static aeroelastic phe- 
nomena of torsional divergence, contro] surface reversal, and load 
distribution are very brie fly described in a short chapter entitled 
\eroelasticity. This is followed by a discussion of the transient 
impulsive loading problems of landing impact, gust response, and 
buffeting. A chapter on introduction to flight stability is de- 
voted almost entirely to rigid-body dynamic stability with brief 
mention of the influence of strucfural flexibility. A final chapter 
on miscellaneous topies deals in a cursory way with a wide variety 
of topies such as panel flutter, stall flutter, propeller aeroelasticity, 
helicopter rotor vibrations, seaplane impact, structural fatigue 
due to acoustic loading, ae rothermoelasticity, nonlinear struc- 
tural effects, experimental and analog methods, and a general 
survey of dynamic aeroelasticity. 

The book concludes with two appendixes on the derivation of 
Lagrange’s equations and orthogonal modes of vibration 

The instructor who contemplates the use of the book in the 
classroom will be pleased to find that each chapter is followed by 
t list of problems. These problems appear to have been care- 
fully selected so as to serve as amplifications or extensions of the 
text. The 
for the first time will find the book useful for general background 


practicing engineer who meets the subject matter 
reading If he has a particular problem to solve he will most 
likely find that his problem, or a related one, is at least introduced 
to the reader. Since each chapter is followed by a list of refer- 
ences, it is also quite likely that he will find at least one reference 
pertinent to his problem. 

! Professor of Aeronautical Engineering, Massachusetts Institute 
of Technology, Cambridge, Mass. 


Journal of Applied Mechanics 


In summary, this reviewer believes that the author has sue- 


ceeded in earry ing out the stated purpose of his book It seems 
to be admir ibly suited for a one-term survey type of course in 
airplane dynamics for undergraduate engineers. It may also 
serve as a useful introductory text to more advanced books for 
engineers who are encoutitering airplane-dynamics problems for 


the first time 


Water Waves 


Water Waves. By J. J 
York, London, 1957 


illus. $12 


Interscience Publishers, | New 


d 567 pp 


Stoker 


Cloth, 6'/4 & 9/4 in., xxviii ar 


Reviewed by Garrett Birkhoff? 


STOKER’s hook surveys the extensive theoretical research on 
gravity waves done by the New York University group over the 
past fifteen vears, supplemented by brief reviews (as on pp. 143 
157) of related work done elsewhere. Its value is enhanced by 
many beautiful photographs and some graphs ol expermmet! tal 
data 

In general, 
between various different kinds of waves, and has analyzed care- 


this research has brought out striking analogies 
fully the fundamental mathematical approximations and expan- 
sions assumed. Thus the book valuably supplements chaps. 8-9 
of Lamb. It would have been much more valuable had more 
space been given to recent British, French, and Russian research 
and to obvious discrepancies between potential theory and physi- 
cal reality. Noamount of mathematical cleverness can eliminate 
vorticity from real surf, bores, or ships’ wakes 

After reviewing fundamentals, the book first treats periodic 
The 


TWwo- pa- 


plane waves rolling up inclined planes (‘‘sloping beaches’ 
usual infinitesimal amplitude approximation yields a 
These parameters correspond 
The 


theory does not predict this reflection coefficient, and it involves 


rameter family of waves (Miche 
to the wave amplitude and fraction of energy reflected 


a logarithmic singularity whose physical significance is obscure 

There follows an original and physically convincing exposition 
of Kelvin's theory of the wave patterns created by ships moving 
through still water. The analysis of the “motion of a ship in a 
seaway”’ (Stoker-Peters-John), by contrast, is not effectively ap- 
plied to real ship hydrodynamics 

Major attention is devoted to the development of discontinuous 
waves ( Difficult non- 


problems in irrotational wave motion are solved, and 


breakers and bores’’) in shallow water. 
linear 
graphs given of typical cases (pp. 366-367 ) 
assumptions of zero vorticity and reflected energy make the ap- 


However, the basic 


plicability of the results doubtful. (For very different graphs, see 
G. Carrier and H. Greenspan, J. Fluid Mech., vol. 4, 1948, p. 97 

An isolated digression from potential theory is furnished by 58 
pages on the “mathematical hydraulics” of flood waves in rivers 
Here, as is customary, free appeal is made to empirical resistance 
formulas—ineluding a quick jump from Manning to Chezy (p. 
166), and even coefficient corrections in mid-flood (p. 501 This 
does not stop the author from claiming accurate flood predictions 
on p. xx—indeed, such numerical calculations may be as reliable 
as model experiments. 


The book concludes with a discussion of “‘exact’’ solutions of 
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the nonlinear free boundary problem. No mention is made of 
Gerstner’s trochoidal waves, but a neat derivation is given of 
Levi-Civita’s existence theorem for periodic irrotational plane 


waves of (sufficiently small) finite amplitude. 


Mathematics and Computers 


Mathematics and Computers. By George R. Stibitz and Jules A. 
Larrivee. McGraw-Hill Book Company, Inc., New York, Toronto, 
London, 1957. Cloth, 91/4 X 61/4 in., v and 228 pp., illus. $5. 


Reviewed by Walter F. Freiberger® 


A WELL-WRITTEN introduction to computers, the mathematics 
behind them, and theirapplications. Particularly valuable is the 
historical account of the earlier developments in which Stibitz 
played a large part. A book for the nonspecialist which mathe- 
maticians, scientists, engineers, and intelligent laymen will read 
with pleasure. 


Fluid Mechanics 


An Introduction to Fluid Mechanics and Heat Transfer. By J. M. 
Kay. Cambridge University Press, London, New York, 1957 
Cloth, 8°/4 & 55/s in., xvi and 309 pp., illus. $7. 


Reviewed by J. Kestin‘ 


Tus remarkable little booklet is the outcome of the author’s 
lectures, given in the Department of Chemical Engineering, when 
he was still on the staff of Cambridge University. In the short 
space of about 300 sinall pages, it attempts to give an outline of 
both fluid mechanics and heat transfer. It covers a remarkable 
range of topics: The fundamental equations of compressible and 
incompressible fluid flow, boundary layers, hydraulic machinery, 
conduction, convection, heat exchangers, dimensional analysis, 
turbulent flow, diffusion and mass transfer, elementary gas dy- 
namics including shock waves, open-channel flow, flows with solid 
particles and through packed beds, as well as heat transfer with 
condensation and evaporation. It even includes ‘an engineer’s 
guide to vector analysis” (in Cartesian co-ordinates) in one of the 
six appendixes. 

With so little space and such a range of subject matter, the 
treatment is necessarily sketchy and in the nature of a guide for 
the student who wishes to become acquainted with the most im- 
portant physical phenomena involved without, however, ac- 
quiring a thorough working knowledge of the techniques of 
handling them in practice. Unfortunately, literature references 
to original work and to reference books are very sketchy and far 
from adequate for an inquisitive student who wishes to embark on 
a more exhaustive study. 

Exception must be taken to some concepts. 
author states that “it is one of the difficulties of the science of 
thermodynamics that it is impossible to give a satisfactory defini- 
tion of temperature without bringing in the concept of heat, and 
that it is equally impossible to give a satisfactory definition of 
heat without bringing in the concept of temperature.’’ The first 
half of the statement is certainly untrue, and in modern text- 
books (e.g., Zemansky or Wilson) the ideas developed originally 
by Carathéodory and Born lead to a very satisfactory presenta- 
tion of the fundamentals of thermodynamics. The note on the 
dimensions of temperature and heat in the section on dimensional 
analysis begs the question because the author did not make a 
clear distinction between the fundamental units in general and the 
number of independent fundamental quantities for a given prob- 
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lem; as is known from Bridgman’s classical booklet on the sub- 
ject, failure to make such a distinction leads to apparent para- 
doxes in the application of dimensional analysis to particular 
problems. 

The reader must, however, remember that this booklet is not 
an exhaustive treatise or a designer’s handbook; it is remarkable 
in that it mentions a wide varitey of important topics in a very 
condensed form. 

The typography and layout of the book are excellent, the index 


adequate. 


Modern Mathematics 


Edited by Edwin F. Beck- 
New York, N. Y.., 
$7.50. 


Modern Mathematics for the Engineer. 
enbach. McGraw-Hill Book Company, Inec., 
1956. Cloth, 9'/4 & 6'/q¢in., xx and 514 pp., illus 


Reviewed by E. T. Onat® 


Tue demands of modern engineering design and programming 
have considerably shortened the time lag between scientific 
discovery and engineering application, so that it is more than 
ever necessary for the engineer to be aware of the significant 
developments in tue fields of mathematics and physical sciences. 
To this end, the departments of engineering at the University 
of California arranged a series of lecture courses in physics 
mathematics, and chemistry for their staffs, students, and gradu- 
ates in order to make them aware of advances in the sciences 
Each course consisted of a series of invitation lectures. As was 
the case with the companion volume, ““Modern Physics for the 
Engineer,’ the lectures in mathematics are now in book form. 

The book is dtvided into three parts. The first, entitled 
‘Mathematical Models,’’ dwells on physical problems expressed 
in terms of ordinary differential equations, integral equations 
and partial differential equations and consists of the following 
Linear and Nonlinear Oscillations, by Solomon Lef- 
schetz; Equilibrium Analysis: The Stability Theory of Poin- 
earé and Liapunov, by Richard Bellman; Exterior Ballistics 
by John W. Green; Elements of the Calculus of Variations, by 
Magnus R. Hestenes; Hyperbolic Partial Differential Equations 
and Applications, by Richard Courant, Boundary-Value Prob- 
lems in Elliptic Partial Differential Equations, by Mendhem M 
Schiffer; and The Elastostatic Boundary-Value Problems, by 
Ivan 8. Sokolnikoff. 

The second part contains the following chapters which have 
bearing on the programming and operational aspects of engi- 
neering and on the use of probabilistic methods in solving prob- 
lems: The Theory of Prediction, by Norbert Wiener; The 
Theory of Games, by H. Frederic Bohnenblust; Applied Mathe- 
matics in Operations Research, by Gilbert W. King; The Theory 
Richard Bellman; and Monte 


chapters: 


of Dynamic Programming, by 
Carlo Methods, by George W. Brown 

The third part is composed of chapters dealing with the com- 
putational aspects of engineering problems: Matrices in Engi- 
neering, by Louis A. Pipes; Functional Transformations for 
Engineering Design, by John L. Barnes; Conformal Mapping 
Methods, by Edwin F. Beckenbach; Nonlinear Methods, by 
Charles B. Morrey, Jr.; What Are Relaxation Methods? by 
George E. Forsythe; Methods of Steep Descent, by Charles B. 
Tompkins; and High-Speed Computing Devices and Their 
Applications, by Derrick H. Lehmer. 

The purpose of the book is to “generate in the minds of engi- 
neers and applied scientists engaged in research, design, and 
administration an awareness of the recent rapid advancement in 
applied mathematical thought.”” The reviewer believes that it 
admirably fulfills its purpose. 

§ Associate Professor of Engineering, Brown University, Providence, 
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